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I.  INTRODUCTION 

Some  twenty-five  years  before  the  pioneering  work  of  Born  and 
von  Karman ^ ^ on  the  dynamical  properties  of  infinitely  extended 
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crystals,  Lord  Rayleigh' 


had  shown  on  the  basis  of  the  theory 


of  elasticity  that  a semi-infinite,  elastically  isotropic  medium 
bounded  by  a single,  stress-free  plane  surface  can  sustain  surface 
vibration  modes.  These  are  modes  which  are  wavelike  in  directions 
parallel  to  the  surface  of  the  medium,  but  whose  amplitudes  decay 
exponentially  with  increasing  distance  into  the  medium  from  the 
surface,  with  a decay  length  which  is  comparable  to  the  wave  length 
of  the  wave  parallel  to  the  surface.  Thus,  these  modes  are  local- 
ized in  the  vicinity  of  the  surface.  They  are  acoustic  in  nature, 
in  the  sense  that  their  frequencies  depend  linearly  on  the  magnitude 
of  the  two-dimensional  wave  vector  which  characterizes  their  propa- 
gation parallel  to  the  surface  of  the  medium,  and  consequently  vanish 
with  vanishing  wave  vector.  Their  frequencies  also  lie  below  the 
continuum  of  frequencies  allowed  an  infinitely  extended  elastic 
medium  for  the  same  value  of  the  two-dimensional  wave  vector.  Such 
surface  vibration  modes  have  subsequently  come  to  be  known  as 
Rayleigh  waves,  after  their  discoverer. 

However,  when  the  vibrations  of  semi-infinite  or  finite  crystals 
began  to  be  studied  from  a lattice  dynamical,  as  opposed  to  a con- 
tinuum, point  of  view,  beginning  with  the  pioneering  work  of 


Rosenzweig' 


and  Lifshitz  and  Rosenzweig, 


it  was  discovered 


that  in  addition  to  surface  vibration  modes  of  acoustic  character , 
surface  modes  of  optical  character  can  exist  in  crystals  with  more 
than  one  atom  in  a primitive  unit  cell.  The  earliest  modes  of  this 
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The  interaction  of  optical  vibrational  modes  with  the  electro- 


magnetic field  leads  to  a coupled  excitation  known  as  a polariton. 


In  the  presence  of  a surface  it  is  possible  to  have  a localized  or 


surface  polariton  in  which  the  magnitudes  of  the  electric  and 


magnetic  vectors  decrease  exponentially  away  from  the  surface. 


Definitive  information  concerning  surface  polaritons  can  be  obtained 


by  means  of  optical  experiments. 


We  have  noted  above  that  a crystal  surface  can  give  rise  to 


exceptional  vibration  ,modes  which  are  spatically  localized  in  its 


vicinity,  the  acoustical  and  optical  surface  modes.  However,  the 


introduction  of  a crystal  surface  also  modifies  the  frequencies  and 


displacement  fields  of  the  wavelike  modes  of  an  infinitely  extended 


crystal,  even  if  for  some  reason  it  does  not  give  rise  to  surface 


modes.  The  difference  between  the  frequency  distribution  functions 


of  a finite  crystal  and  of  a cyclic  crystal  possessing  the  same 


number  of  degrees  of  freedom  arising  from  these  two  sources  is  of 


the  order  of  the  ratio  of  the  number  of  atoms  in  the  surface  to  the 


number  in  the  interior  (if  the  distribution  function  is  normalized 


to  unity) , and  has  the  character  of  the  distribution  function  of  a 


two-dimensional  crystal.  It  follows  that  the  presence  of  surfaces 


will  alter  the  temperature  dependences  of  the  vibrational  thermo- 


dynamic functions  of  a crystal  from  their  bulk  forms,  and  will  give 


rise  to  distinct  size  effects,  which  can  become  significant  when 


particle  sizes  become  small  enough  that  the  ratio  of  surface  area 


to  volume  is  no  longer  negligible. 


The  preceding  effects  of  a surface  on  the  dynamical  properties 


of  a crystal  are  examples  of  effects  associated  with  the  surface 
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type  to  be  studied  have  frequencies  lying  in  the  gap  in  the  fre- 
quency spectrum  of  the  corresponding  infinitely  extended  crystal 
between  the  acoustic  and  optical  branches,  if  one  exists,  which 
tend  to  nonzero  limits  as  the  two-dimensional  wave  vector  character- 
izing them  tends  to  zero.  They  also  differ  from  acoustic  surface 
modes,  in  which  all  the  sublattices  comprising  the  crystal  move  with 
essentially  the  same  amplitudes , by  the  fact  that  the  sublattices 
vibrate  against  each  other,  with  amplitudes  which  decay  with  in- 
creasing distance  into  the  crystal  from-  the  surface.  Subsequent 

investigations  have  revealed  the  existence  of  more  complicated  types 

(5) 

of  surface  vibrational  modes,  even  in  Bravais  crystals.  Such 

surface  modes  clearly  have  no  counterpart  in  a continuum  theory  of 
surface  waves,  and  will  be  called  optical  surface  modes.  From 
considerations  of  the  translational  periodicity  of  a crystal  in 

(4) 

directions  parallel  to  a free  surface,  Lifshitz  and  Rosenzweig 
concluded  that  only  optical  surface  modes  corresponding  to  infinitely 
long  wavelengths  parallel  to  the  surface  can  be  optically  active, 
provided  that  additional  restrictions  on  these  modes  imposed  by 
crystal  symmetry  are  also  satisfied.  They  suggested  that  such 
optical  surface  modes  may  lead  to  additional  lines  in  the  infrared 
absorption  and  Raman  spectra  of  crystals. 

The  latter  effects  are  examples  of  another  way  in  which  the 
presence  of  surfaces  can  alter  the  physical  properties  of  crystals: 
selection  rules  governing  physical  processes  in  crystals,  which  have 
their  origins  in  the  symmetry  properties,  translational  and/or 
rotational,  of  an  infinitely  extended  crystal,  can  be  relaxed  for 
finite  crystals  or  for  atoms  in  the  surface  layers  of  crystals,  for 
which  these  symmetry  properties  no  longer  hold. 


1.4 
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as  a whole.  There  is,  however,  a class  of  effects  associated  with 

the  modification  of  the  dynamical  properties  of  individual  atoms 

by  the  presence  of  a cr  -stal  surface.  The  crystal  structure  in 

the  surface  layers  may  be  different  from  the  structure  in  the  bulk 

of  the  crystal.  The  forces  acting  on  atoms  in  the  surface  layers 

will  be  different  from  the  forces  acting  on  atoms  in  the  bulk  since 

an  atom  in  the  surface  layers  has  fewer  nearest  neighbors,  next 

nearest  neighbors,...,  than  an  atom  in  the  interior  of  a crystal. 

One  would  therefore  expect  that  dynamical  properties  of  individual 

atoms,  such  as  their  mean  square  displacement  and  mean  square  velocity, 

are  different  for  atoms  in  the  surface  layers  of  a crystal  from  what 

they  are  for  atoms  in  the  bulk  of  the  crystal,  both  in  magnitude 

and  in  their  symmetry  properties.  It  is  important  to  take  these 

differences  into  account  in  the  interpretation  of  experimental  data 

obtained  by  the  techniques  of  low  energy  electron  diffraction  from 

crystal  surfaces, ^ or  the  Mttssbauer  effect  for  resonant  nuclei 

( 5) 

plated  on  or  diffused  into  the  surface  layers  of  a crystal, 
for  example. 

Although  the  preceding  examples  of  the  effects  of  a crystal  on 
the  dynamical  properties  of  individual  atoms  were  presented  in  the 
context  of  an  otherwise  ideal  crystal,  the  presence  of  a crystal 
surface  can  affect  dynamical  properties  of  impurity  atoms  when  the 
latter  are  in  the  vicinity  of  the  surface.  If  an  impurity  atom 

4 

gives  rise  to  localized  or  resonance  modes  when  it  is  in  the  interior 
of  a crystal,  any  degeneracies  these  modes  possess  can  be  lifted  when 
the  impurity  atom  is  brought  up  to  the  surface  of  the  crystal,  due 
to  the  reduction  in  the  symmetry  of  the  crystal  to  which  a surface 


1 


gives  rise.  The  mean  square  displacement  and  mean  square  velocity 
of  an  impurity  atom  will  also  be  different,  both  in  magnitude  and 
in  their  symmetry  properties,  when  the  impurity  is  in  the  vicinity 
of  a crystal  surface,  from  what  they  are  when  the  impurity  is  in 
the  interior  of  tne  crystal. 

It  is  conceptually  convenient,  and  often  computationally  use- 
ful, to  regard  a crystal  surface  as  a defect  in  an  infinitely  ex- 
tended, cyclic  crystal,  created  by  equating  to  zero  all  interatomic 
forces  intersecting  a fictitious  plane  which  bisects  the  crystal 
but  contains  no  atoms  itself.  (In  fact,  this  procedure  creates 
the  two  parallel  surfaces  of  a semi-infinite  crystal  slab,  when 
the  cut  cyclic  crystal  is  "unrolled”.  The  resulting  crystal  slab 
of  course  remains  cyclic  in  directions  parallel  to  these  surfaces.) 
t ■«<=  ™»n  K,r  «««  that  two  defects  in  a crystal  can 


It  is  well  known,  by  now, 


interact  with  each  other  through  the  modification  of  the  vibration 
field  of  one  defect  by  the  presence  of  the  other.  From  the  pre- 
ceding considerations  it  follows  that  there  is  an  energy  of  inter- 
action of  an  impurity  atom  or  a lattice  defect  with  a crystal 
surface,  which  is  a function  of  the  distance  of  the  crystal  imper- 
fection from  the  surface,  so  that  the  surface  exerts  a force  on 
the  imperfection.  The  sign  of  this  force  depends  on  the  nature  of 
the  imperfection.  In  a similar  fashion,  two  atoms  adsorbed  on  a 
crystal  surface  interact  with  each  other  as  a consequence  of  their 
mutual  modification  of  the  normal  vibration  modes  of  the  semi- 
infinite substrate.  Finally,  just  as  point  defects  can  scatter 
acoustic  waves  propagating  through  a crystal,  so  can  an  extended 
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1.6 

defect,  such  as  a crystal  surface.  This  scattering  of  phonons 
by  the  boundaries  of  a crystal  becomes  the  dominant  mechanism 
responsible  for  lattice  thermal  resistivity  in  insulators  at 
very  low  temperatures,  when  all  other  resistive  mechanisms  become 
inoperative,  and  the  phonon  mean  free  path  becomes  comparable 
with  the  linear  dimensions  of  a crystal. 

All  of  the  physical  effects  described  so  far,  in  which 
crystal  surfaces  play  the  determining  role,  exist  in  the  harmonic 
approximation  for  the  lattice  vibrations.  When  anharmonic  terms 
are  retained  in  the  expansion  of  the  crystal’s  potential  energy 
in  powers  of  the  displacements  of  the  atoms  from  their  equilibrium 
positions,  new  surface  induced  effects  arise,  which  are  absent  in 
the  absence  of  anharmonicity . 

Since  the  mean  square  displacements  of  atoms  in  the  surface 
layers  of  a crystal  are  larger,  in  general,  than  those  of  atoms 
in  the  interior,  due  to  the  different  sets  of  forces  acting  on  these 
two  kinds  of  atoms,  it  is  reasonable  to  expect  that  anharmonic 
effects  associated  with  atoms  in  the  surface  layers  of  a crystal 
will  be  larger  than  they  are  in  the  bulk  of  the  crystal. 

It  is  well  known  that  the  phenomenon  of  thermal  expansion 
of  solids  has  its  origin  in  the  anharmonic  terms  in  the  crystal's 
potential  energy.  For  the  reason  just  given,  it  can  be  expected 
that  crystals  will  display  a differential  (larger)  thermal  ex- 
pansion in  the  vicinity  of  their  surfaces  compared  with  its  magni- 
tude for  the  bulk  of  the  crystal. 
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1.7 

Another  consequence  of  the  anharmonic  terms  in  a crystal's 
potential  energy  is  the  coupling  it  introduces  among  the  indepen- 
dent normal  vibration  modes  of  the  harmonic  approximation.  This 
coupling  permits  energy  to  be  exchanged  among  these  modes,  which 
leads  to  their  attenuation,  or  damping,  in  time.  In  particular, 
an  important  mechanism  for  the  attenuation  of  Rayleigh  surface 
waves  in  insulators  is  their  anharmonic  interaction  with  the  other 
normal  vibration  modes  of  the  crystal  along  which  they  propagate. 

In  Section  II  of  the  present  Chapter  we  present  the  theory 
underlying  the  surface  induced  vibrational  properties  of  crystals 
which  we  have  just  described  briefly,  as  well  as  experimental 
results  bearing  on  them.  In  writing  this  Section  we  have  tried  to 
emphasize  results  which  have  a general  validity,  that  is,  which 
are  independent  of  particular  choices  for  the  crystal  symmetry  and 
structure  and  of  assumptions  about  the  range  of  interatomic  forces. 
However,  in  Section  IV  we  will  illustrate  many  of  the  general  methods 
and  results  of  Section  II  by  applying  them  to  the  determination  of 
various  dynamical  properties  of  crystal  surfaces  on  the  basis  of  a 

very  simple  crystal  model,  which  permits  such  calculations  to  be 

* 

carried  out  simply  and  analytically. 

In  Section  III  we  present  the  general  theory  of  surface  polar- 
itons  as  well  as  many  illustrations  of  specific  cases.  The  theoret- 
ical investigation  of  what  we  now  call  surface  polaritons  dates 
back  to  the  work  of  Zenneck^®  ^ and  Sommerfeld^  who  studied  the 
propagation  of  an  electromagnetic  wave  along  the  plane  interface 
between  two  media.  The  recent  development  of  new  experimental 
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techniques  such  as  attenuated  total  reflection  (ATR) , inelastic 
scattering  of  lov  energy  electrons,  and  Raman  scattering,  has 
stimulated  a sharp  renewal  of  interest  in  both  the  experimental 
and  theoretical  aspects  of  surface  polaritons. 

A great  deal  can  be  accomplished  on  the  theoretical  side  » 

using  a macroscopic  approach  based  on  Maxwell's  equations  and 
the  electromagnetic  boundary  conditions.  One  need  only  have  a 
knowledge  of  the  frequency-dependent  dielectric  constant  or  magnetic 
permeability  of  the  bulk  crystal.  However,  a complete  understand- 
ing of  certain  experiments  seems  to  be  possible  only  if  more  de- 
tailed information  is  available  concerning  the  properties  of  the 
crystal  in  the  immediate  vicinity  of  the  surface. 


l 


1.9 

References  for  Section  I 

M.  Born  and  Th.  von  Karman,  Phys.Z.  13,  297  (1912);  14,15  (1913). 
Lord  Rayleigh,  Proc.  London  Math.  Soc.  17,,  4 (1887). 

L.  N.  Rosenzweig,  Tr.  Fiz.  Otdel.  Fiz.-Mat.  Fakul'teta  Khark.  Gos . 
Univ.  2,  19  (1950) . 

I.  M.  Lifshitz  and  L.  N.  Rosenzweig,  Zh.  Eksp.  Teor.  Flz.  18, 

1012  (1948) . 

D.  C.  Gazis , R.  Herman,  and  R.  F.  Wallis,  Phys.  Rev.  119 . 533 
(1960) . 

See,  for  example:  S.  G.  Kalashnikov  and  0.1.  Zamsha,  Zh.  Eksp. 
Teor.  Fiz.  9,  1408  (1939);  A.  U.  MacRae  and  L.  H.  Germer,  Phys. 
Rev.  Lett.  8,  489  (1962). 

R.  V.  Pound  and  G.  A.  Rebka,  Phys.  Rev.  Lett.  4,  274  (1960); 

B.  D.  Josephson,  ibid.  4,  341  (1960). 

A.  A.  Maradudin,  E.  W.  Montroll,  G.  H.  Weiss  and  I.  P.  Ipatova, 
Theory  of  Lattice  Dynamics  in  the  Harmonic  Approximation 
(Academic  Press,  New  York,  1971)  p.  471. 

J.  Zenneck,  Ann.  Phys.  (Leipz.)  23,  846  (1907). 

A.  Sommerfeld,  Ann.  Phys.  (Leipz.)  28,  665  (1909). 


II. 1.1 


II.  DYNAMICAL  THEORY  OF  CRYSTAL  SURFACES 
1.  Introduction 

The  modern  theory  of  lattice  dynamics,  due  to  Born  and  his 
collaborators,^1)  was  based  on  the  assumption  of  an  infinitely 
extended  crystal.  Calculations  of  vibrational  properties  of  such 
a crystal  were  made  tractable,  and  were  normalized  to  a finite 
volume,  by  imposing  cyclic  boundary  conditions  on  the  atomic  dis- 
placements. That  is,  it  was  postulated  that  the  displacements 
are  periodic  functions  of  position  with  the  periodicity  volume 
being  a macrocrystal  containing  N primitive  unit  cells,  which  can 
be  regarded  as  the  crystal  of  physical  interest,  whose  repetition 
fills  all  space.  The  essential  simplification  introduced  into 
lattice  dynamics  by  the  adoption  of  these  boundary  conditions  is 
that  the  equations  of  motion  of  any  atom  are  the  same  as  those  of 
any  other  atom  separated  from  it  by  a lattice  translation  vector. 

The  justification  for  the  use  of  these  boundary  conditions  in 
calculations  of  extensive  vibrational  properties  of  a crystal  was 
provided  in  1944  by  W.  Ledermann^2)  in  the  form  of  the  following 
theorem:  If  in  a Hermit ian  matrix  the  elements  of  r rows  and  their 

corresponding  columns  are  modified  in  any  way  whatever,  provided 
that  the  matrix  remains  Hermit ian,  the  number  of  eigenvalues  which 
lie  in  any  given  interval  cannot  increase  or  decrease  by  more  than  2r. 

The  relevance  of  this  theorem  to  the  justification  of  the  use 
of  periodic  boundary  conditions  can  be  seen  from  the  following  dis- 
cussion. Let  us  first  condsider  an  infinitely  extended  crystal  in 
which  the  displacements  of  the  atoms  from  their  equilibrium  positions 
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are  periodic  functions  of  position,  with  the  periodicity  of  a space' 
filling  macrocrystal  containing  N atoms.  In  the  harmonic  approxima' 
tion  the  independent  equations  of  motion  of  this  crystal  can  be 
written  schematically  in  the  form 


where  u (m)  is  the  a Cartesian  component  of  the  displacement  of 
a 

the  mth  atom  from  its  equilibrium  position,  M is  its  mass,  and 


called  atomic  force  con- 


stants, are  the  second  partial  derivatives  of  the  potential  energy 


of  the  crystal  with  respect  to  the  atomic  displacements  u^Cm)  and 
ufl(m'),  evaluated  with  all  the  atoms  at  their  equilibrium  positions 


Because  of  the  infinite,  perfect  periodicity  of  the  crystal  which 


results  from  the  assumption  of  cyclic  boundary  conditions,  the 
interaction  of  an  atom  inside  a given  macrocrystal  with  an  atom 
outside  it  is  identical  with  the  interaction  between  any  two  atoms 
inside  the  macrocrystal  separated  by  the  same  lattice  translation 


vector.  It  is  this  fact  that  leads  to  the  Identity  of  the  equations 


of  motion  of  all  atoms  which  are  related  by  the  translation  vectors 


of  the  infinitely  extended  crystal. 

Let  us  now  create  a true,  finite  crystal  of  N atoms  from  this 
infinitely  extended  one  by  equating  to  zero  all  interactions  between 
the  atoms  inside  a given  macrocrystal  and  all  the  atoms  outside  it. 

The  equations  of  motion  of  the  resulting  finite  crystal  can  be  written 
schematically  as 


respectively,  where 


,(o) 

00 


D^'  (nun') 


(m 'm) 
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D (nun')  = -22- j.  = D - (m 'm)  (II. 1.5b) 
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are  the  so-called  dynamical  matrices  of  the  infinitely  extended 
(cyclic)  and  finite  crystals,  respectively.  As  they  are  real  and 
symmetric,  they  are  clearly  Hermitian. 

From  Eqs.  (II. 1.4)  we  see  that  the  squares  of  the  normal  mode 
frequencies  of  the  infinitely  extended,  cyclic  crystal  and  of  the 
finite  crystal  are  the  eigenvalues  of  the  Hermitian  matrices 
{D^^Onm')}-  and  {Dot^(nun,)}>  respectively.  We  can  partition  these 
matrices  in  the  following  way: 


*S7 
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In  these  expressions  the  subscripts  (ii)  indicate  that  portion 
of  the  corresponding  dynamical  matrix  in  which  atom  m and  atom  m' 
are  both  farther  inside  the  crystal  from  the  bounding  surface  than 
the  range  of  interatomic  forces;  the  subscripts  (ib)  indicate  that 
portion  of  the  corresponding  dynamical  matrix  in  which  atom  m is 
farther  inside  the  crystal  than  the  range  of  the  interatomic  forces, 
while  atom  m'  is  closer  to  the  surface  than  this  range;  the  subscripts 
(bb)  denote  that  portion  of  the  corresponding  dynamical  matrix  for 
which  both  atoms  m and  m'  lie  closer  to  the  bounding  surface  than 
the  range  of  the  interatomic  forces. 
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(m)  - - * -(■a/)Ufl(m#)  (II.  1.2) 

m'  p p p 

o,/3  - x,y,z 
m,m'  - 1,2, ... ,N  . 

The  atomic  force  constants  j 4ffp(mm ')  - 4^(111 'm)j-  differ  from  the 
force  constants  |4'^°^(mm/)}  in  at  least  two  ways.  First,  all  con- 
stants tig^Onm')  for  which  the  atom  m is  inside  the  macrocrystal 
while  the  atom  m'  is  outside  it,  or  vice  versa,  vanish,  while  the 
corresponding  constants  4^^(mm')  need  not  vanish,  depending  on 
the  range  of  the  interatomic  forces.  Second,  even  if  both  of  the 
atoms  m and  m'  are  in  the  finite  crystal,  but  one  or  the  other,  or 
both,  is  closer  to  the  surface  than  a distance  of  the  order  of  the 
range  of  the  interatomic  forces,  the  force  constants  ^(mm')  and 
4^)(mm')  will  be  somewhat  different  because  of  the  rearrangements 
of  the  atomic  positions  in  the  surface  layers  of  the  crystal  which 
will  inevitably  accompany  the  creation  of  the  finite  crystal  by  the 
annulment  of  all  forces  crossing  the  boundary  of  the  macrocrystal. 

Thus,  if  we  make  the  substitution 


Vm) 


t«(m)  -iut 
— i — e 
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where  Vg(m)  is  a time- independent  amplitude,  Eqs.  (II. 1.1)  and 
(II. 1.2.)  can  be  put  in  the  forms 


a)  v (m)  -E  D^y(mm')v.(m') 
“ m'/3  p 


o?v  (m)  « E D .(mm')vfl(m')  , 
a m'j}  “P  P 


(II. 1.4a) 
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respectively,  where 
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are  the  so-called  dynamical  matrices  of  the  infinitely  extended 
(cyclic)  and  finite  crystals,  respectively.  As  they  are  real  and 
symmetric,  they  are  clearly  Bermitian. 

From  Eqs.  (I I. 1.4)  we  see  that  the  squares  of  the  normal  mode 
frequencies  of  the  infinitely  extended,  cyclic  crystal  and  of  the 
finite  crystal  are  the  eigenvalues  of  the  Hermitian  matrices 
iD^^mm')}-  and  {D^Onm7)},  respectively.  We  can  partition  these 
matrices  in  the  following  way: 
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In  these  expressions  the  subscripts  (ii)  indicate  that  portion 
of  the  corresponding  dynamical  matrix  in  which  atom  m and  atom  m7 
are  both  farther  inside  the  crystal  from  the  bounding  surface  than 
the  range  of  interatomic  forces;  the  subscripts  (ib)  indicate  that 
portion  of  the  corresponding  dynamical  matrix  in  which  atom  m is 
farther  inside  the  crystal  than  the  range  of  the  interatomic  forces, 
while  atom  m7  is  closer  to  the  surface  than  this  range;  the  subscripts 
(bb)  denote  that  portion  of  the  corresponding  dynamical  matrix  for 
which  both  atoms  m and  m7  lie  closer  to  the  bounding  surface  than 
the  range  of  the  interatomic  forces. 
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If  there  were  no  relaxation  of  the  equilibrium  positions  of 
the  atoms  in  forming  the  finite  crystal  from  the  finite  one,  the 
matrices  And  would  be  identical,  and  the  dynamical 

**  (o)  ♦* 

matrices  Dv  ' and  0 would  differ  only  in  the  rows  and  columns 
labeled  by  atoms  closer  to  the  surface  than  the  range  of  interatomic 
% forces.  This  is  still  true  in  the  presence  of  relaxation  of  the 

atomic  equilibrium  positions  on  the  reasonable  assumption  that  the 
shifts  in  these  equilibrium  positions  do  not  propagate  farther 

k 

into  the  interior  of  the  crystal  from  the  surface  than  approximately 

the  range  of  the  interatomic  forces.  The  number  of  such  rows  and 

columns  is  given  closely  by  the  product  of  the  number  of  atoms  in 

2/3 

the  surface  of  the  crystal,  N , the  range  of  the  interatomic 

forces  in  units  of  the  nearest  neighbor  separation  between  atoms, 

nQ,  assumed  finite  (small),  and  the  number  of  degrees  of  freedom 

per  atom,  3.  Since  the  dimensionality  of  and  0 is  3N,  we  see 

that  in  replacing  the  true  dynamical  matrix  D by  the  approximate 

one  the  fraction  of  eigenvalues  o?  of  D which  lie  in  any  given 

-1/3 

interval  cannot  increase  or  decrease  by  more  than  2n  N . This 

o 

is  the  fractional  error  which  occurs  in  the  evaluation  of  any  physical 

property  of  a crystal  which  can  be  expressed  as  a sum  over  its 

normal  mode  frequencies,  such  as  the  vibrational  contribution  to 

its  thermodynamic  functions.  For  any  crystal  of  macroscopic  size  N 

24 

is  of  the  order  of  10  , so  that  this  is  a neglibible  fractional 

• change,  and  justifies  the  use  of  cyclic  boundary  conditions  in  such 

calculations. 

The  preceding  justification  is  based  on  the  assumption  that 
the  range  of  the  interatomic  forces  is  finite.  It  is  therefore 
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inapplicable  to  the  case  of  ionic  or  polar  crystals,  in  which  the 
constituent  atoms  or  ions  interact  through  long  range  Coulomb  forces. 

_ V V-  IT j„(3)  4-  it  0 a a-P  /iwa!  4 a 


However,  it  has  been  shown  by  Hardy 


that  the  use  of  cyclic 


boundary  conditions  in  the  presence  of  Coulomb  interactions  affects 
only  the  very  small  minority  of  vibrational  modes  whose  wavelengths 
are  comparable  with  the  linear  dimensions  of  a crystal,  and  which 
possess  a dipole  moment.  The  number  of  such  modes  is  shown  to  be 
of  the  order  of  „2/3 

out  of  a total  number  of  modes  of  the  order 
of  N,  so  that  the  fractional  error  in  the  distribution  of  normal 
modes  according  to  frequency  in  this  case  is  also  of  the  order  of 
which  is  neglibible  when  N is  large. 

However,  the  adoption  of  cyclic  boundary  conditions,  while 
mathematically  convenient,  eliminates  the  possibility  of  studying 
the  dynamical  properties  of  atoms  in  the  neighborhood  of  a free 
surface  of  a real  crystal,  or  of  dynamical  properties  associated 
with  a crystal  surface  as  a whole,  rather  than  with  individual 
atoms.  This  is  a serious  shortcoming  of  the  cyclic  boundary  con- 
ditions, since  the  existence  of  surfaces  bounding  a crystal  gives 
rise  to  a variety  of  physical  phenomena  which  are  absent  from  the 
dynamical  properties  of  infinitely  extended,  or  cyclic,  crystals. 


In  this  Section  of  the  present  chapter  we  present  the  dynamical 
theory  of  crystal  surfaces.  We  will  first  give  some  preliminary 
considerations  and  definitions.  The  next  subsections  will  be  devoted 
respectively  to  surface  waves;  the  group  theory  of  phonons  in  a 
crystal  slab;  the  Green's  function  for  a semi-infinite  crystal;  the 
surface  specific  heat  and  other  thermodynamic  functions;  the  surface 
mean  square  displacements;  the  Interaction  of  defects  with  a surface; 


“ I 
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the  indirect  interaction  of  adatoms  on  a surface;  the  scattering  of 
phonons  by  a surface;  the  thermal  expansion  at  a crystal  surface; 
the  anharmonic  damping  of  Rayleigh  waves;  and  a continuum  approach 
to  surface  lattice  dynamics. 

Finally  we  have  assumed  that  the  reader  of  this  section  has 

a general  knowledge  of  lattice  dynamics  at  the  level  of  such  general 

references  as  the  books  by  Born  and  Huang ^ and  Maradudin,  Montroll, 

(S') 

Weiss  and  Ipatova.  However  if  the  reader  prefers  to  gain  first, 
on  the  basis  of  some  simple  examples,  some  qualitative  understanding 
about  the  dynamical  theory  of  crystal  surfaces,  he  can  as  well  start 
reading  Section  IY  and  then  come  back  to  Section  II. 
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2.  Preliminary  Considerations  and  Definitions 

A.  Specification  of  Atomic  Positions  in  a Semi-Infinite  Crystal 

In  this  section  we  present  some  general  considerations  which 
underlie  the  dynamical  theory  of  semi- inf inite  crystals,  and  pro- 
vide the  basis  for  the  discussion  in  the  remainder  of  Section  II 
of  this  chapter. 

We  begin  by  specifying  the  manner  in  which  the  atoms  of  a 
semi-infinite  solid  can  be  labeled.  We  first  focus  our  attention 
on  a crystal  slab,  with  parallel  surfaces,  which  exhibits  trans- 
lational periodicity  in  two  directions  parallel  to  the  surfaces 
of  the  slab.  We  regard  the  slab  as  being  composed  of  a two- 
dimensional  array  of  lattice  points,  each  point  having  associated 
with  it  a basis  of  r atoms  which  extends  through  the  slab  from 
surface  to  surface.  The  position  vectors  of  the  lattice  points 
are  given  by 

^(t)  “ t ^2^2  i (II. 2.1) 

where  aj  and  a2  are  the  primitive  translation  vectors  of  the  two- 
dimensional  lattice,  and  and  are  any  two  integers,  positive, 
negative,  or  zero,  which  we  write  collectively  as  1.  The  position 
of  any  atom  in  the  crystal  slab  is  then  given  by 

^(4K)  3 2(t)  + 2(0  , (II. 2. 2) 

where  the  basis  vector  3$(k)  is  the  position  vector  of  the 
basis  atom  with  respect  to  its  lattice  point. 
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The  particular  basis  associated  with  each  lattice  point  is 
arbitrary,  subject  only  to  the  restrictions  that  it  extend  through 
the  slab  from  surface  to  surface,  and  that  when  translated  through 
all  possible  vectors  {&(,(,)}  it  generates  the  entire  crystal  slab. 

The  preceding  characterization  of  the  structure  of  a crystal 
slab  is  particularly  convenient  in  the  study  of  the  dynamical 
properties  of  a crystal  surface  which  has  undergone  reconstruction, 
or  of  a crystal  slab  in  which  the  interplanar  spacings  in  the 
vicinity  of  the  surfaces  have  undergone  relaxation.  Both  of  these 
effects  can  be  incorporated  into  the  definition  of  the  atomic 
positions  by  suitable  definitions  of  the  primitive  translation 
vectors  and  %2>  and  of  the  basis  vectors  {5£(k)}.  We  will  refer 
to  this  way  of  characterizing  the  structure  of  a crystal  slab  as 
definition  (A) . 

For  the  study  of  certain  kinds  of  dynamical  properties  of 
crystal  surfaces  it  is  convenient  to  treat  the  surface  as  a defect 
in  an  infinitely  extended  crystal,  which  is  produced  by  setting 
equal  to  zero  all  of  the  interactions  between  atoms  on  opposite 
sides  of  a hypothetical  plane  which  bisects  the  crystal,  but 
which  contains  no  atoms  itself.  Alternatively,  particularly  in 
the  stud/  of  surface  waves,  it  is  sometimes  desirable  to  consider 
a semi-infinite  crystal,  bounded  by  a single  planar  surface  and 
occupying  the  upper  half-space  (x^  a 0) , instead  of  a crystal 
slab  bounded  by  two,  parallel  plane  surfaces.  In  either  of  these 
two  cases  a way  of  specifying  the  atomic  positions  different  from 
definition  (A)  is  required. 


In  such  cases  we  start  with  an  infinitely  extended  crystal 
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composed  of  a three-dimensional  Bravais  lattice,  with  each  lattice 
point  of  which  is  associated  a basis  of  atoms.  The  position 
vectors  of  the  lattice  points  are  given  by 

x(4)  “ ^2a2+  ^3a3  i (II. 2. 3) 

where  a^,  st2>  a2  are  the  three  primitive  translation  vectors  of 
the  lattice.  It  is  convenient  to  choose  two  of  these,  say  3^  and 
^2  to  be  parallel  to  the  plane  of  the  intended  surface,  which  we 
take  to  be  parallel  to  the  plane  Xg  - 0,  while  a3  is  then  directed 
out  of  this  plane.  If  the  semi-infinite  crystal  to  be  studied 
occupies  the  upper  half-space,  it  is  convenient  to  choose  a3  in 
such  a way  that  its  Xg-component  is  positive. 

If  a pair  of  adjacent  free  surfaces  is  to  be  created  by  equat- 
ing to  zero  all  interactions  between  atoms  on  opposite  sides  of 
a hypothetical  plane  parallel  to  the  plane  x3  - 0,  the  integers 

£2*  ^3  in  E<1*  (11*2.3)  can  take  on  all  values,  positive,  negative, 
and  zero,  and  we  refer  to  them  collectively  by  4.  The  r basis 
vectors  {3(0}  giving  the  positions  of  the  r atoms  in  the  basis 
with  respect  to  their  lattice  point  3(4)  can  be  chosen  in  such  a 
way  that  all  atoms  whose  positions  are  given  by 

3(40  = 3(4)  + 3(0  (II. 2. 4) 

with  43  2 0 are  in  the  half  space  Xg  a 0,  while  all  atoms  whose 
positions  are  given  by  x(4k)  with  4g  < 0 are  in  the  half -space 
x3  < 0.  We  will  refer  to  this  way  of  characterizing  the  structure 
of  a crystal  as  definition  (Bl) . 
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In  the  case  that  we  are  concerned  with  a semi-inf inite  crystal 
occupying  the  upper  half-space  (x3  > 0) , the  atomic  positions  are 
still  given  by  Eqs.  (II. 2. 3)  and  (II. 2. 4),  with  the  primitive 
translation  vectors  a1,  itg,  a3  and  the  basis  vectors  {3(0}  chosen 
as  in  definition  (Bl) . However,  in  this  case  the  values  of  the 
integer  in  E<1*  (H*2.3)  are  restricted  to  the  range  43  a 0. 

We  will  call  this  characterization  of  the  atomic  positions  in  a 
semi-infinite  crystal  definition  (B2) . 

The  atomic  positions  given  by  definitions  (Bl)  and  (B2)  are 
those  of  the  perfectly  periodic,  infinitely  extended  crystal, 
from  which  a semi-infinite  crystal  is  created  by  anulling  certain 
atomic  interactions,  or  an  entire  half-space  of  atoms,  respectively. 
Surface  reconstruction  and  the  relaxation  of  interplanar  spacings 
in  the  vicinity  of  a crystal  surface  represent  departures  of  the 
atomic  positions  from  those  given  by  definitions  (Bl)  and  (B2) , 
and  are  therefore  not  described  by  definitions  (Bl)  and  (B2) . 

The  effects  of  surface  reconstruction  and  the  relaxation  of  inter- 
planar spacings  at  crystal  surfaces  have  to  be  determined  as  per- 
turbations of  the  results  obtained  on  the  basis  of  definitions  (Bl) 
and  (B2) . Consequently,  definitions  (Bl)  and  (B2)  are  most  useful 
in  calculations  of  surface  properties  which  are  not  expected  to 
be  affected  significantly  by  these  two  effects.  Since  surface 
reconstruction  and  the  relaxation  of  interplanar  spacings  are 
confined  to  within  a few  interatomic  spacings  of  the  surface  of  a 
crystal,  and  we  will  see  in  section  I I. 3 that  the  penetration 
depth  of  (acoustic)  surface  vibration  modes  into  the  interior  of 


the  crystal  from  the  surface  along  which  they  propagate  is  of  the 
order  of  their  wavelength  parallel  to  the  surface,  which  can  be 
many  thousands  of  interatomic  spacings,  it  follows  that  definitions 
(Bl)  and  (B2)  can  be  used  for  the  accurate  calculation  of  long 
wavelength,  acoustic  surface  mode  frequencies,  and  their  associated 
displacement  fields,  but  results  based  on  their  use  should  become 
less  accurate  for  surface  modes  whose  wavelengths,  and  penetration 
depths,  are  of  the  order  of  a few  interatomic  spacings.  Similarly, 
since  the  changes  in  the  vibrational  thermodynamic  functions  of  a 
crystal  from  their  bulk  values  due  to  the  presence  of  a surface 
are  determined  in  the  low  temperature  limit  by  the  lcng  wavelength, 
low  frequency,  modes  of  a semi-infinite  crystal,  these  are  also 
given  accurately  by  the  use  of  definitions  (Bl)  and  (B2) , but 
less  accurately  at  higher  temperatures,  when  shorter  wavelength 
modes  are  excited.  However,  for  the  calculation  of  a surface 
property  which  is  localized  in  the  vicinity  of  a surface,  such  as 
the  mean  square  displacement  or  mean  square  velocity  of  a surface 
atom,  and  which  is  sensitive  to  surface  reconstruction  and  the 
relaxation  of  interplanar  spacings,  definition  (A)  proves  to  be 
the  most  useful. 

In  what  follows  we  will  base  most  of  our  discussion  on  defini- 
tion (A) , but  will  indicate  at  appropriate  places  the  changes 
required  in  the  treatment  if  definition  (Bl)  or  definition  (B2)  is 
employed . 
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B.  Equations  of  Motion  of  a Semi-Infinite  Crystal 


If  we  adopt  definition  (A)  the  kinetic  energy  of  a crystal 


slab  is  given  by 


p2(tic)  , 2 

s -is i SM j£u*) 


IKa 


tKa 
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(II. 2. 5) 


where  u (^k)  is  the  « Cartesian  component  of  the  displacement  of 

Of 

the  atom  (j,k)  from  its  rest  position  x(^k),  p (tK)  is  the  conjugate 

a 

momentum,  and  M is  the  mass  of  the  atom  in  the  basis.  The 

1C 

potential  energy  of  the  slab  in  the  harmonic  approximation 
(omitting  the  potential  energy  of  the  static  crystal)  can  be  written 
in  the  form 


} ■ JS  Z * 0Uk;.&'k')u  Uk)u  U'k') 
iw  i' k'p  **  ® 0 


where  the  {?  UkU'k')  } are  the  (second  order) 
«p 

constants. 

From  Eq.  (II. 2. 6)  we  see  that  $ 

ap 

K ) “ duerUic)3Up(<t'K')  ’ 


, (II. 2. 6) 

atomic  force 

is  expressible  as 

(11.2.7) 


where  the  subscript  zero  means  that  the  derivatives  are  evaluated 
in  the  equilibrium  configuration,  i.e.  the  configuration  in  which 
each  atom  is  situated  at  its  rest  position  2(,{,k).  It  follows 
immediately  from  Eq.  (II. 2. 7)  that  the  atomic  force  constants 
satisfy  the  symmetry  condition 
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(11.2.8) 
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because  the  value  of  a nixed  partial  derivative  is  independent  of 
the  order  in  which  the  derivatives  are  taken. 

The  equations  of  motion  of  the  crystal  slab  are  therefore 
given  by 


Mil  (tic) 

n.  Or 
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au  Uk) 

Or 


I'K'B  ** 


(II. 2. 9) 


C.  Properties  of  the  Atomic  Force  Constants  of  a Semi-Infinite 
Crystal 

In  addition  to  the  symmetry  property  (I 1.2. 8)  there  are  other 
relations  among  the  atomic  force  constants  that  can  be  stated 
explicitly,  and  these  fall  into  two  categories.  In  the  first 
category  are  the  general  relations  that  are  imposed  by  the  in- 
variance of  the  potential  energy  against  rigid  body  translations 
and  rotations  of  the  crystal  slab  as  a whole.  These  relations  are 
valid  for  all  collections  of  atoms,  whether  they  are  located  at  the 
lattice  points  of  a crystal  or  not.  In  the  second  category  are 
those  relations  that  are  imposed  by  the  special  structure  and 
symmetry  of  a particular  crystal  slab.  Ve  discuss  these  two  kinds 
of  relations  in  turn. 

The  fact  that  the  force  on  an  atom  cannot  be  changed  by  a 
rigid  body  displacement  of  the  crystal  slab  as  a whole  leads  to 
the  conditions 

2 9 -Uku'k')  - 0 

I'k'  aP 


(II. 2. 10) 
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The  transformation  properties  of  the  potential  energy  and  its 
derivatives  under  an  infinitesimal  rigid  body  rotation  of  the 
crystal  slab  lead  to  the  additional  conditions 


2 {iAlKU'K'U  U'K')  - iUKil'K'U  U'K')}  - o . (II. 2. 11) 
..'-erp  Y ary  p J 
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It  has  been  pointed  out  by  Ludwig  and  Lengeler^  1 ^ (see  also 
the  discussion  on  pp.  523-527  and  pp.  577-578  of  Ref.  2 ) 
that  the  satisfaction  of  the  conditions  expressed  by  Eqs.  (I I. 2. 11) 
is  a necessary  condition  for  the  results  of  lattice  theory  to  agree 
with  those  of  continuum  (elasticity)  theory  for  the  dynamical 
properties  of  semi-infinite  solids,  in  the  appropriate  limit. 

We  turn  now  to  a discussion  of  the  restrictions  on  the  atomic 
force  constants  that  are  imposed  by  the  structure  and  symmetry  of 
a particular  crystal  slab. 

The  most  general  symmetry  operation  that  sends  a crystal  slab 
into  itself  is  a combination  of  a rigid  body  rotation  (proper  or 
improper)  of  the  crystal  slab  about  some  point,  plus  a rigid  body 
translation  of  the  crystal  slab.  Such  an  operation  is  represented 
in  the  Seitz ^ 3 ^ notation  by  (S|^(s)  +j£(m)}.  Applied  to  the 
position  vector  i(^tc)  of  the  rest  position  of  the  k—  atom  in  the 
unit  cell  this  operation  transforms  it  according  to  the  rule 

(S|\?(S)  + i(m)}x(tK)  - s2(-U)  + ^(S)  + 2(m) 

| 

s x(LK)  - 2(L)  + 2(K)  , (II. 2. 12) 

which  is  to  be  interpreted  in  the  active  sense,  i.e.  as  a rotation 


TT* w 
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of  the  point  3(£k)  with  respect  to  a fixed  coordinate  system,  and 
not  as  a rotation  of  the  coordinate  system  with  respect  to  a crystal 
slab  fixed  in  space.  In  Eq.  (II. 2. 12)  S is  a 3x3  real,  orthogonal 
matrix  representation  of  a proper  or  improper  rotation,  v(S)  is 
a vector  which  is  smaller  than  any  of  the  primitive  translation 
* vectors  of  the  two-dimensional  Bravais  lattice  underlying 

the  crystal  slab,  and  3(m)  is  the  translation  vector  m^lj  + m2a2. 

The  second  equality  in  Eq.  (II. 2. 12)  expresses  the  fact  that, 
because  the  operation  {S|3(S)  + 3(m)}  is  one  that  sends  the 
crystal  slab  into  itself,  the  lattice  site  (^k)  must  be  sent  into 
an  equivalent  site,  which  we  label  by  (LK).  Here,  and  where  no 
confusion  results  from  its  use,  we  adopt  the  convention  of  labeling 
by  upper  case  letters  the  site  into  which  a given  site,  labeled 
by  the  corresponding  lower  case  letters,  is  transformed  by  the 
operation  (S|^(S)  + 3(m)}. 

The  totality  of  all  operations  {S|^(S)  + x(m)}  that  send  a 

crystal  slab  into  itself  constitute  the  space  group  G of  the 

crystal  slab.  The  space  group  G is  therefore  one  of  the  80 

diperiodic  groups  in  three  dimensions,  which  are  applicable  to 

three-dimensional  arrays  that  are  infinitely  periodic  in  only 

two  dimensions,  lacking  periodicity  in  the  third.  A tabulation 

of  these  groups  and  a discussion  of  their  properties  and  various 

applications  of  them  has  been  given  by  Vood^  \ 

The  atomic  force  constants  a(tK;t'K')}  of  a crystal  slab 

®P 

obey  the  transformation  law 

»b9<LK;1,'K-)  - £ , (II. 2. 13) 
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when  the  slab  is  subjected  to  the  symmetry  operation  (S|v(S)  +3(m)}. 

It  follows  from  Eq.  (II. 2. 13)  that  If  we  restrict  the  operations 
of  the  space  group  G to  the  subgroup  which  leaves  the  sites  (41c) 
and  U'k')  fixed  or  interchanges  them,  so  that  (LK)  - (£k)  and 
(L'K')  - U'K'),  or  (LK)  - U'k')  and  (L'K' ) - (41c),  then  this 

* 

equation  together  with  Eq.  (II. 2. 8)  yields  the  independent,  nonzero 

elements  of  the  force  constants  fi  .«(.(, k;{/k')}. 

orp 

An  important  special  case  of  Eq.  (I I. 2. 13)  is  obtained  when  * 

we  specialize  the  space  group  operation  [Sjv(S)  + 3(m)},  to  the 
operation  {E|3(m)},  where  $ is  the  3x3  unit  matrix,  which  is  the 
operation  of  displacing  the  crystal  slab  through  the  lattice 
translation  vector  2(m).  The  effect  of  this  operation  on  the 
position  vector  i(^K)  is 


{Ej3(m))^(4K)  - 3?Cik)  + 2(m) 

- 2u+m  K)  . (II. 2. 14) 

If  we  substitute  this  result  into  Eq.  (II. 2. 13)  we  find  that 

? - depends  on  the  indices  1 and  1'  only  through  their 
orp 

difference.  For  we  have  that 

■j 

$ap(4+m  ></*')  . (II. 2. 15)  , 

Setting  m » - 1'  and  m - - 1 in  this  equation,  we  obtain  finally 

& ■ 

- 1'  k;0k') 

~ i„a(°KU'  -IK')  . (II. 2. 16) 
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D.  Solution  of  the  Equations  of  Mot Ion  of  a Crystal  Slab 

The  result  given  by  Eq.  (II. 2. 15)  can  be  expressed  alterna- 
tively by  saying  that  the  atomic  force  constants  $ 

aP 

commute  with  the  operation  of  displacing  the  crystal  slab  through 
an  arbitrary  translation  vector  x(m)  of  the  slab.  It  follows  that 
the  solutions  of  the  equations  of  motion  of  the  slab,  Eqs.  (II. 2. 9), 
must  simultaneously  be  eigenfunctions  of  this  displacement  operator. 
We  may  then  choose  as  the  solution  to  Eq.  (II. 2. 9)  a function  of 


the  form 


u Uk; t)  - M“^v  (K)ei^,t  * ~ iu)t 

n k a 


(II. 2. 17) 


where  v^(k)  is  independent  of  i and  £,|  is  a two-dimensional  wave 
vector  whose  components  are  parallel  to  the  surfaces  of  the  crystal 


slab 


£|l  * *iki  + *2k2 


(II. 2. 18) 


(with  Xj^  and  &2  unit  vectors  in  the  1-  and  2-directions,  respec- 
tively). When  we  substitute  Eq.  (II. 2. 17)  into  Eqs.  (II. 2. 9)  we 


obtain  as  the  equation  for  the  amplitudes  { ( K ) } 

UI^IC)  - ( KIC  * l^|,)Vg  (k^)  , 


(II. 2. 19) 


where  D(£||)  is  a 3r  x 3r  Hermitian  matrix,  the  dynamical  matrix. 


given  by 


D-(«K'|e.) i — r E « .OUit'ic'Je'1*'  • (*U>-*U'» 

« (M  M ).  L-  «S 


(II. 2. 20) 
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It  should  be  understood  that  the  summation  over  i'  means  summation 
over  all  values  of  and  -tg* 

Since  the  dynamical  matrix  has  dimensions  3r  x 3r,  there  are 
3r  solutions  of  Eq.  (II. 2. 19)  for  each  value  of  the  wave  vector 
£|l,  which  we  label  by  the  index  j - 1,2,3, ... ,3r.  Thus  Eq. 

(II. 2. 19)  can  be  rewritten  as 


>j(2„)va(K|2„j)  - T Do0(kk'  |4«)v  (k'  l^iij)  , 


(II. 2. 21) 


where  the  dependence  of  the  frequency  ajj(^n)  and  the  corresponding 
eigenvector  v^(tc|^||j)  on  the  wave  vector  &n  has  been  made  explicit. 

Equation  (II. 2. 21)  defines  the  eigenvector  v^( k | ^ j| j ) only  to 
within  an  arbitrary  multiplicative  factor.  In  view  of  the  Hermi- 
ticity  of  the  dynamical  matrix  we  can  choose  this  factor  in  such 
a way  that  v (K|Ic||j)  satisfies  the  orthonormality  and  closure 


conditions 


£v*(K|£„;))va(K|g„j')  - 6 j j . 
Kor 

Sv*(ic|«,J)vp(ic'|<||J>  - 
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(II. 2. 22a) 


(II. 2. 22b) 


In  practice  the  solution  of  the  set  of  3r  equations  (II. 2. 21) 
in  3r  unknowns  to  obtain  the  frequencies  (0)j(S,|)}  and  the  corre- 
sponding unit  eigenvectors  {^(£t|j))  has  to  be  carried  out  on  a 
high  speed  computer.  Some  examples  of  the  results  of  such  calcu- 
lations will  be  presented  in  the  following  Section. 

The  displacement  field  corresponding  to  a particular  solution 
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of  Eq.  (II. 2. 21)  defined  by  given  values  of  &u  and  j, 

i . ig„  • )— 1ujh (^,| ) t 

uaCU;t)  - M^^v^Ck |S,| j)e  3 


is  called  a normal  mode  of  the  crystal  sla^. 

We  note  that  the  set  of  equations  (I 1.2. 21)  at  2„  - 0 always 
has  three  solutions  with  vanishing  frequency.  For  if  we  set 
&II  - 0 in  Eq.  (II. 2. 21)  we  have  that 

2 -»  *.<ic|oJ)  l « , v (ic'|3j) 

wA*)  -2-t £t±-  £ * AlKA'K')  J'  i — — . (II. 2. 23) 

J jj2  g oP  j|2^ 

K 1C 

If,  for  each  of  the  three  values  of  or,  M~^v  (k|oJ)  is  independent 

1C  Of 

of  k,  then  in  view  of  Eq.  (II. 2. 10)  the  right  hand  side  of 

2 -* 

Eq.  (II. 2. 23)  vanishes,  implying  the  vanishing  of  uij(o).  Thus 
we  have  three  solutions,  one  for  each  value  of  cr,  which  vanish 
with  vanishing  &n.  From  Eq.  (11.2.17)  we  find  that  these  three 
solutions  describe  rigid  body  displacements  of  the  crystal  slab 
as  a whole. 

A complete  specification  of  the  eigenvalue  problem  defined 
by  Eq.  (II. 2. 21)  requires  that  we  define  the  values  that  can  be 
assumed  by  the  wave  vector  introduced  in  Eq.  (II. 2. 17).  It 
is  clear  that  they  will  be  determined  by  the  boundary  conditions 
imposed  on  the  components  of  the  displacement  vectors  (tU-tKjt)}. 

In  the  present  discussion  we  will  adopt  cyclic  boundary 
conditions  on  the  atomic  displacements.  We  consider  a crystal 
slab  that  is  Infinitely  extended  in  the  1-  and  2-directlons. 

We  subdivide  the  infinite,  two-dimensional  Bravais  lattice  upon 
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which  the  slab  is  constructed  into  "macrocells"  each  of  which 

contains  LxL=*N  lattice  points.  These  macrocells  cover  the  plane 

of  the  two-dimensional  Bravais  lattice  without  cracks  or  overlaps, 

and  are  parallelograms  whose  edges  are  defined  by  the  vectors 

La^  and  La2.  The  atoms  of  the  basis  associated  with  each  lattice 

point  in  any  one  of  these  macrocells  can  be  regarded  as  consti- 

2 

tuting  the  physical  crystal  slab  of  L r atoms  whose  dynamical 
properties  we  are  studying.  The  cyclic  boundary  conditions 
postulate  that  the  atomic  displacements  be  periodic  with  the 
periodicity  of  the  macrocells,  that  is,  that 

^ (£ 2^  "t- 1*  > ^2  i j , -t2  + L » ^ (4 j i ^2  * ^ • (II. 2. 24 ) 

It  must  be  recognized  that  the  cyclic  boundary  conditions 

are  a purely  mathematical  fiction,  whose  adoption,  however,  does 

not  affect  the  results  of  any  calculations  we  will  be  discussing 

in  this  chapter,  but  simplifies  them  considerably.  They  also 

provide  a convenient  way  of  normalizing ' the  kineltic  and  potential 

2 

energies  of  a crystal  slab  to  a finite  volume,  containing  L r 
atoms . 

Combined  with  Eq.  (II. 2. 17),  Eq.  (II. 2. 24)  requires  that 

iS|i  • Lit,  i£||  • Lst„  » 

e 1 - e - 1 (II. 2. 25) 

The  values  of  the  wave  vector  l£||  allowed  by  these  conditions  are 

4 

conveniently  expressed  in  terms  of  the  two-dimensional  lattice 
reciprocal  to  the  direct  two-dimensional  Bravais  lattice  defined 
by  the  primitive  translation  vectors  a^  and  itg.  The  primitive 
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translation  vectors  of  the  reciprocal  lattice,  tJj  and  &2,  41,6 
defined  by  the  equations 

t±  • - 2tt61j  1, j - 1,2,  (II. 2. 26) 

the  solutions  of  which  are 

bl  “ Up  ^a22  ’ ”a2l^  ’ b2  “ aT  ^_al2  ’ all^  (11.2.27a) 

c c 

where  ac  is  the  area  of  the  primitive  unit  cell  of  the  direct 
lattice, 

ac  ” alla22  “ a12a21  “ ala2  sin  ® * (II. 2. 27b) 

In  writing  Eqs.  (1 1. 2. 27)  we  have  used  the  convention  that  in  ai(y 
the  first  subscript  labels  the  primitive  translation  vector  while 
the  second  labels  its  Cartesian  component.  In  Eq.  (II. 2. 27b)  s is 
the  angle  between  the  vectors  3^  and  32,  measured  counterclockwise 
from  3^  to  32. 

A lattice  vector  of  the  reciprocal  lattice  is  given  by 

r(h)  - h^  + h232  , (II. 2. 28) 

where  h1  and  h2  are  any  two  integers,  positive,  negative,  or  zero, 
to  which  we  refer  collectively  as  h.  In  view  of  the  fact  that  the 
scalar  product  between  a vector  of  the  direct  lattice  and  a vector 
of  the  reciprocal  lattice  is  2tt  times  an  integer, 

x(i)  • T(h)  = 2rT(t1h1  + 42h2)  - 2tt( integer)  , 


(II. 2. 29) 
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we  have  that  an  expression  for  the  wave  vector  &n  that  satisfies 
Eqs.  (II. 2. 25)  is 

( h, \ / hr 


-teh  ♦(■*)«, 


(II. 2. 30) 


The  values  of  the  integers  h^  and  hg  now  are  not  unrestricted, 
however.  From  Eqs.  (I I. 2. 17)  and  (I I. 2. 29)  we  see  that  the  addi- 
tion of  any  reciprocal  lattice  vector  r(h)  to  &n  leaves  the  value 
of  the  displacement  amplitude  ua(^,K;t)  unaffected.  This  means 
that  we  obtain  all  the  distinct  solutions  to  the  equations  of 
motion  of  a crystal  slab  if  we  restrict  the  allowed  values  of 
it II  to  lie  in  one  unit  cell  of  the  two-dimensional  reciprocal 
lattice: 


*«  - 


hl  ■ h2 


1,2, ...,L 


(II. 2. 31) 


Thus  there  are  lr  allowed  values  of  k n . As  there  are  3r  solutions 

of  the  equations  of  motion  for  each  value  of  &n,  we  see  that  there 

2 

are  as  many  distinct  solutions,  3rL  , as  there  are  degrees  of 
freedom  in  the  crystal  slab. 

In  most  calculations  of  the  dynamical  properties  of  a crystal 
slab,  it  is  not  the  particular  values  that  £||  can  assume  that  is 
important.  Rather,  it  is  the  fact  that  they  are  uniformly  and 
densely  distributed  throughout  the  area  of  the  primitive  unit  cell 
of  the  reciprocal  lattice.  An  important  consequence  of  this 
result  is  that,  where  convenient,  summation  over  the  allowed  values 
of  &M  can  be  replaced  by  integration,  according  to  the  rule 


d2k  .1 


(II. 2. 32) 
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where  b is  the  area  of  a unit  cell  of  the  reciprocal  lattice, 
c 

2 — 1 

However,  it  is  readily  shown  that  b - (2tt)  a_  , so  that  Eq. 

c c 

(II. 2. 32)  can  be  rewritten  as 

■P  - I d2k<  ' (11.2.33) 

kll  (2TT)  b 

c 

where  S is  the  area  of  either  surface  of  the  slab. 

The  choice  of  a primitive  unit  cell  of  the  reciprocal  lattice 
as  the  region  in  which  the  allowed  values  of  £||  are  restricted  to 
lie  does  not,  in  general,  reflect  the  symmetry  properties  of  the 
reciprocal  lattice.  A choice  for  the  area  in  reciprocal  space 
in  which  we  can  restrict  the  allowed  values  of  i£||  to  lie  and 
which  explicitly  displays  the  symmetry  of  the  reciprocal  lattice 
can  be  made  as  follows.  We  draw  vectors  from  the  origin  of  the 
reciprocal  lattice  to  all  lattice  points  and  then  draw  the  lines 
which  are  the  perpendicular  bisectors  of  these  vectors.  The 
smallest  area  containing  the  origin  enclosed  by  these  perpendicular 
bisectors  can  be  shown  to  be  completely  equivalent  to  the  unit 
cell  in  that  every  allowed  value  of  £||  in  the  unit  cell  differs 
from  a corresponding  point  in  the  symmetric  polygon  only  by  a 
translation  vector  of  the  reciprocal  lattice,  and  hence  the  two 
values  of  icj|  are  equivalent.  The  symmetric  polygon  constructed 
in  this  way  containing  all  allowed  values  of  $u  is  called  the 
two-dimensional  first  Brillouin  zone  of  the  reciprocal  lattice. 

The  first  Brillouin  zone  has  the  property  that  it  is  invariant 
under  all  of  the  operations  of  the  point  group  which  sends  the 
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two-dimensional  Bravals  lattice  underlying  the  crystal  slab  into 
itself.  This  point  group  is  also  the  point  group  of  the  two- 
dimensional  reciprocal  lattice. 

Equation  (II. 2. 33)  can  now  be  rewritten  equivalently  as 


2 


s 

(2tt)  2 


J A| 


(II. 2. 34) 


where  the  integral  over  leu  now  extends  throughout  the  area  of  the 
two-dimensional  first  Brillouin  zone. 

We  conclude  this  section  by  establishing  some  general  properties 
of  the  dynamical  matrix  and  of  its  eigenvectors.  We  note  first 
from  Eq.  (II. 2. 20)  that 

Dag  ( K K ' | -k || ) * D*g  ( tc K ' | k H ) . (II. 2. 35) 


If  we  replace  k„  by  -k,|  in  Eq.  (II. 2. 21),  take  the  complex  conjugate 
of  the  resulting  equation,  and  make  use  of  Eq.  (II. 2. 35),  we  obtain 
the  result  that 


V Da0(lCK'  l^«)Vg(K'  I— k„J) 

K j3 


ui?  (-£„)**(*  I -£„;)) 


(II. 2. 36) 


where  we  have  used  the  fact  that  because  D(k||)  is  a Hermitian 
2 

matrix,  0)j(k||)  is  real.  From  Eq.  (II. 2. 36)  we  see  that  the 
squared  frequencies  £ cu j (— S h ) } and  the  squared  frequencies  {oUj(k,()) 
are  eigenvalues  of  the  same  matrix  D(k||).  If  kt|  is  not  a point  in 
the  first  Brillouin  zone  at  which  D(k|t)  has  degenerate  eigenvalues, 
we  therefore  obtain  the  result  that 
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ujj(_k||)  “ tu j (It || ) 


(II. 2. 37) 


By  continuity,  we  extend  this  result  to  points  of  degeneracy, 
since  in  such  cases  Eq.  (11.2.37)  merely  gives  us  a prescription 
for  labeling  the  modes  at  -k||  in  terms  of  those  at  E„ . 

Because  the  vector  v*(-k||j)  satisfies  the  same  equation  as 
the  eigenvector  v(k„j),  then  as  long  as  k|(  is  not  a point  of 
degeneracy,  the  two  vectors  can  differ  at  most  by  an  arbitrary 
factor  of  modulus  unity  (to  preserve  normalization) : 


v*(-k||j)  - eicpv(k,|j) 


(II. 2. 38) 


Since  a particular  choice  of  the  phase  factor  cannot  affect  the 
result  of  a calculation  of  any  physical  property  of  the  crystal 
slab  or  bar,  we  adopt  the  convenient  covention  that  eicp  - 1. 
Thus,  in  what  follows  we  assume  that 


va<K|-k„j)  - v (K|k|,j) 


(II. 2. 39) 


Equation  (II. 2. 39)  was  derived  on  the  assumption  that  k|t  is  not 
a point  of  degeneracy.  When  k||  is  a point  of  degeneracy,  the 
most  we  can  infer  from  Eq.  (II. 2. 36)  is  that  v*(ic|k||j)  is  an 

arbitrary  linear  combination  of  the  eigenvectors  (v  (ic|k||j')} 

2 2 -»  ° 

for  which  u)j/(l£||)  “ t»j(k||).  However,  it  has  become  conventional 

to  choose  this  linear  combination  in  such  a way  that  Eq.  (II .2.39) 

remains  valid  at  such  points  as  well  if  the  degeneracy  is  due  to 

spatial  symmetry  only.  For  these  points,  Eq.  (II. 2. 39)  gives  us 

a convention  for  labeling  the  normal  modes  at  -k„  in  terms  of  those 

at  k||,  which  is  consistent  with  that  given  by  Eq.  (II. 2. 37). 
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Finally  we  note  that  from  its  definition,  Eq.  (II. 2. 20), 
and  from  the  fact  that 


x(-t)  • T(h)  - 2tt  x integer, 


we  have  that  (kk' |K||)  is  a periodic  function  of  k(|  with  the 
periodicity  of  the  reciprocal  lattice 


Dffg(ioc'lk«  + t)  - D^Ckk' lk„) 


(II. 2. 40) 


Thus,  the  normal  mode  frequencies  and  polarization  vectors  can  be 
assumed  to  possess  the  periodicity  of  the  two-dimensional  reciprocal 
lattice: 

0)j  ( k ||  + t)  “ tUj(kjj)  (II. 2. 41) 


v0( K |k  + Tj)  - va(K|kl(j) 


(II. 2. 42) 


E.  Normal  Coordinates  of  & Crystal  Slab 

The  eigenvectors  £ v^( k | J > } of  the  dynamical  matrix 

D (kk'|£..)  can  be  used  as  the  basis  for  a normal  coordinate  trans- 
op 

formation  which  diagonalizes  the  vibrational  Hamiltonian  of  the 
crystal  slab: 

P%Uk) 


H ■ T.  —2m — + i E £ (u;t'K')u  (U)u. U'k') 


Ofp 


IKa  i 'k  0 
If  we  introduce  the  decompositions 


(II. 2. 43)  « 


into  the  Hamiltonian  (II. 2. 43),  we  find  that  the  latter  takes 


the  form 


In  Eqs.  (II. 2. 44)  »nd  phonon  field  and  momentum 

operators,  which  are  defined  in  terms  of  the  usual  phonon  creation 

and  destruction  operators  b*  and  b , respectively,  by 

kid  *«J 


} obey  the  commutation  relations 


where  A(&«)  equals  unity  if  j£,|  is  a translation  vector  of  the 
two-dimensional  reciprocal  lattice  and  vanishes  otherwise.  In 
the  case  of  the  function  since  both  and  are 
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confined  to  the  two-dimensional  first  Brillouin  zone,  there  is 
no  nonzero  reciprocal  lattice  vector  by  which  they  can  differ, 

so  that  a(tf||  -£«)  is  equivalent  to  the  Kronecker  symbol  . 

K I! » K II 

The  phonon  creation  and  destruction  operators  obey  the  commutation 
relations 


’ bejr-i  ' 6jr4<*"'es> 


(II. 2. 48) 
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1 - [b+  , b+  1-0 

iij  J L 


In  terms  of  the  phonon  creation  and  destruction  operators  the 
vibrational  Hamiltonian  of  the  crystal  slab  takes  the  form 


H 


*HJ 


(II. 2. 49) 


From  the  equations  of  motion 


- tbe,3  - H]  - 

^ ’ H>  - ^<gl>bL 


we  find  that  the  Heisenberg  representation  operators  bg  ^(t)  and 
b+  (t)  are  given  by 

<|J 


i £ H "i  x H 

btf  ,(t)  - e bg()je  - bg^e 


-iwj(4|)t 


(11.2.50a), 


i -r  H -i  | H 


b^  (t)  - e h b+  e 
^l|j  £||j 


ioij  (^ii  )t 
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(II. 2. 50b) 
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Finally,  from  the  form  of  the  Hamiltonian  (II.2.49)  and  the 
commutatation  relations  (II .2.48)  (i.e.  from  the  fact  that  the 
operators  b+  b and  b+  b commute  for  all  (£..j)  and  (lc,,/ 

*i i *',y  tir  " 

so  that  the  partial  Hamiltonians  corresponding  to  the  individual 
normal  modes  can  be  simultaneously  diagonalized) , it  follows  by 
standard  methods  that  the  thermodynamic  averages  of  the  products 
of  creation  and  destruction  operators  are  given  by 


(b  b \ -<b+  b+  N - 0 


(II. 2 


(II. 2 


(II. 2 


where 


.-1 


.-1 


ng„j  - (exp  gf!Uij(2,|)  - l)~x  , B “ O^T)  * » (II. 2 

with  kg  Boltzmann's  constant  and  T the  absolute  temperature.  The 
angular  brackets  in  Eqs.  (I 1.2. 51)  are  defined  for  any  operator 
0 by 


,m  . Tr  qxp  (-RH)O  . (-ey<-|01n) 

Tr  exp  (-6HJ  z;  exp  (-0E  ) ’ 


(II. 2 


where  EQ  is  the  energy  of  the  eigenstate  |n)  of  the  Hamiltonian  H, 

H{n)  - En|n>  . (II. 2 

The  preceding  results  enable  us  to  obtain  formal  expressions 
for  several  useful  time-dependent  correlation  functions  of  atomic 


!.51a) 

:.51b) 

.51c) 

.51d) 

.52) 

.53) 
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displacements  and  momenta.  We  have  immediately  that 


vtf(tciS,|j)v^(ic'|S„j) 


<u  UK;t)u  U'k';0)> 2—2 r E -2 — ~ 

0 21/(1!^,)*  u,j(S„) 


x e 


1 


(II. 2. 54a) 


MUM,) 


<PaU«;t)p  U'k'jO))  S-j 2 <«j(gii)va(K|^i|j)v*(K/|kHj)  x 

2L  R ||  j “ 


x elk,-(S(t)  -ia')){(og||j  + l)e'1'"J<#">t  + Iij||Jei<";,<8">t} 


(II. 2. 54b) 
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<ua(4K;t)Pp(4'ic#;0)>  ”1^2  (i r)  ^ vaU  l*«J)vJ(tc'  x 


ik„ 
x e 'I 


•<iU)  (ng||J+l) 


(11.2.54c) 

The  equal  time  correlation  functions,  obtained  by  setting  t - 0 
in  Eqs.  (II. 2. 54),  are  given  by 


# , , , , ,xv  ^ ^ v CK|k„j)v  (k  |g„j) 

<u0uk)“  a kO)  - 2 1 r — -rf-7 

* 0 2L2(M  M ,)*  t,j  «J<*I> 


x eik„  •(*(*,)  -xa'))[2n^^  + 1] 


(II. 2. 55a) 
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<p(.U)pflCt'k')> \ 

® P 2L 


r OUj  ||)Vw(K  „J)  x 

K||j 


r*(K'|«||j)eiS|,'(x(i)_*a'))[2ng).j  + l] 

» i 


(II. 2. 55b) 


!uBaK)p  U'K'))  - i va(K|«„J)v*(K'|«llJ)eig«*(^(^)^^')) 

2L  K k i|  J 


1 $ 6«06ick'6^' 


(11.2.55c) 


For  future  reference  we  present  alternative  expressions  for 
the  first  two  of  these  equal  time  correlation  functions.  To  ob- 
tain them  we  use  the  following  representation  for  2ng^+l  , 

2«h  (^« ) £ i _ 2nn 


(II. 2. 56) 


and  obtain 

(«  Uk)u  U'k'))" — 2 r £ E 2 — 

* 8 elAM^,)*  n—  tf,|J  0^+tt*J(tfn) 


i*,,  •(*(*)-*(*')) 


(II. 2. 57a) 


<P  (tK)  P_  W K')> 
o p 


£ s W^(g||)VQrCKlgnJ)^(K- |g„J) 
0L  n— «d  5|jj  nn+u)j(^n) 


(II. 2. 57b) 
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For  many  applications  the  Fourier  transform  with  respect  to 
time  of  one  of  these  correlation  functions  is  required.  We  find 
that 


r~ 
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j « (wOiUYiO)) 


. _ T (*|E|j)v*(K'|«,J)  * 


L (M  U ,) 

K K 


<«J  * 


,ig||.(^U)-2a'))6(uj2_uj2(g|)))  (II.2.58a> 


J dt  eiujt<pff(4K;t)p  U'k';0)> 


o 2 (MkM  ,) 

2tt?iu j [n(uj)+l]  sgn  uj  — V — 


S Va(K|Ic,|j)v*(K'  |£„j)  X 

K|.j 


X eigll‘(i('f')"^('t'))6(0)2-U!j(g„))  (II. 2. 58b) 

OB 

J dt  eiu,t<uaUK;t)p0U'K';O)> 

- i2rrf!m[n(uu)+l]  sgn  uj  -tj  (jp~)  S v^CkI^hj)  x 

L x li  j|  j ® 

Xv*(K'|U|j)eilll,(il(i)'ia'))6(,21,j2({|))  , (11.2.58c) 


where 


n(w)  " (exp  ghtu-l)”  , n(-ui)  - -n(u))-l 


If  we  use  the  fact  that 


'll — Zlm~Z'  — “ " 2tt16(w2-  2(g||))  Sgn  tu  , 

(«i+i€)  %£(*„)  j 


(II. 2. 59) 


(II. 2. 60) 


where  € is  a positive  infinitesimal,  we  can  rewrite  these  results 
in  a form  that  will  be  useful  later: 
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J dt  ely,t<Ua(4K;t)u0(<e,'K'  ;0)  > 


x { r — 5— r »r — 2~: — ■}  (II. 2. 61a) 

L(w+i€)  -o)j(^i))  (^n) J 

CO 

J dt  eil,,t<p  (u;t)p  U'k';0)) 


iftui2[n(oj)+l]  -■M^Mj-)  2 eiiir(ia)_i(^'))v  (ic|tf||j)v*(ic'  |tf„j) 

l inj  * B 


x{ * 
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L _ 1 1 

-Wj  (^||)  (uo-i€)  -ujj(S||) 


(II. 2. 61b) 


J dt  eiujt<ua(tK;t)pg(t'K';0)> 

-GO 

- -ft»[n(»)+l]  \ (^)  E eig«‘(*a)"3u'))vaf(^«,j)v*(K/|^i|J) 
L K K||j 


{ g 


rxr:) 


(w+i€)  -U)j(^«)  (u>-i€)  -uij(^i() 


(11.2.61c) 


Applications  of  several  of  these  results  will  be  discussed 
in  succeeding  sections  of  this  chapter. 
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3.  Surface  Vibration  Modes 

We  have  already  mentioned,  in  the  Introduction  to  this  Section, 
that  a free  surface  of  a crystal  has  the  property  that  it  can  bind 
vibrational  modes  of  the  crystal  to  it  in  the  form  of  surface 
vibration  modes.  These  modes  are  modes  in  which  the  displacement 
amplitudes  are  relatively  large  for  atoms  in  the  vicinity  of  the 
surface  and  decay  with  increasing  distance  into  the  crystal  in  an 
essentially  exponential  fashion.  Because  the  crystal  retains 
translational  periodicity  in  the  directions  parallel  to  the  free 
surface  the  atomic  displacement  amplitudes  are  wavelike  in  direct 
tions  parallel  to  the  surface,  and  the  two-dimensional  continuum 
of  surface  modes  is  characterized  by  a two-dimensional  wave  vector, 
whose  components  are  also  parallel  to  the  surface. 

Surface  modes  can  be  viewed  as  arising  in  the  following  way. 
Starting  from  an  infinitely  extended  crystal,  one  can  create  a 
pair  of  adjacent  free  surfaces  by  setting  equal  to  zero  the  inter- 
actions coupling  atoms  on  opposite  sides  of  a plane  lying  between 
two  adjacent  planes  of  atoms.  Because  equating  to  zero  the  atomic 
force  constants  coupling  atoms  in  the  two  halves  of  a crystal  is 
the  limit  of  softening  these  force  constants  until  they  vanish,  then 
by  Rayleigh Ls  theorem' s^  the  frequencies  of  the  normal  modes  of 
the  infinitely  extended  crystal  are  lowered  by  the  introduction 
of  the  free  surfaces.  In  general,  this  lowering  is  of  the  order 
of  the  separation  between  consecutive  eigenfrequencies  of  the 
infinitely  extended  crystal.  If,  however,  there  are  gaps  of  finite 
width  in  the  distribution  of  normal  mode  frequencies  of  the  infinitely 
extended  crystal  corresponding  to  a given  value  of  the  two-dimensional 


— 
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wave  vector  whose  components  are  parallel  to  the  surface,  then 
the  creation  of  a free  surface  can  displace  the  frequencies  of 
the  normal  modes  corresponding  to  the  high  frequency  ends  of  the 
gaps  a finite  distance  down  into  the  gaps.  Since  the  frequencies 
of  these  modes  now  lie  in  ranges  (gaps)  forbidden  the  normal  modes 
of  the  infinitely  extended  crystal,  they  are  nonpropagating,  and 
hence  localized. 

Surface  modes  can  be  characterized  as  either  acoustic  or 
optical,  depending  on  whether  or  not  their  frequencies  vanish 
with  the  components  of  the  two-dimensional  wave  vector  character- 
izing their  propagation  parallel  to  the  surface.  In  the  former 
case  the  surface  modes  split  off  from  the  bottom  of  the  lowest 
band  of  acoustic  bulk  mode  frequencies  having  the  same  wave 
vector  components  parallel  to  the  surface.  In  the  latter  case 
the  surface  modes  split  off  from  the  bottom  of  a band  of  optical 
mode  frequencies  having  the  same  wave  vector  components  parallel 
to  the  surface. 

However,  as  we  will  see  later  in  this  Section,  such  a classi- 
fication is  too  crude.  If  one  studies  the  spectrum  of  acoustic 
and  optical  vibration  modes  of  an  infinitely  extended  crystal, 
corresponding  to  nonzero  values  of  the  components  of  the  wave 
vector  parallel  to  the  crystal  surface,  it  is  often  the  case  that 
gaps  are  observed,  in  which  no  normal  mode  frequencies  of  the 
infinitely  extended  crystal  can  lie.  These  gaps  have  a finite 
extent  with  respect  to  the  values  of  tine  components  of  the  wave 
vector  parallel  to  the  surface  (see  Fig.  2.1).  It  is  possible 
that  surface  modes  can  exist  whose  frequencies  lie  in  these  gaps 

. , . - . . - 2 
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and  which  are  split  off  from  the  upper  boundary  of  each  gap.  They 
can  exist,  consequently,  for  only  a finite  range  of  the  (nonzero) 
values  of  the  components  of  the  wave  vector  parallel  to  the  surface. 

They  cannot  be  classified  simply  as  either  acoustic  or  optical 
surface  modes,  according  to  the  definitions  of  such  modes  given 
above.  They  are,  nevertheless,  genuine  surface  modes,  in  the  sense 

♦ 

that  the  atomic  displacement  amplitudes  in  these  modes  are  largest 
at  the  surface,  and  decrease  in  an  essentially  exponential  fashion 
with  increasing  distance  into  the  crystal.  * 

In  this  Section  we  present  a discussion  of  the  various  kinds 
of  surface  modes  that  are  possible,  and  of  methods  for  their  cal- 
i culation.  We  begin  this  discussion  by  considering  the  continuum 

theory  of  the  surface  vibrational  modes  which  are  split  off  from 
the  bottom  of  the  lowest  acoustical  branch  of  vibrations  of  the 
corresponding  infinitely  extended  crystal,  the  so-called  Rayleigh 
waves In  subsequent  parts  of  this  Section  these  and  the  other 
kinds  of  surface  modes  described  above  will  be  discussed  from  the 
discrete  or  lattice  point  of  view. 
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A.  Rayleigh  Waves 

Historically,  the  earliest  surface  waves  studied  are 
those  which  propagate  along  the  stress-free,  planar  surface  of 
an  isotropic  elastic  medium.  These  are  called  Rayleigh  waves, 
after  their  discoverer.  Although  many  articles  and  books  have 
been  devoted  to  various  theoretical  and  experimental  aspects  of 
Rayleigh  waves,  and  their  generalization  to  anistropic  elastic 
media^2-5^,  for  completeness  we  present  here  a brief  discussion 
of  these  waves.  The  results  obtained  will  be  useful  in  later 
parts  of  this  Section  and  in  subsequent  sections  of  this  chapter. 

We  consider  an  elastic  medium  occupying  the  half-space 
x3  * 0.  Within  the  framework  of  the  linear  theory  of  elasticity 
the  equations  of  motion  of  the  medium  are  given  by 


b2u  6T- 

P T “ 

fct2^  0 axj8 


1,2,3  , 


(II. 3.1) 


where  p is  the  mass  density  of  the  medium,  Ug(x,t)  is  the  a 

Cartesian  component  of  the  displacement  of  the  medium  at  the 

point  x and  time  t,  and  T fl(x,t)  is  the  stress  tensor.  The 

arp 

latter  can  be  expressed  as 


i>u 


T«/>  ' = W * 1’2’3  ' (II-3'2) 

where  the  } are  the  elements  of  the  elastic  modulus  tensor. 

Equation  (I 1.3. 2)  is  one  way  of  writing  Hooke's  law  relating 
the  stress  in  an  elastic  medium  to  the  strain.  The  elements  of 
the  tensor  are  symmetric  in  a and  0;  in  ji  and  v;  and  in 
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the  interchange  of  the  pairs  a/3  and  (it/.  Combining  Eqs.  (II. 3.1) 
and  (II. 3. 2)  we  obtain  the  equations  of  motion  of  the  medium 
in  the  form 


p 7?"  “ $ 


(II. 3. 3) 


These  equations  have  to  be  supplemented  by  the  conditions 
expressing  the  fact  that  the  stresses  acting  on  the  surface 


Xg  - 0 vanish: 


0 at  x-  - 0 ; a - 1,2,3  . 


(II. 3. 4) 


The  elastic  modulus  tensor  for  an  isotropic  medium  has 

( 4) 
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only  two , independent , nonzero  components v w : 

Capnu  ~ X6a/36/xi/  + M (6a»i6/3i/  + 6ai/6|3(i)  ’ 


(II. 3. 5) 


where  X and  jx  are  the  two  Lam^  constants.  It  is  more  convenient, 

however,  to  express  C _ in  terms  of  the  speeds  of  sound  for 

OtpfJLV 

longitudinal  and  transverse  waves  in  an  isotropic  medium,  which 

^ (6) 

are  given  by 


.2  _ X + 2i 


(II. 3. 6) 


Thus  Eq.  (II. 3. 5)  can  be  rewritten  in  the  alternative  form 

w - + + 4®v)  • <n-3-7) 

Since  all  directions  are  equivalent  in  an  isotropic  medium, 
with  no  loss  of  generality  we  can  restrict  our  attention  to 
waves  propagating  in  the  Xj-direction.  Expressing  the  displace- 
ment field  in  the  form 


It  follows  Immediately  that  ux(Xg)  must  vanish  Identically  be- 
cause of  the  Impossibility  of  satisfying  simultaneously  the 
equation  of  motion  and  the  boundary  condition  obeyed  by  u3(x3) 
by  a function  of  the  form  given  by  Eq.  (II. 3. 11).  The  equations 
of  motion  for  u^Xg)  and  u3(x3)  are  satisfied  by  the  functions 


I 


11.3.7 


“sW  - 1 (if  Ae  V3  + ^ Be  “tX3)  ■ • (H.3.12b) 


where  A and  B are  arbitrary  constants,  and 

2 \ i / 2 J \ * 


a. 


(II. 3. 13) 


Both  a,  and  a+  must  be  real  for  Eqs.  (I 1.3. 12)  to  represent  waves 

£ t 

2 

localized  at  the  surface  Xg  - 0.  Since  c^  is  always  larger  than 
c2  we  see  that  such  localized  waves  can  exist  in  only  that 

part  of  the  (w,k)  plane  for  which 

4?  < c2k2  . (II. 3. 14) 

Substitution  of  Eqs.  (II. 3. 12)  into  the  boundary  conditions 
(I 1.3. 10)  yields  a pair  of  homogeneous  linear  equations  for  the 
constants  A and  B.  The  solvability  condition  for  this  system 
yields  the  equation 

2\2  . .2 


(k2  + c2)2  - 4atay  - 0 


(II. 3. 15) 


relating  the  frequency  w of  the  wave  and  the  wave  number  k.  The 
form  of  this  equation  indicates  that  this  relation  must  be  of 
the  form 

CD  - cRk  , (II. 3. 16) 

where  cn,  the  speed  of  Rayleigh  surface  waves,  is  the  solution 
R 


of  the  equation 


4 1- 


.2  \i 


2 \i 


2 \ 2 
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(II. 3. 17) 


It  follows  that  Rayleigh  waves  are  acoustic  surface  waves. 


1 
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Equation  (I I. 3. 17)  can  be  rearranged  Into  the  form 


(II. 3. 18) 

Of  the  three  solutions  of  this  cubic  equation  for  (c^/c^) 
only  one,  the  smallest,  satisfies  the  condition  (cR/c^ > < 1, 
obtained  by  combining  Eqs.  (I I. 3. 14)  and  (I I. 3. 16),  which  is  the 
condition  for  the  existence  of  a localized  wave. 

Physical  values  of  the  ratio  (cR/ct)  range  from  0.96  for* 
(cj/cj)  - oo,  corresponding  to  an  incompressible  solid, to  0.69 
for  " 4/3,  the  smallest  value  consistent  with  the  sta- 

bility of  the  elastic  medium  (i.e.  with  a positive  definite 
strain  energy  density) . 

When  Eq.  (II. 3. 15)  is  satisfied  the  ratio  B/A  - - ^(2-(c^/c^)) . 
The  displacement  field  of  a Rayleigh  wave  is  therefore  given  by 
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We  see  from  Eqs.  (II. 3. 19)  tbat  the  particle  displacements  In 
a Rayleigh  wave  execute  ellipses  In  the  sagittal  plane,  i.e.  the 
plane  containing  both  the  normal  to  the  surface  and  the  direc- 
tion of  propagation  of  the  wave.  In  addition,  we  find  that  the 
attenuation  lengths  of  the  wave  into  the  elastic  medium,  a^1 
and  at  , are  of  the  order  of  the  wavelength  X • (2ir/k)  of  the 

wave  along  the  surface.  For  example,  in  the  typical  case  in 
2 2 

which  c.  - 3c+  (the  so-called  Poisson  case,  for  which  the  two 

XX  - 

Lam6  constants  are  equal),  we  find  that  (cR/ct)  “ C2“§  /3]*-0*9194» 
whence  it  follow  that 


-1  _ 1.18 


(II. 3. 20) 


The  analysis  of  Rayleigh  waves  propagating  in  an  arbitrary 
direction  along  a planar,  stress-free  surface  of  an  anisotropic 
elastic  medium  bas  many  features  in  common  with  that  just  pre- 
sented, although  the  calculations  are  sufficiently  more  compli- 
cated that  they  ordinarily  have  to  be  carried  out  numerically. 
There  are  qualitative  differences,  however.  In  the  general  case, 
a Rayleigh  wave  is  characterized  by  three  decay  constants  instead 
of  the  two,  a,  and  <*.  , obtained  for  an  isotropic  medium.  The 
particle  displacements  still  trace  out  ellipses,  but  the  latter, 
in  general,  are  now  inclined  at  some  nonzero  angle  to  the  sagittal 
plane.  The  speed  of  Rayleigh  waves  now  depends  on  the  direction 
of  their  propagation.  The  three  attenuation  constants  are  the 
roots  of  a cubic  equation.  It  is  found  that,  depending  on  the 
elastic  moduli  of  the  solid,  all  three  can  be  real,  or  one  can 
be  real  while  the  remaining  two  are  complex  conjugates  of  each 
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other,  with  positive  real  parts.  Surface  waves  characterized 
by  attenuation  constants  that  are  all  real  are  called  ordinary 
Rayleigh  waves,  while  those  characterized  by  attenuation  constants 
which  include  a complex  conjugate  pair  are  called  generalized 
Rayleigh  waves^7\  Pseudosurface  waves  are  also  possible^8’ . 
These  are  surface  waves  for  which  one  of  the  three  attentuation 
constants  is  pure  imaginary  rather  than  real  or  complex.  This 
means  that  there  is  a component  of  the  displacement  field  whose 
amplitude  does  not  decay  exponentially  with  increasing  distance 
into  the  solid  from  the  surface;  hence  the  name  pseudosurface 
wave.  The  nondecaying  component  of  the  displacement  field  gives 
rise  to  a flow  of  energy  away  from  the  surface  into  the  solid. 

This  in  turn  requires  that  the  components  of  the  wave  vector 
parallel  to  the  surface  ku  have  imaginary  parts,  so  that  the 
wave  attenuates  as  it  propagates  along  the  surface.  However, 
in  many  cases  the  attenuation  is  so  small  that  the  pseudosurface 
wave  is  readily  observable. 

Elastic  surface  waves  have  also  been  studied  in  slab  shaped 
solids  bounded  by  a pair  of  parallel,  planar,  stress-free  surfaces,, 
and  of  infinite  extent  in  the  directions  parallel  to  the  suf- 
faces^10^ . In  such  slabs,  in  addition  to  Rayleigh  waves,  per- 
turbed by  the  existence  of  a pair  of  surfaces,  a new  kind  of 
surface  wave  can  exist  when  they  are  sufficiently  thin,  which 
has  no  counterpart  for  a semi-infinite  solid.  It  involves  the 

vibration  of  the  slab  as  a whole,  as  if  it  were  a two-dimensional 

2 2 

membrane,  and  has  a dispersion  relation  of  the  form  u - Cjkj, 
rather  than  of  the  linear  form  given  by  Eq.  (II .3. 16) . 
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Elastic  surface  waves  have  also  been  studied  at  the  planar 
Interface  of  two  different  elastic  media ^12^  or,  if  the  medium 
is  anisotropic,  at  the  interface  between  two  pieces  of  the  same 
medium  which  are  oriented  differently  with  respect  to  each 
other  ’ . Elastic  surface  waves  have  also  been  studied  at  the 
interface  between  a solid  and  a liquid^12, 3,4 ^ , and  at  the  surface 

(15) 

of  a solid  which  is  not  planar  but  curved 

Finally,  elastic  surface  waves  have  been  studied  at  the 
surface  of  a piezoelectric  material ^ . In  this  case  the 
mechanical  displacements  of  the  medium  give  rise  to  an  accompany- 
ing electric  field,  in  the  medium  and  in  the  vacuum  outside  it, 
which  is  localized  in  the  vicinity  of  the  surface,  and  which  can 
have  interesting  and  useful  technological  consequences.  In 


piezoelectric  crystals,  moreover,  a type  of  surface  wave  is 
possible  that  has  no  counterpart  in  ordinary,  non-piezoelectric 
crystals.  This  wave,  discovered  independently  by  Bleustein^  1 

(19) 

and  Gulyaev  , consists  of  a transverse  wave  whose  mechanical 
displacement  is  parallel  to  the  surface.  In  an  ordinary  surface 
wave,  on  the  other  hand,  the  mechanical  displacement  is  not 
parallel  to  the  surface. 

Space  does  not  permit  a more  extensive  discussion  of  the 
various  kinds  of  acoustic  surface  waves  that  have  been  enumer- 
ated above.  The  interested  reader  is  referred  to  the  papers  cited 


for  detailed  discussions  of  their  properties,  as  well  as  to  the 
review  article  by  Farnell^  and  by  Dieulesaint  and  Royer ^ , and 
the  books  by  Auld^4\ 
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B.  Surface  Waves  in  a Slab  of  a Nonionic  Crystal 

We  first  consider  the  vibrations  of  a nonionic  crystal 
slab,  described  by  definition  (A).  The  extension  of  this  dis- 
cussion to  a slab  of  an  ionic  crystal  will  be  described  in 
section  II.3C.  The  solutions  of  Eq.  (I I. 2. 21)  give  the  eigen- 
frequencies  u^(lc||)  and  the  eigenvectors  v^ ( tc  | 'ft H J ) . To  distinguish 
perturbed  bulk  modes  from  localized  surface  modes  one  has  to  plot 
the  eigenvectors  va(ic|£||j)  for  a given  mode  as  functions  of  the 
penetration  K into  the  slab.  If  these  eigenvectors  are  localized 
near  the  surfaces  of  the  slab,  one  has  a localized  phonon. 

Surface  modes  of  vibration  in  hexagonal  close-packed  crystals 
and  in  monatomic  f.c.c.  lattices  with  (111),  (100)  and  (110) 
surfaces  have  been  calculated  by  this  method  by  Allen  et . al5^^ , 
who  assumed  central  interaction  of  the  Lennard-Jones  6-12  type 
between  all  pairs  of  atoms  in  plates  up  to  21  atomic  layers  thick. 
The  model  may  be  considered  appropriate  for  a slab  of  a rare-gas 
solid.  They  found  the  expected  dispersion  of  the  Rayleigh  modes 
and  also  additional  surface  modes  of  non-Rayleigh  type,  whose 
frequencies  fall  in  the  gaps  in  the  one-dimensional  density  of 
states  corresponding  to  fixed  values  of  the  components  of  the 
wave  vector  1c ||.  The  existence  of  such  surface  modes  had  been 
predicted  by  Feuc h twang * 21 ^ . They  discuss  the  circumstances 
under  which  the  displacement  ellipse  of  the  particles  lies  in 
the  saggital  plane  (surfaces  with  "axial-inversion  symmetry"), 
and  when  surface  modes  can  have  frequencies  lying  within  bulk- 
mode subbands.  The  number  of  modes  they  found  are  probably  de- 
pendent, to  some  extent,  on  the  model  employed-interactions 
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between  all  pairs  of  atoms  through  a Lennard-Jones  potential. 

Some  of  these  surface  modes  are  primarily  localized  in  the 
second  layer  from  the  surface,  or  even  a deeper  layer,  rather 
than  in  /the  surface  layer  itself.  These  various  surface  modes 
can  be  regarded  as  "peeling  off"  in  succession  from  the  bulk 
branches . 

A study  of  surface  phonons  at  the  (001)  surface  of  some 
f.c.c.  and  b.c.c.  transition  metals  was  made  by  Castiel  et  al.^22^ 
by  the  slab  method  and  at  the  same  time  by  calculating  directly 
the  surface  modes  in  a semi-infinite  crystal  (see  Section  II. 3E) . 

A model  consisting  of  first  and  second  neighbor  central  inter- 
actions together  with  angle  bending  forces  was  used.  Specific 
results  have  been  obtained  for  surface  phonons  on  Pt,  Pd,  Cu  and 
Ag  as  well  as  Fe  and  W. 

The  effects  of  surface  force-constant  changes  were  consid- 
ered in  these  two  works ^20* 22^ , as  well  as  by  Ludwig ^24^  and  by 
Trullinger  et  al^2^  Castiel  et  ai(22,23)  showed  the  possibility 
for  the  existence  of  soft  surface  modes  on  (001)  Pt  when  the 
surface  forces  were  decreased  by  about  35  to  40%  as  compared  to 
their  bulk  values.  This  may  account  for  surface  superstructures. 
Ludwig^ 24 ^ and  Trullinger  et  al/25^  obtained  soft  surface 
phonons  for  the  (111)  surface  of  Si.  The  la3t  authors ^25^  in- 
troduced an  effective  dynamical  charge  on  their  surface. 

Some  calculations  emphasizing  the  long -wave lenth  region  have 
been  carried  out  by  Alldredge  et  al.*26^  for  the  (100)  surface 
of  an  f.c.c.  crystal.  In  addition  to  the  usual  Rayleigh  waves  and 
pseudosurface  waves,  they  find  an  additional  surface  wave 
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C.  Surface  Waves  in  a Slab  of  an  Ionic  Crystal 

The  range  of  the  Interatomic  forces  has  not  been  specified 
in  the  preceding  discussion.  Consequently,  it  would  seem  that  the 
results  just  obtained  apply  equally  to  crystal  slabs  in  which  the 
constituent  atoms  interact  through  short  range  forces,  and  to  ionic 
crystal  slabs  in  which  the  ions  interact  through  long  range  Coulomb 
forces.  In  fact,  the  method  of  the  preceding  section  has  been  used 
for  the  determination  of  the  normal  vibration  modes  of  a slab  of  an 
ionic  crystal,  in  the  approximation  that  the  ions  were  treated  as 
rigid,  or  point*  charges.  In  this  case  the  forces  between  the  ions, 
and  consequently  their  equations  of  motion,  can  be  derived  from  a 
potential  function:  the  Coulomb  potential  plus  the  potential  describ- 
ing the  short  range  repulsive  interactions.  However,  ions  are  not 
point  charges.  The  electronic  charge  distribution  surrounding  each 
nucleus  is  of  finite  extent.  It  can  deform  and  be  displaced  with 
respect  to  its  nucleus  as  a neighboring  ion  is  brought  up  to  it  and 
the  overlap  of  the  two  electronic  charge  distributions  increases. 
This  is  a consequence  of  the  Pauli  exclusion  principle.  This  ionic 
def ormability  alters  the  dipole  moment  of  an  ion  from  the  value 
obtained  by  displacing  the  static  charge  of  the  ion  from  its  equi- 
librium position^28^ , and  can  even  induce  dipole  moments  on  atoms 
which  bear  no  static  charge,  such  as  those  comprising  tellurium 
and  graphite ^29^ . The  finite  extent  of  the  electronic  charge  dis- 
tribution about  an  ion  also  renders  the  ion  polarizable.  It  can 
deform  in  response  to  an  electric  field  acting  on  it  in  such  a way 
as  to  acquire  a dipole  moment  in  addition  to  the  one  it  possess  as  a 
consequence  of  its  deformability  in  response  to  overlap  and  its 
static  charge. 
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Because  they  are  essentially  electronic  in  origin,  the  effects 
of  ionic  def ormability  and  polarizability  cannot  be  incorporated 
into  a dynamical  theory  of  ionic  crystal  slabs  by  starting  from  an 
expansion  of  the  crystal  potential  energy  in  powers  of  the  atomic 
displacements  alone:  the  electronic  coordinates  have  to  be  taken 
into  account  either  explicitly,  as  in  the  "shell  model"  of  ionic 
crystals (30),  op  implicitly,  through  their  consequences,  as  in  the 
"deformation  dipole"  model ^31*.  At  the  phenomenological  level  the 
results  of  either  approach  can  be  reproduced  by  supplementing  the 
ionic  diplacements  with  the  components  of  the  electric  field  acting 
on  each  ion  as  additional,  independent  dynamical  variables  in  writing 
the  equations  of  motion  of  the  crystal  slab  and  the  dipole  moment 
at  each  site.  These  electric  field  components  are  ultimately  related 
to  the  ionic  displacements  through  the  equations  of  electromagnetic 
theory,  so  that  the  final  equations  of  motion  from  which  the  normal 
mode  frequencies  are  obtained  are  again  expressed  in  terms  of  the 
ionic  displacements  alone. 

The  positions  of  the  ions  constituting  the  crystal  slab  under 
study  here  are  specified  by  definition  (A)  given  in  Section  II. 2.  A. 
The  index  k in  Eq.  (II. 2. 2)  assumes  the  values  0,  1,  2,  r-1, 

where  r is  the  number  of  ions  in  the  basis.  (The  number  r is  not 
necessarily  the  number  of  ionic  planes  in  the  slab, as  it  is  possible 
for  a given  plane  to  contain  more  than  one  ion  from  the  basis). 

The  case  of  a semi- inf inite  crystal  is  obtained  by  letting  r become 
infinite. 

Thus  the  essential  physical  phenomena  which  play  a role  in  de- 
termining the  vibrational  properties  of  a semi- inf inite  crystal 
slab  made  up  of  polarizable  and  deformable  ions  can  be  taken  into 
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account  phenomenologically  by  basing  the  dynamical  theory  of  such 

(32) 

a system  on  the  following  expression  for  their  potential  energy' 
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The  {#  (tic  ; t'*')  1.  are  the  force  constants  associated  with  all 

Cfp 

the  short  range  interactions  in  the  crystal  slab,  including  those 
due  to  the  Lorentz  field,  but  contain  no  contribution  associated 
with  the  macroscopic  field;  the  [M^^tic  ; t'tc'))  a*e  the  compo- 
nents of  the  (nonlocal)  transverse  effective  charge  tensor;  the 
{Ea(<tK)}  are  the  components  of  the  macroscopic  electric  field  act- 
ing on  each  ion;  and  the  £Pag(tic;t  V)}  are  the  components  of  the 
(nonlocal)  electronic  polarizability  tensor.  General  properties 
of  these  { *a0(tK;t '*')  } are  given  by  Eqs.  (II. 2. 8),  (II. 2. 10),  (II. 2. 11) 
(II. 2. 13)  and  (II. 2. 15).  Similar  properties  are  obtained  for  the 


same  reasons  for  the  k')  } and  £Mfyfl(4K;4  'k')  } 


«0 


PapUiC;4/K')  - 

0 


£ BflR(U;t'K') 
* ®P 


I'K 


T,  \}Aa^UK]l'  k')x^U'  K')  - MOYUK;.t'ic')XpU'ic')}  - 0 
M^OKjL'K')  - £ a^VW4*;4'*') 
Pap(LK;L'KO  -£  S^Av(U;4'K') 


(11. 3. 22) 

(11. 3. 23) 

(11. 3. 24) 
(II. 3. 25a) 
(II. 3. 25b) 


It  is  found  also,  as  in  Eq.  (II. 2. 16),  that  the  coefficients  M 0(tK;t'K'' 

rp 

and  P„s  (tKjt'ic')  depend  on  the  cell  induces  t and  i'  only  through 
their  difference. 
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The  equations  of  motion  of  the  crystal  slab,  and  the  dipole 
moment  of  the  ion  (£k),  are  given  by 
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where  11^  is  the  mass  of  the  k—  ion  in  the  basis.  The  substi- 
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in  Eqs.  (II.3 .26),  where  k||  is  a two-dimensional  wave  vector, 
2)1  - + Xgkg  , yields  the  equations 
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where 
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The  macroscopic  field  E (4k)  is  a consequence  of  the  presence 

ct 

of  a dipole  with  moment  p (ik)  at  each  ion  in  the  slab.  The 

or 
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We  write  the  solution  of  this  equation  formally  as 


^ ^ Vv<K'> 

e (K)  - - E 2 u g(icic'|£„)M  (k'k'|£||)  y t , 
° k'P  K*Y  PY  (Mk04 


(II. 3. 34) 


where  uag  (** ' l^ii ) is  the  solution  of  the  equation 
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When  we  substitute  Eq.  (II. 3. 34)  into  Eq.  (II. 3. 28a)  we  obtain  the 
time  independent  equations  of  motion  of  the  crystal  slab  in  the  form 
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Let  us  now  turn  to  a discussion  of  the  matrix  Uo^(kk ' l^n ) . 


If  we  write 
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the  equation  satisfied  by  the  matrix  V^kk'  |£u ) is 
1*1 ) “ Tap(^'l*l|)  " 


-EE  t (kk#  1^1  )p  .(k#km|^h)v  (k"k' |tf|| ) 

U " y K m Q T T P 


(II. 3. 38) 


where 


Pap(KK'|g„)  - e“ik|l‘^l>(,c)Pc0(iCK'|g,|)eik|l*X||(,c")  • <II‘3‘39) 


We  wish  to  show  that  there  is  a qualitative  difference  between  the 
form  of  the  matrix  Vag(icic'|£)  in  the  long  wavelength  limit  in  the 
case  of  a crystal  slab  and  its  form  in  the  long  wavelength  limit 
in  the  case  of  a semi- inf inite  crystal. 
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For  this  purpose  it  is  convenient  to  define  a matrix  t .(kk'J^h) 


ac 


(II. 3. 40) 


From  a comparison  of  Eqs.  (II. 3. 3])  and  (11.3,40)  we  see  that,  as  a 
function  of  , t#p (ick  ' |£|| ) is  of  0(1)  as  2,|-»  0.  The  first  few  terms 
in  the  iterative  solution  of  Eq.  (1 1. 3 .38)  are  given  by 


V UK' | It,  )-(££»)  t^dCK'lfil)  - 
**  o 

' ^f'^2  ^ W ""s  1^' > PY2Y3 ( "2 "3  1 8«) V3 8 ( "S K ' 1 * » > + 


+ (^")  2 s S 2 t Ckk2|I?|)p  (K2K3l^|,)t  (K3K4I 

c K2Y2.  K3Y3  K4Y4  K5y5  Y2  Y2Y3  Y3y4 


• * PY4Y5(K4,C5lfi')tY^(,C5,C-  A)" 


(11.3,41) 


In  general  P .(ick' |£||)  tends  to  a finite,  nonzero  limit  as  tig*  0. 
ap 

Consequently,  for  a crystal  slab  of  finite  thickness 

(Kp  - 0,1,2, ...  ,r-l),  each  of  the  sums  in  the  expansion  in  Eq.  (II. 3, 


is  of  0(1)  in  the  limit  as  l?n  -»  0.  However,  the  term 
in  this  expansion  contains  an  explicit  factor  of  (2nk(|/ac) 

It  follows,  therefore,  that  the  leading  term  in  the  small  ^ limit 
of  the  matrix  (kk7  1& ||)  fora  crystal  slab  of  finite  thickness 
is  given  correctly  if  we  take 

▼.pCKK'l*!)-  VKK'lSu)  (crystal  slab)  . (II. 3. 42) 

£||-*  0 
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The  conclusion  that  follows  from  Eq.  (II. 3. 42)  is  that  the  long 
range  Coulomb  interaction  in  a crystal  slab  is  not  screened  in 
the  long  wavelength  limit. 

In  the  case  of  a semi-infinite  crystal  (r  -»  ®)  the  situation 

is  different.  In  this  case,  because  t^CtCK ' |Icy)  and  Pap^KK  # 1^1^ 

have  finite,  nonzero  limits  as  £|| -♦  0,  it  is  clear  that  each  of 

the  sums  in  Eq.  (II. 3. 41)  diverges.  It  is  not  difficult  to  show 

that  if  the  nonlocal  electronic  polarizability  tensor  P ic') 

orp 

is  nonzero  only  when  the  ions  (tic)  and  (t ' K ' ) are  within  seme 
finite  distance  of  each  other,  which  is  the  usual  case,  the  sum 
in  the  second  term  in  Eq.  (1 1.3.41)  diverges  as  kjf*  as  k(|  -*  0,  the 
sum  in  the  third  term  as  ky  , and  in  general  the  sum  in  the 
term  diverges  as  k®”1  in  this  limit.  Consequently  every  term  in 
the  series  (IL3.41)is  of  0(ky)  in  the  small  ky  limit  for  a semi- 
infinite crystal,  and  this  means  that  the  entire  series  must  be 
summed  to  obtain  the  leading  term  in  the  matrix  Vcrg  (KK ' 1^  || ) in 
this  limit. 

The  physical  content  of  the  result  that  Vap (kk ' |£y ) differs 
from  Teg(icic '|tfy)  in  the  case  of  a semi- infinite  crystal  is  that 
in  such  a crystal  the  Coulomb  interaction  is  screened  in  the  long 
wavelength  limit. 

A large  number  of  studies  has  been  devoted  to  the  microscopic 
calculations  of  surface  waves  in  a slab  of  an  ionic  crystal. 

Extensive  reviews  of  these  works  have  appeared  recent ly^33-36^ . How- 
ever, the  optical  surface  modes  can  couple  to  photons  and  the 
corresponding  polaritons  can  be  obtained,  by  a simpler  procedure, 
as  pointed  out  by  Kiiewer  and  Fuchs (37“38) , by  treating  the  problem 
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macroscopically  in  terms  of  Maxwell's  equations  and  the  appropriate 
boundary  conditions.  These  surface  polar! tons  are  studied  in  our 
Section  III.  We  will  then  give  here  only  a short  summary  of  the 
extensive  literature  devoted  to  the  microscopic  computations  of 
surface  waves  in  a slab  of  an  ionic  crystal. 

Lucas investigated  optical  surface  modes  in  a thin  slab  of 

r 

an  NaCl-type  crystal  with  a (001)  surface.  Nearest-neighbor, central 
forces  were  assumed  for  the  short-range  interactions.  Relaxation 
of  the  ions  near  the  surfaces  was  neglected.  The  ions  were  assumed 
to  be  rigid,  and  the  appropriate  Coulomb  sums  were  evaluated  in 
plane-wise  fashion Lucas ^carried  out  specific  calculations 
only  for  £||  - 0.  He  found  a transverse  optical  (TO)  surface  mode 
(displacements  parallel  to  the  surface)  with  a frequency  very  slightly 
below  that  of  the  bulk  transverse  optical  mode  for  £ - 0 and  no 
longitudinal  optical  (LO)  surface  modes  (displacements  perpendicular 
to  the  surface)  for  k||  - 0. 

Tong  and  Maradudin * 41^  took  into  account  the  possibility 

of  changes  in  the  interplanar  spacing  near  the  (001)  surfaces  of  an  NaCl 
slab.  Their  calculations  were  carried  out  for  ic||  covering  the 
entire  two-dimensional  first  Brillouin  zone.  For  propagation  in 
the  [100]  direction,  they  found  four  surface  branches.  One  corresponds^ 
to  Rayleigh  waves  and  three  to  optical  surface  modes.  A high-frequency 
branch  lies  between  tu^  and  and  approaches  a frequency  somewhat 
below  u)L  as  -*  0.  A low-frequency  branch  lies  below  the  bulk 
optical  mode  frequencies  for  small  2|| , approaches  a frequency  just 
below  «)T  as  £(|  •+  0,  and  is  polarized  in  the  sagital  plane.  An 
intermediate-frequency  branch  has  the  same  frequency  at  ky  - 0 as 
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the  low-frequency  branch,  but  rises  Into  the  region  between  u>L 

and  ujt,  and  Is  polarized  parallel  to  the  surface. 

The  problem  of  reconciling  the  two  sets  of  results  just  described 

( ao)  (43-44  ) 

has  been  undertaken  by  Jones  and  Fuchs  ' and  Chen  et  al. v 
As  shown  In  Fig.  2.2  the  following  picture  appears.  The  high  fre- 
quency branch  of  Tong  et  al.^1^  splits  as  icy  -»  0 into  two  branches, 

r 37  n 

one  approaching  u>L  and  the  other  tuT.  These  are  the  Fuchs- Kliewer' 

modes.  Near  - 0,  these  modes  enter  the  bulk  LO  and  TO  continua 

and  become  "mixed”  or  pseudosurface  waves.  The  low-frequency  branch 

enters  the  acoustical  bulk  continuum.  The  intermediate  branch  does 

not  couple  to  bulk  modes,  and  remains  a pure  surface  branch. 

Several  other  surfaces  and  crystals  have  been  investigated 
(34-45  ) 

more  recently'  ' and  a variety  of  surface  modes  were  obtained, 
especially  in  gaps  in  the  bulk- frequency  spectrum. 


D.  The  Surface  of  a Crystal  Considered  as  a Defect 

The  overwhelming  majority  of  the  calculations  of  the 
normal  mode  frequencies  of  a semi-infinite  crystal  are  carried  out 
purely  numerically  today,  on  the  basis  of  the  representation  of 
the  crystal  by  a slab  of  a finite  number  of  atomic  layers,  as 
described  in  the  preceding  two  subsections.  There  are  alternative 
approaches  to  such  calculations,  however,  which  can  be  usefully 
employed  in  specific  kinds  of  calculations,  e.g.  if  it  is  only 
surface  modes  that  are  required  rather  than  the  complete  spectrum 
of  vibrational  modes  of  a semi- inf ini te  crystal,  with  simple  models 
of  crystal  lattices,  or  for  establishing  certain  kinds  of  formal 
results.  In  this  and  the  following  two  subsections  we  describe 
three  such  approaches. 

In  the  present  subsection  we  discuss  the  determination  of  the 
frequencies  of  those  normal  modes  of  a semi-infinite  crystal  which 
are  affected  by  the  introduction  of  surfaces  into  an  initially 
infinitely  extended  crystal.  That  is,  in  this  subsection  we  ex- 
plore the  consequences  of  regarding  the  surface  of  a crystal  as  an 
extended  defect  in  an  otherwise  perfect,  infinitely  extended 
crystal . 

We  will  accordingly  use  definition  (B.l)  for  the  specifi- 
cation of  the  atomic  positions  in  the  crystal.  However,  to  simplify 
the  notation  somewhat  we  will  consider  only  the  case  of  a Bravais 
crystal.  The  extension  of  the  present  treatment  to  the  case  of 
a nonprimitive  crystal  requires  only  some  inessential  generali- 
zations of  the  notation  used  here. 

We  begin  by  considering  an  infinitely  extended  Bravais  crystal 
in  which  the  rest  positions  of  the  atoms  are  given  by  the  vectors 


lantomAfeiiiktfiiacNdS 
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x(-l)  ■ + ^2a2  ^3a3  • (II. 3. 43) 

The  two  primitive  translation  vectors  a^  and  sl^  are  assumed  to  be 
in  the  same  plane,  which  we  take  to  be  the  x^Xg-plane;  the  third 
primitive  translation  vector  a^  is  assumed  to  have  a positive 
projection  on  the  Xg-axis.  As  usual,  -tg,  -tg  are  three  integers, 

positive,  negative,  or  zero,  to  which  we  refer  collectively  as  l. 

We  now  create  a pair  of  adjacent  free  surfaces  at  the  planes 
-tg  - 0 and  -tg  - 1 by  equating  to  zero  all  interatomic  forces  be- 
tween atoms  on  opposite  sides  of  a fictitious  plane  between  these 
two  planes  which  contains  no  atoms,  say  the  plane  specified  by 
-tg  - i.  This  can  be  effected  mathematically  by  subtracting  from 
the  atomic  force  constants  of  the  infinitely  extended  crystal 
those  which  correspond  to  bonds  between  atoms  on  opposite  sides 
of  the  fictitious  surface.  However,  this  must  be  done  carefully. 

If  we  denote  by  [i ^ (tl* ) } the  atomic  force  constants  of  the 

®P 

infinitely  extended  crystal,  those  of  the  crystal  with  the  inter- 
actions crossing  the  fictitious  plane  subtracted  out  can  be 
written  as 

faf3(U')  - - A«ag(U/)  . (II. 3. 44) 

It  is  tempting  to  think  that  M is  given  simply  by 

®P 

Aiap(**')  - • <J}  (•«/ )[0  (VI)0  (-*8)+0  <*£-1)0  (-*3)] 

(II. 3. 45) 

where  0(-tg)  - 1 if  tg  - 0,1,2,...,  and  0(-tg)  - 0 if  t g-  -1,-2, -3,... 

In  fact  Eq.  (I 1.3. 45)  applies  only  to  crystals  in  which  the  atoms 
interact  with  two-body  forces.  For  more  complicated  interactions 
the  subtraction  of  the  interactions  between  atoms  on  opposite 


sides  of  the  fictitious  plane  must  be  carried  out  mare  carefully. 

For  example,  if  the  atoms  interact  through  three-body  forces, 
e.g.  angle-bending  forces,  so  that  the  force  constant  5^^  (-t-t/ ) 
can  be  written  as 

$ ) * E § (H  ) , (II. 3. 46) 

Ofp  crp 

then  in  subtracting  from  the  potential  energy  the  interactions 
between  atoms  on  opposite  sides  of  the  fictitious  plane  we  must 
include  in  what  we  subtract  off  not  only  the  terms  in  which  the 
atoms  1 and  t'  are  on  opposite  sides,  as  in  Eq.  (II. 3. 45),  but 
also  the  terms  in  which  the  atoms  l and  l ' are  in  the  same  half- 
crystal while  the  atom  l"  is  in  the  other  half -crystal.  It  is 
only  in  this  way  that  all  interactions  between  the  two  halves  of 
the  crystal  are  removed. 

The  force  constants  £$ ^ (ll> ) } and  their  perturbations 

«p 

£ A $ must  satisfy  the  general  conditions 

crp 


(II. 3. 47) 

S - 0 ; 

l l ' “P 

(II. 3. 48a) 

E A*  fl(U#)  -E,  .(**')  - 0 

1 “P  l'  “P 

(II. 3. 48b) 

E,  $ip)(^/)xY(^#)  ” s,  ^Y)(u  )xe(,t/)  1 

(II. 3. 49a) 

E/A*a0(W/)xY(t/)  -E,  A*aY(U')xp(t#)  , 

(II. 3. 49b) 

since  the  force  constants  (LI1 )}  of  the  perturbed  crystal  must 

QfP 

satisfy  them  as  well  as  the  force  constants  of  the  initially 
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infinitely  extended  crystal, 

QTp 

In  addition,  the  following  symmetry  imposed  conditions  must 
be  satisfied  by  both  the  (ll* ) } and  the  ^ : 


C)<LL,)  ' £ V sev  •£?«*'> 

^(LL')  - S Af^tU') 


(II. 3. 50a) 


(II. 3. 50b) 


However,  the  space  group  operations  entering  Eqs . (II .3. 50a)  and 
(I I. 3. 50b)  are  different,  in  general.  In  the  former  they  belong 
to  the  space  group  of  the  infinitely  extended  crystal,  one  of  the 
230  triply  periodic  space  groups  in  three  dimensions.  In  the  lat- 
ter they  belong  to  the  space  group  of  the  semi-infinite  crystal, 
one  of  the  80  diperiodic  groups  in  three  dimensions. 

The  equations  of  motion  of  the  perturbed  crystal  can  be 


written  in  the  form 


“U«U)"  "ft  { ,£>l (U#>  - ’ 


(II. 3. 51) 


where  U is  the  mass  of  each  atom.  Assuming  a harmonic  time  depend- 
ence porportional  to  exp(-iujt)  , the  resulting  time  independent 
equations  of  motion  can  be  rewritten  as 


(II. 3. 52) 


One  of  the  consequences  of  Eqs.  (I I. 3. 48)  is  that  both 


5^°^(-M#)  and  A$agX<M/)  depend  on  the  indices  1-^,1  only 

through  the  differences  (-^-•t,^)  and  of  course 

also  depends  on  the  indices  and  only  through  their  difference) . 


.. 
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We  exploit  this  fact  to  seek  u (1)  in  the  form 

Of 


where 


u U)  - u (S|||t3)  e 


X||(<0  **  -t^a^  + ^2a2 


i5|l  *xn(«t,) 


(II. 3. 53) 


(II. 3. 54) 


The  wave  vector  ky  as  before  is  given  by  k||  = x-jk-j^  + x2k2  . If  we 
impose  periodic  boundary  conditions  on  the  atomic  displacements  in 
the  directions  parallel  to  the  surface,  as  in  Section  II. 2. D,  the 
allowed  values  of  E||  are  densely  distributed  throughout  the  corres- 
ponding two-dimensional  first  Brillouin  zone. 

The  substitution  of  Eq.(II.3.53)  into  Eq.  (II. 3. 52)  yields 
as  the  equation  for  ua(5||  | -t^) 

.s! 


SJM“2si3<,3SaS  ' *■?  1*3*3^  1*3^ 

^■oP 


- 2 V'3)u&(E||l*3)  ’ (11.3.55) 


*3* 


where 


*<*0  ^111^3^3)  ZmJ  $ap  'll  ' 

lll2 


(II. 3. 56a) 


and 


A#a^(k,|  | ^3-^3) 


22  «<*<« 


, -igH*(xn(t)  -x,,(0) 

) © . 


l'll2 


(II. 3. 56b) 


The  perturbation  on  the  equations  of  motion  of  an  infinitely 
4e4  crystal  provided  by  the  matrix  A$ag(kn | ^3^3)  is  localized, 


if  the  interatomic  forces  are  of  short  range.  The  dimensionality 


of  this  matrix  is  3n  x 3n,  where  n is  the  number  of  atomic  planes 


directly  touched  by  the  cutting  of  the  bonds  crossing  the  fictitious 
plane  between  the  planes  = 0 and  tq-1.  For  example,  n - 2 in 


the  case  of  a simple  cubic  crystal  with  nearest  and  next  nearest 


neighbor  interactions  and  in  the  case  of  a face  centered  cubic 
crystal  with  nearest  neighbor  interactions,  if  the  planes  - 0 and 
*t,3  - 1 are  (001)  surfaces . 

We  exploit  this  fact  to  solve  Eq.(II.3.55)  in  the  following 


way.  We  introduce  a Green's  function  for  the  infinitely  extended 
crystal,  G^- (5j|Ui | tg-tg)  as  the  solution  of  the  equation 


in  terms  of  which  Eq.  (I I. 3. 55)  can  be  rewritten  as 


together  with  the  fact  that  $ 


through  their  difference,  to  represent  G 
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Gap(k||(uK3'l'3)  " "h  J d9  G«p  I 6 >® 


Ktg-'tg)0 


(II. 3. 60) 


For  sufficiently  simple  crystal  models,  or  for  k n lying  along  high 
symmetry  directions  in  the  two-dimensional  first  Brillouin  zone, 
it  is  often  possible  to  obtain  GagO*||u>|0)  in  a simple  enough  form 
that  the  integral  over  0 in  Eq.  (I I. 3. 60)  can  be  carried  out 
analytically.  In  carrying  out  this  calculation  it  is  convenient 
to  give  ui  a small  positive  imaginary  part,  t«  - u>  + i€ , to  define 
the  way  poles  in  the  denominator  of  ^ (k  n ou  1 9 > are  to  be  treated 

when  ui  falls  in  the  range  of  bulk  crystal  band  mode  frequencies 
corresponding  to  the  given  value  of  k|j. 

If  we  denote  the  values  of  (£3«)  for  which  the  matrix 

I ^3^3^  has  nonzero  elements  as  constituting  the  "space  of 
the  surface,"  we  can  reduce  the  problem  of  solving  Eq.  (II. 3. 58) 
for  the  frequencies  of  those  normal  modes  of  the  semi-infinite 
crystal  perturbed  by  the  creation  of  the  pair  of  adjacent  surfaces 
to  a problem  confined  to  this  space.  We  begin  by  writing  the 
matrix  (k(|  J-tg-tg)  in  partitioned  form. 


a¥  (k  it ) - 


Acp(k||) 


(II. 3. 61) 


where  the  rows  and  columns  defining  the  upper  left  hand  submatrix 
are  those  constituting  the  space  of  the  surface.  The  remaining 
rows  and  columns  are  labeled  by  the  values  of  (tgOt)  and  («tgp) 
constituting  the  complementary  space.  We  partition  the  matrix 


IjMpi  li  |i|H 


u2(£||)  - -S21(k||(«)Aqp(k||)u1(k||) 


(II. 3. 63b) 


The  solvability  condition  for  the  set  of  homogeneous  equations 
(I I. 3. 63)  is  that  the  determinant  of  the  coefficients  vanish: 


I + g(knu))A(j>(k||) 


II. 3. 64) 


The  roots  of  this  equation,  uuj(k(|),  are  the  frequencies  of  the 
normal  modes  of  the  crystal  perturbed  by  the  introduction  of  the 
surfaces  into  it.  These  include  surface  vibration  modes  if  they 
exist.  Note  that  each  of  the  matrices  I,  g(k||u>),  A$(k||)  entering 
Eq.  (I I. 3. 64)  is  a 3n  x 3n  matrix.  The  use  of  symmetry  and  group 
theoretic  arguments  can  often  lead  to  a block  diagonalization  of 
the  matrix  1 + g(k||uj)A^(k|| ) which  further  reduces  the  dimensionality 
of  the  matrices  that  have  to  be  dealt  with. 
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This  method  is  particularly  convenient  for  the  study  of 
surface  modes,  whose  frequencies  lie  outside  the  continuum  of 
bulk  band  modes  corresponding  to  the  given  value  of  k||.  For, 

2 

to  obtain  the  perturbed  bulk  mode  frequencies  from  Eq.  (1 1. 3. 58)  to 
must  be  treated  as  purely  real  in  obtaining  (E||U>  | ^3^3)  i and 

the  integral  representation  (I I. 3. 60)  must  be  replaced  by  a sum  of 
the  form 


G«p  (*n  I 


vg^  ^ (k||  1 ^3) vg^  ^ I ^3) 

3 > - 


(II. 3. 65) 


where  the  £cuj  <St|  ) 3 and  {v£J  * (Sn  1 13) } are  the  eigenvalues  and 
suitably  normalized  eigenvectors  of  the  matrix  M (kn I ^3^3) • 

This  in  general  is  very  difficult  to  do.  However,  when  u>  lies 
outside  the  range  of  frequencies  covered  by  the  £ujj  (5 1| ) 3 , the 
summation  in  Eq.  (II. 3. 65)  can  be  replaced  by  integration,  since 
G#p(k |,uu|  -*,3-^3)  has  no  poles  for  ou  in  the  indicated  ranges. 

Once  the  solutions  of  Eq.  (I I. 3. 64)  are  known,  the  values  of 
the  components  of  the  vector  (S ^ ) corresponding  to  each  solution 

can  be  obtained  to  within  a constant  multiplicative  factor,  which 
can  be  made  definite  by  the  use  of  some  suitable  normalization 
condition.  Equation  (II. 3. 63b)  then  gives  the  displacement  ampli- 
tudes of  all  the  remaining  atoms  in  the  crystal  for  each  of  the 
solutions  of  Eq.  (I I. 3. 63a)  in  terms  of  the  displacement  amplitudes 
in  the  localized  space  of  the  surface. 

( 46-49') 

The  approach  outlined  here  has  not  been  used  a great  dealv  ' 
in  the  study  of  surface  vibration  modes.  Offering  as  it  does  a possi- 
bility of  obtaining  analytic  results  in  interesting  cases,  for  example 
interfaces v ' , we  believe  it  deserves  further  development  and 


application. 


■it* 
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E.  Surface  Modes  in  Semi-Infinite  Crystals  With  Short  Range 
Interatomic  Forces 


The  preceding  approaches  to  the  determination  of  the  normal 
modes  of  vibration  of  a semi-infinite  crystal  are  characterized  by 
the  fact  that  they  yield  all  the  normal  mode  frequencies,  and  the 
corresponding  unit  eigenvectors,  of  the  crystal,  those  of  the  wave- 
like modes  as  well  as  those  of  the  localized  surface  modes. 

If  it  is  desired  to  study  only  the  localized  surface  modes, 
more  direct  methods  are  available  which  do  not  involve  obtaining 
the  non-surface  modes  at  the  same  time  as  well.  In  this  section 
we  outline  one  such  approach  that  is  well  suited  for  the  study  of 
surface  vibrational  modes  in  crystals  with  short  range  interatomic 
forces,  i.e.,  non-ionic  crystals. 

As  before,  in  order  to  simplify  the  notation,  we  consider  a 
Bravais  crystal.  The  extension  of  the  present  discussion  to  the 
case  of  nonprimitive  crystals  can  be  found  in  Refs.  53  and  54. 

We  will  use  Definition  ( B 1 ) to  define  the  positions  of  the 
atoms  in  a semi-infinite  crystal  occupying  the  upper  half  space 
XjiO.  Accordingly,  the  position  vectors  giving  the  rest  positions 
of  the  atoms  are 

x(-l)  " + ‘('2*2  + ‘t3*3  » (1 1. 3. 66) 


where  the  two  vectors  a-^  and  ag  are  parallel  to  the  plane  x^-O, 
while  the  third  vector  a3  is  directed  out  of  this  plane  in  such  a 
way  that  it  has  a nonzero  projection  on  the  positive  Xg-axis.  The 
index  l3  is  restricted  to  the  integer  values  i3  - 0,1,2,...  We  will 
assume  that  the  atomic  displacements  are  periodic  in  the  directions 


V 
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parallel  to  the  surface,  with  the  periodicity  element  being  the 
rhombus  whose  edges  are  defined  by  the  vectors  La^  and  Leg. 

The  equations  of  motion  for  the  atoms  in  a semi-infinite  crys- 
tal that  occupies  the  upper  half-space  Xg a 0 differ  from  those  of 
the  atoms  of  an  infinite  crystal  for  the  atoms  closer  to  the  surface 
than  the  range  of  the  interatomic  forces.  For  these  atoms  the 
interactions  with  the  atoms  in  the  half— space  Xg  < 0 are  absent, 
while  they  are  present  for  the  corresponding  atoms  in  the  infinitely 
extended  crystal. 

If,  for  the  moment  we  neglect  these  differences,  the  equations 
of  motion  of  the  atoms  in  the  semi-infinite  crystal  are  the  same  as 
those  of  the  atoms  in  the  infinite  crystal 

-HuU)  - S US  U')  » (II. 3. 67) 

where  the  atom  t is  assumed  to  be  in  the  half-space  Xg^O. 

We  now  assume  a solution  of  Eqs.  (II. 3. 67)  of  the  form 


w i£||  ’ x ||  ( t)  - q^o  - iu)t 
u U) 1 e 


(II. 3. 68) 


where  xM(t)  - + and  the  allowed  values  of  the  two-dimen- 

sional wave  vector  kt|  are  determined  by  our  periodic  boundary 
conditions  and  are  given  explicitly  by  Eqs.  (II. 2. 30)  and  (II. 2. 31). 
When  we  substitute  Eq.  (II. 3. 68)  into  Eq.  (II. 3. 67)  we  obtain 


the  set  of  equations 


(II. 3. 69a) 
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where 


, * 1„  (o),.  ^ -S||(-t'>)  q«  -t') 

Dae(k»;q)  -g5«ig<«  )e  e 3 3 

V 


(II. 3. 69b) 


The  result  that  the  matrix  D(k||;q)  is  independent  of  the  index  l 
is  due  to  the  fact  that  the  atomic  force  constants  of  the  infinite 
crystal,  } , depend  on  l and  l'  only  through  their  differ- 

Qfp 

ence,  and  we  have  so  far  neglected  the  differences  between  the 
equations  of  motion  of  the  semi-infinite  crystal  and  those  of  the 
infinite  crystal. 

The  condition  that  the  set  of  equations  (I I. 3. 69)  have  a 
nontrivial  solution  is  that  the  determinant  of  the  coefficients 
vanish: 

lw2fiae  -Da0(Sll;q)  I 3 |M(S,|UJ  ;q)  | - ° . (II. 3. 70) 

For  a given  value  of  the  two-dimensional  wave  vector  £(|  Eq.  (1 1. 3. 70) 
constitutes  a relationship  between  the  frequency  tu  and  the  attenu- 
ation constant  q.  To  a given  value  of  tu  correspond  several  values 
of  q,  which  we  label  by  the  index  j . The  precise  number  of  these 
values  of  q depends  on  the  range  of  the  interatomic  forces.  A 
surface  wave  results  only  if  all  the  q |juj)  corresponding  to  a 
given  value  of  k(|  and  a given  value  of  tu  have  positive  real  parts. 
Uore  precisely,  the  solutions  of  Eqs.  (II. 3. 70)  correspond  to  pure 
surface  waves  if  all  qj  are  real  and  positive,  and  to  generalized 
surface  waves  if  the  q^  are  complex  with  positive  real  parts. 

The  amplitude  {w  (j) } associated  with  a particular  q is  deter- 

a J 


mined  by 
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w (j) 

c^jT  " Kj  a - 1,2,3,  (II. 3. 71) 

where  is  the  cofactor  of  the  3x3  matrix  M(k||ii»;qj)  obtained  by 
evaluating  the  determinant  of  the  matrix  formed  by  striking  out 
the  first  row  of  M(£||u>;qj)  and  the  column  corresponding  tc  wff,  and 
giving  it  a sign  in  accordance  with  the  rule  for  determining  the  * 

sign  of  a cofactor.  The  {Kj}  ar©  new  amplitudes. 

The  general  solution  of  Eqs . (II .3.70)  corresponding  to  sur- 
face waves  is  therefore  given  by 


uaU)  - 


1 


iSn*X||(t)  - iwt 
e 


2 K.c  (j)e 

i J * 


~V3 


(II. 3. 72) 


(Recall  that  both  q^  and  ca(j)  are  functions  of  S|(  and  cu.  For 
notational  simplicity  we  do  not  indicate  this  dependence  explicitly.) 

The  new  amplitudes  {Kj } are  to  be  determined  from  the  boundary 
conditions.  We  have  remarked  above  that  the  equations  of  motion 
for  atoms  in  the  surface  layers  of  a semi-infinite  crystal  differ 
from  those  for  the  corresponding  atoms  of  an  infinite  crystal  by 
the  absence  of  forces  acting  on  these  atoms  from  the  half-space 
x3<0.  The  equations  of  motion  (II. 3. 67)  and  the  determinantal 
equation  (I I. 3. 70)  obtained  from  them  ignored  this  difference,  and 
we  must  now  take  account  of  it. 

The  force  exerted  in  the  a direction  on  the  atom  l in  the  half- 
space x3  * 0(t3  i 0)  by  the  atoms  in  the  half -space  xg  < 0 < 0 ) , 

must  be  equated  to  zero,  and  this  condition  can  be  expressed  as 


2 

l'? 


teu3)  (w')e  (-*'  - 1) } up  u') 


o 


* 
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(As  it  stands,  this  equation  is  rigorously  correct  only  for  crystals 
in  which  the  atoms  interact  with  two-body  forces.  The  modification 
of  Eq.  (I I. 3. 73)  required  in  the  case  of  many  body  forces  has  been 
discussed  briefly  in  subsection  D of  this  section.)  When  we  sub- 
stitute Eq.  (I I. 3. 72)  into  this  equation  we  obtain  a set  of  homo- 
geneous equations  for  the  coefficients  [Kj } : 


2 

j 


(W/)0(-£g-l)]  e 


-ik||  • (x||  (t)  -X||U') 


x 


x e q^3  CpCj)}  Kj  - 0 . (II. 3. 74) 


The  left  hand  side  of  this  equation  is  independent  of  l ^ and 
l2  because  0(tg)  0(  — tg  -1 ) is  a function  of  l2, 

l2  only  through  the  differences  and  l2  - t'2  . It  is , conse- 

quently, a function  of  £g  and  a , and  the  number  of  equations  (I I. 3. 74) 
is  equal  to  three  times  the  number  of  values  of  4g  labeling  atomic 
planes  which  lie  closer  to  the  surface  than  the  range  of  interatomic 
forces.  This  is  just  the  number  of  solutions  for  q obtained  from 
Eq.  (II. 3. 70)  for  fixed  £||  and  uu. 

The  simultaneous  solution  of  Eqs.  (I I. 3. 72)  and  (I I. 3. 74)  gives 
the  attenuation  constants  {q^}  and  the  frequencies  of  surface  modes 
as  functions  of  £||.  Such  calculations  ordinarily  have  to  be  carried 
out  on  a high  speed  computer. 

This  method  has  been  used  for  the  determination  of  dispersion 

(53-55} 

relations  of  acoustical  and  optical  surface  vibration  modes 

In  Fig.  2.3  is  plotted  the  dispersion  curve  obtained  in  this  way  for 

acoustic  waves  propagating  in  the  [100]  direction  on  a (001)  surface 
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( 55) 

of  a simple  cubic  crystal  representing  KCM, 

We  conclude  this  section  by  illustrating  the  method  through 
its  application  to  a semi-infinite,  alternating  diatomic  linear 
chain.  We  label  the  atoms  by  an  index  n-0,1,2,...  The  even 
numbered  atoms  have  a mass  m,  while  the  odd  numbered  atoms  have  a 
mass  M,  and  we  assume  that  m<M.  The  atoms  are  equally  spaced  (this 
model  possesses  the  one— dimensional  analogue  of  the  rocksalt  struc- 
ture) , and  interact  with  nearest  neighbor  forces  characterized  by  a 
force  constant  y The  equations  of  motion  of  this  crystal  are 


mu©  - yO^-u^ 

(II. 3. 75a) 

Mtij  - y(u2  ” 2ux  + uQ) 

(II. 3. 75b) 

milj  - y(u3  - 2u2  + u^) 

(11.3.75c) 

m"2n'Y(u2n+l-2u2n+u2n-l)  n*° 

(II . 3. 75d) 

Mu2n+1  - Y(u2n  + 2'2u2n+l  + u2n)  0 ‘ 

(II.3.75e) 

We  seek  the  solutions  of  Eqs.  (II.3.75d)  and  (II.3.75e)  in  the 
forms 

— 2nq  — iuit  (1 1. 3. 76a) 


u2n  * A 0 


u2n  + 1 • B e 


-(2n  + l)q  - iu>t 


(II. 3. 76b) 


and  are  led  to  the  following  determinantal  equation  for  the  ampli- 
tudes A and  B: 


-2  cosh  q \ / A 


-2  cosh  q 2- 


- 0 . 


(II. 3. 77) 


From  the  solvability  condition  for  this  system  of  equations  we  find 


that 


“-i £L_i  (II. 3. 79) 

A coshq 

We  have  written  Eq.  (I I. 3. 78)  as  we  have  because  the  frequency  spec- 


trum of  the  infinitely  extended  diatomic  linear  chain  has  a gap  for 

2 

frequencies  satisfying  (2y/M)  s ou  s (2  y/m)  , i.e.  between  the  acous- 
tic and  optical  branches.  Since  the  normal  mode  frequencies  of  a 


semi-infinite  crystal  are  expected  to  be  lower  than  those  of  the 


corresponding  infinite  crystal,  and  because  the  frequencies  of  sur 
face  vibration  modes  must  lie  in  regions  forbidden  those  of  the 


mode  in  the  present  case  to  lie  in  the  indicated  gap.  For  frequen 
cies  in  the  gap  the  right  hand  side  of  Eq.  (II. 3. 78)  is  negative 


definite.  We  must  therefore  put 


where  q is  real,  and  find  that  now 


sinh  q 


We  now  turn  to  the  boundary  condition  at  the  surface  satisfied 


by  the  atomic  displacements.  We  see  from  Eq.  (I I. 3. 75a)  that  the 


equation  of  motion  of  the  atom  n - 0 is  different  from  that  of  every 
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other  even  numbered  atom  in  the  chain.  We  can  write  it  in  the 


same  form, 


m uQ  - y (u1  - 2uq  + u_x  ) , 


(II. 3. 83a) 


which  is  satisfied  by  Eqs.  (II. 3. 75a)  and  (II.3.75d),  provided  we 


require  that 


uo  " u-  1 " 0 


(II. 3. 83b) 


This  is  the  needed  boundary  condition.  When  we  substitute  Eqs . ( II . 3 . 76) • 


into  Eqs.  (II. 3. 83)  we  obtain  a second  relation  between  the  coeffi- 


cients B and  A: 


! -• 


(II. 3. 84) 


When  we  eliminate  (B/A)  between  Eqs.  (II. 3. 82)  and  (II. 3. 84), 


and  make  use  of  Eq.  (II. 3. 81),  we  finally  obtain  the  simple  results 


'(s*a) 


(II. 3. 85a) 


. -1  r i(- M 2 m 

q„  “ sinh  [$[=■  ""  m 


(II. 3. 85b) 


Since  the  maximum  frequency  of  the  infinite  crystal  is  given 


by  uj?  - 2y(®_1  + M-1)  , we  see  that  the  squared  frequency  of  the  sur- 
L 


face  mode  is  half  the  maximum  squared  frequency,  and  lies  precisely 


in  the  middle  of  the  gap  between  the  squared  acoustic  and  squared 


optical  frequency  branches 


This  simple  example  exhibits  most  of  the  features  found  in 


calculations  jased  on  more  realistic,  three-dimensional  crystal 


models , except  for  the  occurrence  of  more  than  one  decay  constant  q , 


which,  however,  cannot  ordinarily  be  carried  out  analytically 
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F.  Simple  and  Approximate  Methods  for  Surface  Modes  Calculations 

The  methods  discussed  above  for  the  calculation  of  surface 
modes  are  exact.  It  is  often  possible,  and  useful,  to  make  some 
approximations  in  such  calculations  to  simplify  them,  and  yet  obtain 
the  surface  mode  frequencies  with  a sufficiently  good  precision. 

The  kinds  of  approximations  that  can  be  made  depend  on  the  nature 
of  the  surface  mode  being  studied.  We  will  distinguish  among  the 
surface  modes  those  having  a short  penetration  (a  few  atomic  layers) 

into  the  bulk  of  the  crystal  from  those  having  a large  penetration. 

In  the  first  case  we  can  use  either  a density-of-states  moments 
method^58^  or  a frozen  substrate  approximation^58,58'80^.  In  the 
case  of  deep  penetration  an  effective  modulus  method^81”82^  will 
be  appropriate, 
i . The  moment  method 

we  start  as  in  Section  II. 3. D by  creating  a pair  of  adjacent 

free  surfaces  by  equating  to  zero  all  interatomic  forces  between 

atoms  on  opposite  sides  of  a fictitious  plane  between  these  two 
planes  which  contains  no  atoms.  Taking  due  account  of  the  trans- 
lation symmetry  parallel  to  the  free  surfaces,  we  can  write  the 
equations  of  motion  Eqs.  (I 1.2. 21)  in  the  following  matrix  form 

£,V‘ll<'3t3>  V*ll*P  ■ 0 • CII-3. 86) 

The  dynamical  matrix  can  be  written  as 

D(ic,|)  - D°(ic,|)  + AD(Jc,|)  (II. 3. 87) 

where  B°(ic||)  is  the  dynamical  matrix  of  the  infinitely  extended 





■W 
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crystal,  and  AD(£||)  is  the  perturbation  introduced  by  the  cutting 
procedure  which  created  the  two  free  surfaces. 

We  define  the  moments  and  \±  as  the  respective  traces  of 

n n 

the  matrices  [B°(ic||)]n  and  [D(5tt)]n.  Their  variations  due  to  the 
creation  of  the  two  free  surfaces  are 

6pn-  Tr[D(S„)  ]“  - [D°(^„)  ]n  (II. 3. 88) 

and  can  be  easily  calculated. 

Once  one  knows  how  many  states  are  pulled  out  of  the  bulk  bands 
when  the  two  free  surfaces  are  created,  one  can  approximate  at  a 
given  it||  the  density  of  states  lost  in  the  bulk  bands  by  one  or 

O 

several  Dirac  6(tu  ) functions,  and  then  obtain  a simple  relation 

( 58) 

for  the  localized  modes  frequencies.  ' 

The  precision  obtained  by  this  method  increases  with  increasing 
distance  of  the  localized  mode  frequency  from  the  bulk  bands  or  equi- 
valently, with  decreasing  localized  mode  penetration  into  the  inter- 
ior of  the  crystal.  An  application  of  this  method  is  given  in 
Sec.  IV. 3. A. 


ii . The  frozen-substrate  method 

For  localized  modes  with  a short  penetration  into  the  interior 
of  the  crystal  an  even  simpler  method  for  the  determination  of  their 
frequencies  is  the  frozen  substrate  method,  which  consists  of  setting 
v0  c vc|  S||  J>  '0  in  Eq.  (II. 2. 21)  for  all  the  planes  k'  after  a given 

distance  K°  from  the  free  surface  at  ic'-l.  On  taking  K *1,2 n 

one  can  check  the  convergence  of  the  localized  modes  solutions. 

The  simplicity  of  this  method  makes  it  well  suited  for  investi- 
gating the  effects  of  force  constant  and  mass  changes,  especially 


— ----- — — ■- 
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for  well  localized  optical  surface  modes v ' and  soft  surface  pho- 

/ gq\ 

nons . ’ An  application  of  this  method  is  given  in  Sec.  IV. 3. C. 

ill.  The  effective  modulus  method 


For  long  decay  lengths,  the  preceding  methods  cannot  be  used. 
However , another  method  has  been  proposed'  ’ ’'for  dealing  with  this 
case.  This  effective-modulus  approximation  was  developed  for  obtain- 
ing the  dispersion  relation  and  displacement  field  of  acoustic  or 
optical  surface  modes  associated  with  external  points  in  the  sur- 
faces of  constant  frequency  of  the  corresponding,  infinitely  extended 
crystal  at  some  extremal  point  of  wavevector  kQ  in  the  surfaces  of 
constant  frequency. 

Using  the  dynamical  matrix  C^Ckk'I^)  - exp(-iit-x(  K))Dag  (toe ' | 2)  x 
x exp(iIc*x(K ')  ) of  the  infinitely  extended  crystal  (definition  (B2)), 
with  normal  mode  frequencies  u)j(k)  and  eigenvectors  {wtf(ic|kj)},  one 
assumes  a solution  for  the  semi-infinite  crystal  of  the  form 


i£  .x(tK)  w (iC  |k  1 ) 

uaUK)  - e ° ][  - — ° — iU)U)  , (II. 3. 89  ) 


where  the  sum  over  j indicates  that  the  solutions  for  the  finite 
crystal  are  linear  combinations  of  the  3r  solutions  for  the  infinite 
crystal  corresponding  to  the  wave  vector  icQ.  One  introduces 
a displacement  field  ^ (.l)  t which  incorporates  the  effects  of 
the  surface  into  the  solution,  and  which  equals  a constant  for 
all  values  of  i in  an  infinitely  extended  crystal.  Substitution 
of  the  assumed  solution  (II. 3.  89  ) into  the  equations  of  motion  for  a 


/ 
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+ 3?u')  - x(-t)]  - 

- 4(J/)(x)  + Ex  4(J  }(x)  + 

M_  M 

2 

+ J E x U'lU VU'D  -Sx^r  C(J/)(x)  + ...» 

mi  r . M ^ 


(II. 3. 91  ) 


where  we  denote  by  the  ^iXn  Cartesian  component  of  the 

difference  between  the  vectors  x({/)  and  x(t): 


xmU'4)  - x UO  - xm(4)  . 


(II. 3. 92  ) 


Substitution  of  the  Taylor  series  expansion  for  the  displacement  field 
into  Eq.  (1 1. 3. 90  ) yields  the  following  set  of  3r  coupled,  second- 
order  partial  differential  equations  for  the  functions  (x)  : 

- 2/  /J(x)^J  *(x)  + Ec^^x)  -g|-  \x)  + 

j J M M 


+ i,?  e*"'*®  T&r  . 

^ M v 


(11.3.93  ) 


where  the  coefficient  functions  are  the  continuous  analogues  of  the 


lattice  point  functions 


C(JJ#)U)  - 2 C(JJ#)(<U')  , 

l' 


(11.3.94  ) 


C.9J,)U)  - E C(JJ  #)(44#)x„a4)  , (11.3.95) 

I*  l*  M 


c^J/)u>  - e#  c(JJ/)(44/)x#4a'4)x|#a/t)  . 


(11.3.96  ) 
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The  surface  enters  the  present  approach  through  the  restrictions  it's 
presence  imposes  on  the  values  K1  can  take  in  the  sums  in  Eqs.  (II. 3. 94)  - 
(II. 3. 96).  These  restrictions  ultimately  lead  to  the  boundary  condi- 
tions imposed  on  the  equations  of  motion  obeyed  by  f^(x). 

This  method  has  been  illustrated^62^  by  application  to  one-  and 
three-dimensional  semi- infinite  crystal  models,  and  can  be  useful 
where  exact  methods  become  too  cumbersome. 
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4.  Group  Theory  of  Phonons  in  a Semi-Infinite  Crystal  Slab 

A.  Introduction 

Just  as  group  theory  has  proved  to  be  a powerful  tool  for  simp- 
lifying certain  types  of  lattice  dynamical  problems  for  crystals  of 
infinite  extent,  it  is  also  a powerful  tool  for  simplifying  certain 
types  of  lattice  dynamical  problems  for  semi-infinite  crystals  in 
the  forms  of  films  or  slabs  of  a finite  number  of  atomic  layers 
(definition  (A)).  These  include  the  determination  of  the  form  of 
the  dynamical  matrix  of  the  slab  and  of  its  eigenvectors,  which 
describe  the  vibrational  displacement  pattern  of  the  atoms  in 
the  slab  and  the  determination  of  possible  degeneracies  among  the 
eigenvalues  of  the  dynamical  matrix  (the  squares  of  the  normal  mode 
frequencies  of  the  slab) , for  values  of  the  two-dimensional  wave 
vector  5||  lying  at  points  of  symmetry  inside  or  on  the  boundary  of 
the  two-dimensional  first  Brillouin  zone  for  the  slab. 

In  this  section  we  outline  the  way  in  which  group  theory  can 
be  applied  to  these  ends.  Our  approach  is  based  on  the  paper  by 
Trullinger  and  Maradudin ^ 1 \ who  modified  the  earlier  work  of 
Maradudin  and  Voskov  , and  the  subsequent  discussion  of  it  by 
Maradudin,  Montroll,  Weiss  and  Ipatova k , for  infinitely  extended 
crystals . 

B.  Symmetry  Properties  of  the  Dynamical  Matrix  and  its  Eigenvectors 

The  starting  point  for  our  analysis  is  the  equations  of  motion 
for  a crystal  slab  in  the  form 


'"j<S||)va(K  ,eilJ)  'K?sDaP(l<<  'lS||)v6(lt ' |C||J) 


(II. 4.1) 


where  the  dynamical  matrix  D 


We  first  determine  the  transformation  properties  of  the 
dynamical  matrix  and  its  eigenvectors  and  eigenvalues  when  the 
crystal  slab  is  subjected  to  an  operation  from  its  space  group  G 
Since  for  a symmetry  operation  the  atoms  labeled  by  K and  k 
must  be  of  the  same  kind,  we  have 


and  the  matrix  element  D (KK'|Sk||)  may  be  written  with  the  ai*  of 

up 

Eqs.  (II. 2.  12),  (II. 2. 13)  and  (II. 4. 3)  as  the  result  of  a unitary 


D(Sk||)  - r(ku;  (S|v(S)+x(m)  })D(k||)r  (kji ; {S  | v (S)+x(m)  })  , (II. 4. 4) 


In  writing  Eq.  (II. 4. 5),  we  have  used  the  Kronecker  symbol  and  the 
definition,  F'^KjS)  - K or  its  equivalent,  K - Fq(k:;S). 

To  each  element  (S|v(S)  + x(m) } of  the  space  group  G there 
corresponds  a matrix  f (£11 ; { si  v (S)  + 2(m)}).  However,  the  latter 
do  not  obey  the  same  multiplication  law  as  the  group  elements, 
so  that  they  do  not  provide  a representation  of  the  space  group  G 
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We  can,  however,  define  a set  of  matrices  in  terms  of  the 
matrices  r (k n ; {S |v(S)  + x(m)})  which  on  the  one  hand  commute  with 
the  dynamical  matrix  D (k  || ) , and  on  th<  other  hand  provide  a repre- 
sentation, not  of  the  space  group  G itself,  but  of  a related  group. 

For  this  purpose  we  restrict  ourselves  to  those  operations 

of  the  group  G which  comprise  the  space  group  G*  of  the  wave  vector. 

*11 

These  are  the  operations  {R|v(R)+x(m) } which  take  the  crystal  slab 
into  itself  and  whose  purely  rotational  elements,  {ft},  have  the 
property 

Sc, r S||-  T(ic;R),  (II. 4. 6) 

4 4 4* 

where  T(k;R) , defined  by  Eq.  (II. 4. 6),  is  a translation  vector 
of  the  reciprocal  lattice  of  the  slab.  The  purely  rot*, tional 
elements  {5}  in  the  space  group  Gg^  taken  by  themselves  constitute 
the  point  group  of  the  wave  vector  It||,  GQ(ft||).  With  each  element 
R of  the  group  GQ(ic||)  we  associate  a matrix  T(ic|i;R)  which  is  defined 
in  terms  of  the  matrices  r (k h ; {R|v(R)+x(m) })  by 

T(lC||  ;R)  = exp  (ik„*  [v(R)+x(m)  ])r(lC||;  {R|v(R)+x(m)  })  , (II. 4. 7a) 
or 

Tap  (KIC * I “ Rag6(tC,Fo(K  #;R))  exp{ij£„[x(lc)-Rx(K  #)  ]}  . (II. 4. 7b) 

The  multiplication  rule  which  the  T(Ic;5)  matrices  obey  is  given  by 

f(S||;R1)f(l„;Rj)  - cp(S|,;fti,ftj)f  (k^Rj)  , (II. 4. 8) 

where 

cp (k u ; RA , Rj ) - expCiT^ujR^1)  *v(Rj)  ].  (II. 4. 9) 

The  matrices  {fl(1c||;R)}  are  thus  seen  to  provide  a 3r-dimensional 

4 

unitary  multiplier-representation  of  the  point  group  GQ(k||)  of 
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-+ 

the  wave  vector  k||f  and  they  also  commute  with  the  partially 
Fourier- transformed  dynamical  matrix  D(k||): 

B(k.||)  - f"1(k||;5)5(k||)f(k||;5).  (II. 4. 10] 

It  is  easily  shown ^ 1^that  the  normal  mode  frequencies 
have  the  symmetry  of  the  point  group  of  the  crystal  slab,  i.e. 

ujj(s5i|)  - ujj(5|j).  (II. 4. llj 

Furthermore,  the  transformation  law  for  the  eigenvector  v(ic||j) 
can  be  written  as 

v(Sit||j)  - r(S||;  (S  |v(S)  })v(i||j)  , (II. 4. 12] 

^ if  k ||  is  a point  at  which  none  of  the  eigenvalues  of  D(k)  are 

degenerate,  and  may  be  assumed  to  be  valid  at  points  of  degeneracy 

as  well,  using  exactly  the  same  arguments  as  those  given  by 

| Maradudin,  et  al. ^ 3 ^ 

Multiplying  both  sides  of  Eq.  (II. 4.1)  from  the  left  by  the 

matrix  T(S|j  ;R) , and  using  the  fact  that  T(5;R)  commutes  with  D(ic), 

we  obtain 

D (it || ) { T (5: || ; R) v (^ || j ) } - u)j  (it||)  {T(it|| ;R) v (ic ||J ) } . (II. 4. 13] 

Equation  (II. 4. 13)  implies  that  if  v(&uj)  is  an  eigenvector  of  5(£||) 

o -t  *4  w ^ 

with  an  eigenvalue  u)j(k||),  then  so  is  T (k u ; R) v (k || j ) , for  every 
operation  R in  the  point  group  GQ(ic|i).  Thus,  T (ic|| ; R)  ▼.(£  ||  j ) must  be 

*+  -4 

a linear  combination  of  the  eigenvectors  of  D(k||)  whose  eigenvalues 
2 ■* 

are  equal  to  u)j(k||).  This  result  is  conveniently  expressed  if  we 
replace  the  single  index  j by  a double  index  oX,  where  a labels 

2 -4  4 

the  distinct  values  of  u>j  (k||)  for  a given  wave  vector  k||,  and 
X(-l,2, . . . ,ta)  labels  the  linearly  independent  eigenvectors 


~s» — 


3 
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associated  with  the  eigenvalue  ur(k||).  The  number  f is  then 

2 

the  degeneracy  of  the  normal  mode  whose  frequency  is  u>a(k||). 
In  this  notation,  the  eigenvalue  equation  (II. 4.1)  takes  the 


form 


D(£u)^(it||a\)  -u)^(fi|j)v(^||OX),  X-1,2, . . . ,fa. 

From  Eq.  (I I. 4. 13)  and  discussion  following  it,  we  can  write 

f 

**  -4  m 4 a *4  ( n ^ -4  4 4 . 

T(k||*,R)v(k||OX)  - Tj  T^/(k||;R)v(k||OX  ) 

X *1 


(II. 4. 14) 


(II. 4. 15) 


for  every  operation  R of  the  point  group  GQ(k|j).  The  fa-dimensional 

^ \ 4 ew  4 

matrices  £ t v y (k  u ; R)  } provide  a multiplier  representation  of  GQ(kn  ), 
with  the  same  factor  system  (multipliers)  as  occur  in  the  represen- 

*4  « ( 2 ) 

tation  provided  by  the  matrices  { T (k n ;R)}.  It  is  straightforward 
to  show  that  (kn  ;R)is  a unitary  matrix.  In  the  absence  of 
accidental  degeneracy,  the  set  of  matrices  '(k^R)}  constitute 
an  ta -dimensional  irreducible  multiplier  representation  of  the 
point  group  G0(2||). 

Let  us  now  assume  that  we  know  all  the  eigenvectors  {v(£||OX)} 

of  D (k || ) for  a given  value  of  k||.  From  Eq.  (1 1. 4. 15)  it  follows 

~ ** 

that  if  we  construct  a 3r  x 3r  matrix  v(k||),  whose  columns  are 
just  the  vectors  {v(ic||aX)},  so  that  the  (a K;a\)  element  of  this 


matrix  is  given  by 


vaKiox(k'l)  " va^K  lklla^> 


(II. 4. 16) 


we  obtain  as  the  equation  for  v(k) 


- v&n^O^R), 


(II. 4. 17) 


••v.-  J *1 


11.4.6 


where  the  3r  x 3r  matrix  ?(jcn;ff)  has  the  form 


?(2>(?.,;R)  o 


A(k,,;R) 


(11.4.18) 


In  Eq.  (II. 4. 18),  t^(Sj|;R),  (kj|;R) , . . . are  the  matrices  of  the 

Irreducible  multiplier  representations  of  Go(k||)  corresponding  to 

o -4  2 

the  frequencies  (k |j).  ujg  (k||) » . . • * respectively. 

From  Eq.  (II. 4. 17),  we  see  that  the  matrix  v(S||)  is  the  matrix 
which  block  diagonalizes  every  matrix  T(ic||;R)  corresponding  to  one 
of  the  operations  of  GQ(k||)  into  the  form  given  by  Eq.  (II. 4. 18)  by 


a similarity  transformation 


«•  ,4  **  w-1  4 , « 4 — ,4 

A (k||  ;R)  - v x(k||)T(k||  ;R)v(k||) 


(II. 4. 19) 


mT  -4  *«•  4 « «•  <4 

- v (k|j)  f(k||;S)v(k||)9 

i.e.,  the  matrix  of  the  eigenvectors  of  D(k||)  reduces  the  reducible 

•4  ^ 4 

representation  of  G (k || ) provided  by  the  3r  x 3r  matrices  £ T (k  n ; R) } 


into  its  irreducible  representations. 


It  may  be  the  case  that  some  irreducible  representation,  i.e.,  » 

some  matrix  t ^ (k|j  ;5) , appears  more  than  once,  say  c times,  in  the 
reduction  of  the  representation  of  G0(k||)  given  by  the  set  of  ma-  m 

# 4 4# 

trices  { T (k|| ; R)  ) , as  expressed  by  Eq.  (II. 4. 18).  This  means  that 

there  are  that  many  distinct  sets  of  fff  eigenvectors  {v(k||OX)},  each 

2 

of  which  corresponds  to  a different  value  of  uu  (k ^ ) (since  a labels 


- 


HP’ 


mm  n 


the  distinct  eigenvalues) , which  have  the  property  that  the  eigen- 
vectors comprising  a given  set  transform  into  linear  combinations 
of  each  other  under  the  operations  (T(k||;R)}  in  the  same  way  as 
do  the  eigenvectors  comprising  each  of  the  remaining  c-1  sets.  This 
circumstance  that  c sets  (c>l)  of  matrices  { (S (| ; R) } are  in 

fact  identical  has  the  consequence  that  a is  not  a unique  label 
for  the  irreducible  representations  of  Go0*||)  contained  in  the 
reducible  representation  provided  by  the  matrices  {T(k||;R)  . Thus,  it 
is  convenient  to  generalize  our  notation  a bit  more.  We  replace 
the  single  index  a by  the  double  index  sa,  where  s labels  the 
irreducible  representations  of  Go(k||),  and  a is  a "repetition" 
index  which  differentiates  among  the  different  eigenvalues  whose 
associated  eigenvectors  transform  according  to  the  same  irreducible 
representation  of  GQ(k||).  The  index  a takes  on  the  values  l,2,...,ca, 
where  c is  the  number  of  times  the  sth  irreducible  representation 

S 

of  GQ(k||)  is  contained  in  the  representation  given  by  the  matrices 
{fOcnjff)  }. 


Also,  Eq.  (11.4.15)  takes  the  form 


The  reduction  of  the  reducible  representation  of  Go(k||)  provided 

H «4  ee 

by  the  matrices  {T(kii;R)}  into  its  irreducible  representations  can  be 
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carried  out  by  standard  methods. ( 4,5 * If  we  denote  the  characters 
of  the  reducible  representation  £T (K  R)  } by  x(k||;R), 
xOt||;R)  - Tr  ?(%S) 

- L R 6(  K,F  (K;R)exp(ik  n*  Cx(K)-Rx(K)  ])  , (II. 4. 22) 

KCL  a ° 

and  if  we  denote  the  characters  of  the  sth  irreducible  represen- 
tation {?(s)(k.„;R)}  by  x(S)(R||;R)» 


X(s)  (Si|;R)  - Tr  7(s)(2h;R), 


(II. 4. 23) 


then  the  number  of  times  the  sth  irreducible  representation  is 
contained  in  the  representation  {T(k  ||;R)  } is^ 


Cg  - Isx(2|,;R)x(s)(?h;R)^,  (n.4.24) 

R 

where  h is  the  order  of  the  group  Gq  C^.||> . 

The  forms  of  the  eigenvectors  {v(it||Sa\)}  can  be  obtained  by 
projection  operator  techniques.  The  projection  operator  in  our 
3r-dinen3ional  space  is  the  3r  X 3r  matrix  pjj®*>(i||)  defined  as 

- (fB/h)S  . (II. 4.25) 

If  we  denote  by  t an  arbitrary  3r-component  vector  whose  elements 

( 2 ) 

are  {^K))»  then  it  is  straightforward  to  show  that  the  vector 


V(k||;sx)  - 


(II. 4. 26)  , 


For  any  fixed  \*  transforms  under  the  application  of  the  matrix 
f(kl(;8)  in  exactly  the  same  way  as  the  eigenvector  v(8ltsax)  does, 


i.e. , 


T(k||  ;R#)^ (k|| ;sX)  - £ t^s ^ dc.(| ; R ' )^ (^.jj ; sXx)  . 

X 1 1 


(II. 4. 27) 


I 
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S<s) 


The  fact  that  P^v(k||)  Is  indeed  a projection  operator  is  expressed 
by  the  relation 

PU>'(g«)^(g|'S,aXl)  " 6Ss'V>1*(*"S,lX)*  (II. 4. 28) 

In  the  special  case  that  the  sth  irreducible  represenation 
appears  only  once  in  the  reduction  of  the  representation  of  GQ(k||) 
provided  by  the  matrices  {T(k||;R)},  so  that  c8  and  the  corresponding 

*4 

repetition  index  a both  equal  unity,  the  vector  V(kn;s\)  constructed 

according  to  Eq.  (II. 4. 26)  and  normalized  to  unity  can  be  taken 

to  be  the  eigenvector  v(k||;sa\)  of  D(k|(). 

When  the  sth  irreducible  representation  of  G0(j?||)  appears 

more  than  once,  the  dynamical  matrix  can  be  simplified  (block- 

■* 

diagonalized)  in  the  following  way.  The  vector  V(k||;s\)  is  no 

-4  *4 

longer  an  (unnormalized)  eigenvector  of  D(k||).  It  is,  in  general, 

some  linear  combination  of  the  cs  eigenvectors  (vQcpsaX) }(a  - 1,2,..., 

corresponding  to  the  distinct  eigenfrequencies  [u>sa(k||)}» 

and  consequently  contains  c arbitrary  constants.  Since  the 

s 

4 4 

transformation  properties  of  the  vector  V(k||;s\)  are  independent 
of  the  numerical  values  of  the  c&  independent  constants  on  which 
it  depends,  we  can  construct  cg  linearly  independent  vectors  from 
tf(k  II ; s \) , each  of  which  still  belongs  to  the  Xth  row  of  the  sth 
irreducible  representation  of  Go(k||),  by  setting  each  of  the  c8 
parameters  on  which  it  depends  equal  to  unity  in  succession,  while 
setting  the  remaining  parameters  equal  to  zero.  If  these  vectors 
are  not  already  mutually  orthogonal,  they  can  be  made  so  by  the 
Schmidt  method,  for  example.  Normalized  to  unity,  these  c8  vectors 
can  be  denoted  by  V(kn;sa\),  where  a “ l,2,...,c_.  Each  of  these 
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unit  vectors  belongs  to  the  Xth  row  of  the  sth  Irreducible 
representation  of  Gq • T*1®  vectors  {^(k||;sax)  } obtained  in 

this  manner  obey  the  orthonormality  and  completeness  relations ^ 1 ^ 


) 

l 


S Va(K  |eii;sax)*Vo(K  |j?.u;s  'a  V)  - 6sa  ,6aa  ,«u. 


(II. 4. 29) 


£Va<KleH;3a^)*Vt'l*lliSa°  - 6KK'6aS  • 
sax 

The  usefulness  of  the  vectors  (£:  jjjsax)  } arises  from  the  fact 

that  a matrix  element  of  any  matrix  MagVKK  |^)»  which  commutes 

with  all  the  matrices  {T(£||;R)  },  e.g.,  the  dynamical  matrix  Dag(KIC ' |£.||) 

taken  between  two  vectors  ^(SijjsaX)  and  ^(S||;s /a/X/)  vanishes 

unless  s - s'  and  X * X.'^  ^ 

We  thus  have  available  a method  for  block  diagonalizing  the 
«*  -» 

dynamical  matrix  D(k||)  into  submatrices,  the  eigenvalues  of  which 
are  the  squares  of  the  normal  mode  frequencies  which  belong  to 
a given  irreducible  representation  contained  in  the  representation 
of  G0(2||)  provided  by  the  {T(ic|j;R)}.  For  if  we  construct  a 3r  x 3r 
unitary  matrix  VG^)  whose  columns  are  just  the  vectors  {^(k^;sax)  }, 
so  that  the  (aK;saX)  element  of  this  matrix  is  given  by 


VaK;s»x<£ll>  * V‘leil:“X>  , 
(1  ). 


it  is  then  easily  shown'  'that 

V_1(ic||)D(k,||)V(ic|,)  - D(£„)  , 


J 


(II. 4. 31) 


♦ 


(II. 4. 32) 
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The  elements  of  the  cg  x cg  matrix  D^(k||)  are  given  by 

D(s)  (ij,  | aa  ' ) - E L va ( K | k || ; sa X)  *Dag  ( k K ' | k w) V-  ( K ' \ £ j| ; sa ' x) 
kol  k 8 ✓ . 


KaK  P (II. 4. 34) 

-(s) 

and  are  independent  of  X.  The  matrix  D (k||)  appears  fg  times 

r <4 

along  the  diagonal  of  the  matrix  D(k||). 

Because  the  eigenvalues  of  a matrix  are  unaffected  by  a simi- 
larity (unitary)  transformation  on  the  matrix,  we  see  that  the 
eigenvalues  of  5V  J(k  )are  just  the  squares  of  the  frequencies  of 
the  normal  modes  which  belong  to  the  sth  irreducible  representation 
of  G0(&h)  and  the  degeneracy  of  these  modes  is  equal  to  the  dimen- 
sionality of  the  irreducible  representation  s. 

C.  Additional  Degeneracies  due  to  Time  Reversal  Symmetry 

Under  special  circumstances,  time  reversal  symmetry  can  give 
rise  to  extra  degeneracies  among  the  normal  vibration  modes  of 
a crystal  slab  in  addition  to  those  arising  from  the  multi- 
dimensionality of  the  irreducible  representations  of  the  space 

group  . In  this  section  we  present  the  conditions  under  which 

*11 

these  extra  degeneracies  can  occur. 

In  Section  II. 4. B,  we  considered  spatial  symmetry  alone  in  con- 
structing a set  of  matrices  which  commute  with  the  dynamical  matrix 
D(^).  However,  from  Eq.  (II. 2. 35),  we  see  that  D(k||)  has  the 
property 

D(-k||)  - D*(k||),  (II. 4. 35) 

which  means  that  we  can  expand  the  number  of  matrices  which  commute 

with  D(k||)  if  the  point  group  of  the  crystal  slab  contains  a 

« • ^ ■* 

rotational  element  S_  such  that  S_k||  - -ku,  that  is,  if  -k||  is  in 
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-*  •* 

the  star  of  k|| , where  the  star  of  k||  is  defined  as  the  set  of 

inequivalent  wave  vectors  generated  by  applying  the  operations 

{S}  of  the  point  group  of  the  crystal  to  the  wave  vector  k.||. 

-»  «♦ 

If  for  the  crystal  slab  in  question,  — k.jj  is  in  the  star  of  k.||  only 
for  special  values  of  lr||,  the  following  considerations  are  applicable 
to  these  values  of  2||  only. 

To  aid  in  the  following  analysis,  we  introduce  the  antiunitary 
operator  Kq  to  represent  the  complex  conjugate  operation,  and  define 
it  by  its  effect  on  an  arbitrary  vector  "J  in  the  3r-dimensional 
space  spanned  by  the  eigenvectors  of  the  dynamical  matrix, 

i t KQJ  - 1*.  (II. 4. 36) 

Applying  KQ  once  more  gives  ? and  thus  KQ1  - KQ.  Using 

E to  perform  a similarity  transformation  on  D (it) , ve  have 

I ° 

K^C^K"1  - D*(ic)  . (II. 4. 37) 


il 


Thus  if  -ic||  is  in  the  star  of  £||,  Eqs.  (II. 4. 32)  and  (II. 4. 4), 
together  with  (1 1. 4. 35),  yield 

Kor(ic„;  {S_|v(S_)  })D(^||)r"1(?1|;{S_|v(S_)  })K^ 

- - D*(-£„)  - D(k|,)  , (II. 4. 38)  , 

i.e.,  the  antiunitary  matrix  operator  KQr (k || ; {S_|v(S_)  })  commutes 
with  the  dynamical  matrix  D(&||)  . 

In  order  to  incorporate  antiunitary  operators  such  as 
K0f(2(1;  {S_|v(S_)  })  into  the  group  theoretical  discussion  of  the 
symmetry  properties  of  D(ic||)  and  its  eigenvectors  and  eigenvalues, 
we  must  have  at  hand  expressions  for  the  products  of  K r(kii;  {S_|v(S_)  }) 
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with  the  matrices  r(kjjj  {R|v(R)+x(m) }) , and  with  other  antiunitary 

( 1 ) 


matrix  operators.  It  is  not  difficult  to  show 
lowing  relations  hold: 


that  the  fol- 


KQf  (5||;  {S_|v(S_)+x(«i)  })  .r%{R|*(R)-MUm2)  }) 

- KqT (2ji;  {S_|v(S_)+x(m1)  } {R  | v (R)+x(m2)  }) 
f (i||;  {Rjv(R)+x(m2)  })  *Korflfc  j[»  ts  |v(S__)+5(m1)  }) 

- Ko?(i||j  {R|v(R)+x(m2)  }{S_|^(S_)+l(m1)  })  . 


(II. 4. 39) 


(II. 4. 40) 


Also, 

Kof  & ||  5 { S_RX  |v(S_R1  )+x(m1)})- KQf  (t  ,| ; £ S_R2  f* (S_R2 ) +t (n^ ) } ) 

- f (tc.||;  {SRj  |v(S_R1)+x(m1)  ){ff_52  |^(S__R2)+l(m2)  })  , (II. 4. 41) 

i.e.,  the  product  of  two  antiunitary  matrix  operators  is  a unitary 
matrix  corresponding  to  an  element  of  G£  since  SJRjS__R2  is  an 
element  of  GQ(1c||).  Thus,  the  matrix  operators  r(&||;  {R|v(R)+x(m  )}) 
and  Kq? (i|j;  £S_R|v(S_R)+x(m)  })  form  a symmetry  group  with  a one- 
to-one  relationship  to  the  elements  of  the  space  group  containing  the 
crystal  symmetry  operations  £R |v(R)+x(m) } and  £S_ R|v(S_R)+x(m) }. 

This  space  group,  which  is  a sum  of  the  space  group  Q£  plus  the 
coset  (S_|v(S_)  }G£n»  will  be  designated  by  the  symbol  Gg 

Note  that  Gsj  is  an  invariant  subgroup  of  . £ . 

K|| 

The  purely  rotational  elements  {R}  and  {S_R}  in  the  space 
group  taken  by  themselves  form  a point  group  GQ (it ^ ; — ic j|) 

in  which  G0(ki|)  is  an  invariant  subgroup.  Just  as  it  is  convenient 


I 
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to  Introduce  the  unitary  matrices  {T(k||;R)]  by  Eq.  (II. 4. 7)  In 
considering  the  consequences  of  spatial  symmetry  on  the  form 
of  D(k||),  Instead  of  working  with  the  matrices  {F (k|| ; {R| y (R)+?.(m) })  , 
it  is  also  convenient  to  associate  with  each  element  S__R  of  the 
coset  S_Gq  (k|j ) an  antiunitary  matrix  operator  T(k||  ;S_R)  , which 

is  defined  in  terms  of  the  matrix  operators  (Kor  (k|| ; £ S R | v(S_R)+x(m) })  j 

by 


T (k || ; S_R)  - KQexp (“ik  || * Cv(SJR)  +x (m)  ] )f  (k j| ; { S_R)  | y (S_R)  +x (m)  } ) 

- exp(ik||  • [v(S_R)+x(m)  ])KQF (k|| ; {S_R | v.(S_R)  +x(m)  })  . 

(II. 4. 42) 


Explicitly,  we  have  that 


T (K  K ' 1 2 1| ; S_R)  - (S_R)ap  6 ( K ; FQ  ( K ' ; S_R)  ) exp  ( ik  it  • [x  ( K ) -S_Rx  ( K ' ) ] ) KQ . 


(II. 4. 43) 

This  definition  is  unique  despite  the  fact  that  each  rotational 
operation  S_B^  is  associated  with  an  infinity  of  operations  in 
the  space  group  Gd  • ir  • In  order  to  keep  in  mind  the  antiunitary 

'I  „ „ „ 

aspect  of  the  matrix  operator  T (it  || ; S__R) , in  what  follows  a rota- 
tional  element  in  the  coset  S_G0(£||)  will  be  denoted  by  A and  the 
corresponding  matrix  operator  by  7(kj|;A). 

The  products  of  antiunitary  and  unitary  matrix  operators 
T(lC||;...)  can  be  obtained  with  the  help  of  Eqs.  (II. 4. 8),  (II. 4. 9), 
(II. 4. 40),  and  (II. 4. 41)  and  their  definitions  (II. 4. 7)  and  (II. 4. 42), 
together  with  the  relation 


f* (S||J  [S  |v(S)+x(m)  })  - f(-S||j  {S  |v(S)+x(m)  }) 

- f(Sjt||;{S|v(S)+x(m)))  . 


(II. 4. 44) 


I 
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m 

If  we  Introduce  R to  denote  an  element  in  the  point  group 

4 4 

Gq  (k|| ; -kj|)  , we  obtain  the  result  that 

T (k || ; RA ) T (k j| » Sj ) “ cp (k |j ; ^ , fij ) T (k || ; ^Rj ) , (II. 4. 45) 

where  for  R^  - R^ 

q>(lci,|;Ri,Sj)  - exp(i[e,rR"1?,|]*^(Rj))  (II. 4. 46) 

and  for  R±  - Ai 

cp (S ,| ; AA , Rj ) - exp^iC^H+A^ul-vCRj))  . (II. 4. 47) 

If  lci|  either  lies  entirely  within  the.  Brillouin  zone,  or  the  space 

group  Gg  ,_g  of  the  crystal  slab  is  symmorphic  so  that  v(R) 

-»  » » 

is  zero,  then  the  multiplier  tpQcf^R^Rj)  is  unity. 

From  Eqs.  (II. 4. 38)  and  (II. 4. 42),  it  is  clear  that  the 
antiunitary  matrix  operators  T(£||;S_R)  commute  with  the  partially 
Fourier  transformed  dynamical  matrix  D(£^).  In  terms  of  the  R nota- 
tion this  result  and  Eq.  (I I. 4. 10)  may  be  combined  into  a single 
equation: 

D(S||)  - T“1(^n;f)D(?||)T(icu;S)  . (II. 4. 48) 

The  matrices  which  transform  the  eigenvectors  of  an  eigen- 
value equation  that  is  invariant  under  the  operations  of  a group 
that  contains  antiunitary  operators  do  not  form  a representation 
(ordinary  or  multiplier)  of  the  group  in  the  usual  sense.  We 
shall  see  that  it  will  be  necessary  to  introduce  multiplier 
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corepresentation  matrices  to  describe  the  transformation  of  the 
eigenvectors  of  D(k||)  under  the  group  of  matrix  operations  T(kj|;R) 

— 4 4 

where  R is  a rotational  element  of  GQ  (k  |j ; — k ||)  . 

The  extension  of  the  analysis  that  leads  from  Eqs.  (I I. 4. 13) 
to  (II. 4. 21)  to  include  antiunitary  matrix  operators  is  straight- 
forward. Operating  on  both  sides  of  Eq.  (II. 4. 20)  from  the  left 

4*  -*  «*  «•  -4  •• 

with  the  matrix  operator  T(k||jA),  and  using  the  fact  that  T(k|[;A) 

**  •+ 

commutes  with  D(kt|),  we  obtain 


D(S||){T(ic||;A)v(k|jSax)  > - («sa(k,||)  {T(k|| ;A)v(?|jSa\)  } . (II. 4. 49) 

4 4 * ■+  2 

Thus,  if,  y(lC||Sa\)  is  an  eigenvector  of  D(k||)  with  eigenvalue  u,sa(k||)> 

-4  -4 

then  so  is  T(k|| ; A) v(k  jjsaX)  , for  every  operation  A of  the  coset 

— a -♦  4 ••  -4  ••  -+  -* 

S_GQ(kj|)  of  the  point  group  G0 (k |] ; — k.j|)  . Consequently,  T(k.|| ;A)v(k||SaX) 

is  a linear  combination  of  the  eigenvectors  of  -5(k||)  whose  eigenvalues 
2 . 

are  equal  to  UJsa(k||)» 

Returning  for  the  moment  to  the  "j"  index  of  Eq.  (I I. 4.1) 

9 -*  «* 

for  labelling  the  branches  of  ui  (k j|) , since  for  any  element  R of 
the  point  group  GQ(k||  ;-k||)  the  matrix  operator  T(ky;R)  commutes 

— -4 

with  the  dynamical  matrix  D(k||),  the  effect  of  applying  this  oper- 
ator to  the  eigenvector  v(ijjj)  can  be  expressed  as 


T(S[|;R)v(i||j)  - E#0j  /j  (k|(;R) v(k|jj  ') 

J 


(II. 4. 50) 


where  the  sum  over  j ' extends  over  all  branches  of  the  phonon 

2 4 O 4 

spectrum  at  the  point  k||  for  which  Wj  /(k||)  - <Uj(k||). 

In  order  to  obtain  the  conditions  for  the  existence  of 
additional  degeneracies  due  to  time  reversal  symmetry,  we 


-.i. 
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Investigate  the  linear  dependence  of  the  eigenvectors  y(k||saX.) 


_ *►  . •* 

v(fci|SaX)  = T(Ei|  ;A  )v(kiisax)  , 


(II. 4. 51) 


where  Aq  is  an  arbitrary  element  of  the  coset  S_Go(K||).  Clearly, 
if  the  two  sets  of  eigenvectors  are  linearly  independent,  then 
there  is  an  additional  degeneracy  due  to  time  reversal  symmetry. 

The  question  of  the  linear  dependence  of  the  eigenvectors  ^\&i|sal) 
can  be  resolved  by  considering  the  relationship  between  the  irre- 
ducible multiplier  representations  { jj;R)  } and  { t ^s^(4|j;R)}  of 

the  point  group  Gq  (It  jj)  which  define  the  transformation  properties 
of  the  eigenvectors  v(k||saX)  and  v(k||SaX),  respectively,  under  the 
operations  of  the  unitary  matrices  T(k||;R).  The  matrices 

{ Tl ' (k  || ; R)  } are  expressible  in  terms  of  the  matrices  { tv  <k  jj  ; R>  } 
— (1> 


(s)(k„;R)  -qp  (k.11;A0,A01R)<p  (k^A^R, Ao)  rW  (k^A/RA^ 


o o' 


(II. 4. 52) 

- CP*(^,|, »Af),A^1RA0)cp C^ijjR, AQ)  t(s^  (^j|;A~1RA0)  . (II. 4. 53) 

<*(s) 

Noting  that  the  irreducible  multiplier  representations  t and 

4J/_\  / -I  \ 

t'1  ' belong  to  the  same  factor  system,  ' they  can  be  either 
equivalent  or  inequivalent. 

**(s)  Cs  ■> 

If  the  irreducible  multiplier  representations  t and  t 

are  not  equivalent  (such  representations  will  be  referred  to  as 

-♦ 

of  the  third  type),  the  Eigenvectors  v(knsaX)  and  v(kiisax)  are 


orthogonal  since  they  belong  to  different  irreducible  multiplier 


■■ 


I 
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representations  of  the  point  group  G dc|j).  Since  v(ic||sa\)  and 

v(kj|saX)  are  eigenvectors  of  the  dynamical  matrix  D(k.j|) 

with  equal  eigenvalues  uuga(2.(j)»  tke  degeneracy  is  doubled 

to  2f_  by  time  reversal  symmetry  for  this  case, 
s 

Alternatively,  tv  ' and  tv  7 are  equivalent.  Since  they 
belong  to  the  same  factor  system,  they  are  related  by  a similarity 
tr ans format ion : 


T(s)  (kii  ;R)  -<r*(?i|;Art,A“1R)<p*(^||;A"1R,Ao)T(s)(ic,|;A~1RA  )* 


- p_1t(S) (2y;R)p,  (II. 4. 54) 

„ ( 1 ) 
where  p is  a unitary  matrix.  It  can  be  shown  that  the  matrix 

(3  is  unique  up  to  a phase  factor  and  that  it  may  be  expressed  in 
terms  of  the  irreducible  multiplier  representation  matrices 
{ (k^;R)  }.  It  can  also  be  shown  that  the  property  of  the  irre- 

ducible multiplier  representation  that  causes  the  eigenvectors 
v(k||sa\)  and  v(k||sa\)  to  be  linearly  independent  is  reflected  in 
the  structure  of  the  matrix  p and  is  expressible  as  a condition  on  the 
matrix  pp*,  i.e.,  pp*  can  have  only  two  forms,  namely 

sT  - q>(2|i;*0,A0)T<s)(J,i;A^)  (II. 4. 55) 


or 


PP  - -<p(S||;A0,A0)  Tls;  (k||;Ap  . (II. 4. 56) 

These  two  cases  will  be  referred  to  as  of  the  first  and  second  types, 

respectively.  It  is  often  the  case  that  the  element  AQ  is  such  that 

4 « « *»(s)  *•  «*2  — 

cp(k||;AQ,Ao)T  (kj|;A0)  is  equal  to  the  unit  matrix,  i.e.,  pp  - +1. 
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Then  the  matrix  3 is  symmetric  or  antisymmetric,  respectively. 

This  is  an  example  of  what  is  meant  by  the  structure  of  the  matrix 
3.  It  is  straightforward^  ^ to  show  that  the  eigenvectors  v(2|jsa\) 
and  v(^||sa\)  are  linearly  independent  when  the  matrix  t.  satisfies 
Eq.  (II. 4. 56).  Thus  time  reversal  symmetry  produces  an  additional 
degeneracy  in  this  case.  If  Eq.  (II. 4. 55)  applies,  time  reversal 
symmetry  does  not  affect  the  degeneracy.  In  summary,  if  an  irreduc- 
ible  multiplier  representation  {tv  y(k|j;R)]  is  of  the  first  type, 
time  reversal  symmetry  does  not  produce  any  additional  degeneracy.  If 
it  is  of  the  second  or  third  type,  time  reversal  symmetry  leads  to 
a doubling  of  the  degeneracy  obtained  from  the  dimensionality  of  the 
matrices  { (k||  ;R)  } . 

The  criteria  for  determining  the  type  to  which  a given  irre- 
ducible  multiplier  representation  [tv  (fe || ; R) } belongs  may  be  cast 
in  a convenient  form  by  essentially  using  the  orthogonality  of  the 


} &II 

4* 

;R) } to  arrive  at 

the  result 

b ; 

first  type 

(II. 4. 57a) 

-h  ; 

second  type 

(II. 4. 57b) 

o ; 

third  type 

(II.4.57c) 

where  the  sum  is  over  all  rotational  elements  A of  the  coset 


S_G0  <*[,>. 


The  above  criteria  provide  a complete  solution  to  the  problem 
of  determining  the  additional  degeneracies  due  to  time  reversal 
symmetry  in  terms  of  characters  (kyjR)}  and  the  multiplier 

qp(S|i;A,A)  without  recourse  to  either  the  representation  { (£n;R)  } 


II. 4. 20 


or  the  matrix  p.  The  dimensions  of  the  subspaces  of  eigenvectors, 

••  5? 

which  are  invariant  under  the  symmetry  operations  {T(k||;R)}  of  the 
point  group  G (k.||;-Sj|) , are  fg  or  2fg  depending  upon  which  irre- 
ducible multiplier  representation  they  belong  to  for  unitary 
symmetry  operations.  Thus,  the  dimensions  of  the  irreducible 
multiplier  corepresentation  matrices  (®(k;R)]  introduced  in 

Eq.  (II. 4. 50)  are  either  f or  2f  . It  is  straight-forward  to 

s s 

construct  an  irreducible  multiplier  corepresentation  for  each  type 
of  irreducible  multiplier  representation.  The  corresponding  irre- 
ducible multiplier  corepresentations  will  be  referred  to  as  being 
of  the  first,  second,  or  third  type  also,  and  will  be  denoted  by 
{©^s^  (k.;R)  }.  We  now  express  the  matrices  {©^s^  Qt||;R)  } in  terms 
of  the  matrices  {tv  and  8: 

First  type: 


8<s>(Jii;R) 


t(s)(Jii;R) 


0lS,(k||;Ao)  - 8 


Second  type: 


®(s)(S„;A)  - cp*(S„;AA;1,A0)t(s)(«||;AA^1)P 
^<9)(4.„  ;R)  o 


(11. 4. 58) 

(11. 4. 59) 

(11. 4. 60) 


44/’q'\  4 ** 

ew(k.|i;H) 


T(s)(ln;R)l 


o 

0 


o 


(II. 4. 61) 


(II. 4. 62) 


o(s) 


<^.11 ; A) 


* 


” cpT(fc||;AA~1,Ao) 


/ 

(II. 4. 63) 


n ,i  1 r-tanmniiiti 


1. 

2. 

3. 
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II. 5.1 


5.  Surface  Green's  Function 

The  knowledge  of  the  Green's  function  for  a semi-infinite 
crystal  or  a crystal  slab  is  central  to  the  study  of  dynamical 
properties  of  atoms  in  crystal  surfaces.  Having  this  Green's 
function  we  can  determine  properties  of  an  individual  atom,  such 
as  its  mean  square  amplitude  or  velocity,  or  of  the  surface 
region  as  a whole,  such  as  its  contribution  to  the  specific  heat 
of  a crystal.  With  it  we  can  also  study  the  effects  of  its 
proximity  to  a free  surface  on  the  vibrational  properties  of 
an  impurity  atom,  and  the  effects  of  an  adsorbed  layer  of  impur- 
ities on  thermodynamic  properties  of  a crystal. 

The  present  section  is  therefore  devoted  to  the  determination 
of  the  Green's  function  for  a crystal  slab  (Section  A) , for  a 
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A.  Green's  Function  for  a Crystal  Slab 


The  time-independent  equations  of  motion  for  a crystal  slab 
in  which  the  atomic  positions  are  specified  according  to  defini- 
tion (A)  can  be  written  in  matrix  form  according  to 


T:  La3(4K;<,/tc/;u)2)u0(t/K/)  - 0 , 


(II. 5.1) 


where 

(II. 5. 2) 

The  matrix  uerg(-tic;t/K/  ;tu2)  inverse  to  the  matrix  k' 

according  to 


I*a&UK;*V;uj2)UgYU'ic ;uj2) 


1'k'$ 


y)  Uog(-tK;t'ic#;ou2)LgY(t/K/;4'tc#;a;2)  - 6u'6 toc#6< 


I-'k'P 


(II. 5.3) 


is  called  the  vibrational  Green's  function  for  the  crystal  slab. 

This  Green's  function  can  be  expanded  in  terms  of  the 
eigenvectors  £ v^, ( K | k||j)  } of  the  dynamical  matrix  of  the  crystal 
slab  Dag(KK/ 15(|)  , defined  by  Eq.  (II. 2. 20).  The  result  is 

U .UkU’k  - -w = r .2  x 


0,0  L2  (M^M^  /)  * uu2-  «u2(Kb) 

y ic,  (xa)  - xu'»  . 


(II. 5. 4) 
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The  calculation  of  U a (-6*  ;l'  k'  ;u>2)  from  Eq.(II.5.4)  requires 

ap 

the  use  of  a high  speed  computer  for  the  generation  of  the  eigen- 

o 

vectors  {v  ( K | It n j ) } and  eigenfrequencies  £u> , (k  n>  } , and  for  the 
subsequent  summations  over  k||  and  j.  The  number  of  layers  in  the 
slab  being  studied  is  limited  by  the  memory  and  storage  capacity 
of  the  computer.  However,  this  method  does  provide  a means  for 
incorporating  easily  into  calculations  of  ;</«'  ;iu2)  effects 

of  changes  in  force  constants  and  of  atomic  masses  in  the  surface 
layers  of  crystals  such  as  occur  in  the  presence  of  adsorbed 
layers,  and  of  surface  reconstruction  and  relaxation  in  inter- 
planar  spacings  at  crystal  surfaces. 

2 — ^ 

Let  us  note  that  the  slab  eigenfrequencies  tu^(kn)  Eq.(II.2.21) 
are  the  poles  of  the  Green's  function  U,  Eq.  (II.5.4  ).  So  from 
the  poles  of  the  Green's  function  for  a crystal  slab,  one  can 
obtain  all  the  excitations  of  a slab,  the  bulk  modes  which  are 
also  the  poles  of  the  bulk  Green's  function  and  also  the  surface 
modes  which  appear  as  new  poles  in  the  Green's  function  U for  a 
crystal  slab. 
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B.  The  Green’s  Function  for  a Semi-Infinite  Crystal: 


The  Surface  as  a Defect  in  a Crystal 


An  alternative  to  the  preceding,  purely  numerical,  approach 


to  the  determination  of  the  Green’s  function  for  a semi-infinite 


crystal  is  provided  by  regarding  the  surface  as  a defect  in  an 


otherwise  infinitely  extended  crystal. 


For  this  purpose  we  use  the  results  of  Section  II. 3. D to 
write  the  time  independent  equation  for  the  Green's  function  in 


the  form 


L (MU>26a06u,-  igW)  - *•*(**'>} 

Kt  p 


X DBy«  V I®2)  - 


(II. 5. 5) 


where,  as  in  Section  II.3.D  we  have  assumed  that  we  are  dealing  with 
a Bravais  crystal,  for  simplicity.  In  terms  of  the  Green's  function 


G Ba(^#»®2)  fcr  the  infinitely  extended  crystal,  which  is  defined 


by  Eq.  (II. 3. 57),  we  can  rewrite  this  equation  in  the  form 


(11.5.6} 


We  exploit  the  periodicity  of  the  cut  crystal  in  the 
directions  parallel  to  the  surface  to  Fourier  analyze  the  Green's 


function  Uag (It  ) in  the  coordinates  parallel  to  the  surface: 


o^ut'i*2)  - 75  S Vs>* 


i£|l*$n  (4)-X||  (£ ')  ) 


. (II. 5. 7) 


L k„ 
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o 

The  Green's  function  GMO(t4/;tD  ) can  be  expanded  in  a similar 

arp 

fashion,  as  ve  have  already  seen  in  Eq.  (II. 3. 57): 

2 T _ _>  , i£„  (xfl  OO-xn  U')) 

G*f3(U'‘’U)  > - E Gaf3(5|,u>|*3.l3,)e  . (II. 5. 8) 

L {♦ 
kll 

When  the  expansions  (II. 5. 7)  and  (II. 5. 8)  are  substituted  into 
Eq.  (II. 5. 6),  the  equation  for  the  Fourier  coefficients 


* ? 5°«Y(Jl'“IV3)i,Y6(8«lt3t3)06B<S«'"lt3t3>  . (II-5'9) 

^3y  l3 6 

where  the  Fourier  coefficient  (it||  | ^3^3 ) has  been  defined  in 
Eq.  (II. 3. 56b). 

The  solution  of  Eq.  (II. 5. 9)  can  be  carried  out  in  at  least 
three  different  ways,  depending  on  the  particular  problem  being 
considered.  We  sketch  these  methods  of  solution  in  the  remainder 
of  this  section. 

If  the  Green's  function  Ua^  (^||UU  | <63-63)  is  required  only  in  the 
space  of  the  surface,  as  the  latter  is  defined  in  Section  II. 3. 9 
we  can  use  the  localized  nature  of  the  matrix  (ic||cu| 6363)  to 
advantage.  We  partition  the  matrix  U#g  (iE||U)  1 6363)  in  the  same  way 

}orp  '3 '3' 


as  we  partitioned  the  matrices  G„,0  ***  I *63*63 ) and  ^*03  (^11 1 ^3^3)  in 


Section  II. 3. D: 

C(ic||u>) 


U(S||Ul) 


U21(tf||U>) 


U12(k„uj) 
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u22(k,!U)) 
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VSlHVs5  * 4,«»<S'I*3*S)  ' 

*3*  1 36 

(II. 5. 13) 

The  scattering  matrix  is  of  interest  in  its  own  right,  as  we  shall 
see  in  Section  II. 10,  and  in  what  follows  we  will  focus  our  attention 
on  it.  This  is  not  restrictive  in  any  way,  since  knowledge  of  it 
is  tantamount  to  knowledge  of  the  Green's  function  uap(^llu,l £3^3)  » 
according  to  Eq.  (I I. 5. 12). 

The  matrix  (k||tu  | ^3 £3)  Is  localized  in  the  space  of  the  sur- 
face, i.e.,  it  can  be  partitioned  in  the  form 


T(itflU))  - 


t(k||iu)  jo 

— r-- 

0 


(II. 5.14) 


It  can  therefore  be  written  formally  as 
t(S||uu)  “ [I  - A#(k||) g(S||tu)  (it||) 

- £*(k,|)[I -g(k„ou)A5(k||)]“1 


(II. 5. 15) 


This  result,  substituted  into  Eq.  (II. 5. 12),  yields  (k ^ ou | ^3^3) 

for  all  (£30)  , (-tgp)  . 

For  some  simple  crystal  models  the  matrix  A | ^3^3)  can 

be  written  in  separable  form, 

K n r 

where  the  hermiticity  of  A$ag(kll  | ^3^3)  , 


(II. 5.16) 
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1 


’ 4WS'l*s*s>*  ' (ii. 5.17) 

has  been  taken  into  account  explicitly.  In  such  a case  Eq.(II.5.13) 
can  be  solved  readily  to  yield 

T«s(S|l*IVs>  "S  f«“)t!ilVc,+8<£|B)1m  x 

m n 

x f<n)(k„|^)*  (II.  5. 18) 

where  the  elements  of  the  matrix  G(£||u>)  are  given  by 

Gmn<£I»>  - Y Y £«”)<E|ll<'3>\6<E»'"|l3,-3>  x 

^3“  ^3® 

x f<n)(S„|^)  . (II. 5. 19) 

If  the  sum  over  n in  Eq.  (II. 5.18)  consists  of  only  a few  terms, 
this  is  a very  effective  way  of  obtaining  Tag(£||uj|  •Cgig)  . 

From  the  preceding  analysis  we  see  that  the  poles  of  the 
Green's  function  uag(^HU)l ^3^3)  ‘that  do  not  coincide  with  those  of 
Gap(k||U)|  tgtg)  , and  hence  give  the  frequencies  of  the  normal  modes 
perturbed  by  the  introduction  of  the  pair  of  surfaces  through  the 
perturbation  A5ag(k|l  | -tgtp  > are  given  by  the  poles  of  the  matrix 
Tag(S||tu|  tg-t-g)  . These  are  seen  to  be  given  by  the  zeroes  of  the 
determinant al  equations 

|!+  g(S,|U))M(5||)  | - 0 (II.  5.20a) 


or 


(II. 5. 20b) 


|I  + G(k|| uu)  | - 0 

depending  on  whether  the  form  for  (S f|UJ | tgtg)  given  by  Eq.(II.5.15) 
or  (I I. 5. 18)  is  used. 

2 

The  final  way  of  obtaining  the  Green’s  function  ;u>  ) 


1 
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proceeds  directly  from  Eq.  (II. 5. 12),  which  can  be  rewritten  in 
the  form 

Uag(U';ui2)  - G^Ut'jcu2)  - £ G (U^uftT^UU^u)2)  x 

l"y 


where 


t a8(«';«2) 


x G6b  U’l  'iiu2) 


(II. 5. 21) 


4 *„e  «•(.') 


E E 4‘„v<«')0  .(4*4';lli2)T60a"<.,;lil2) 

■l/y  l'"!) 

(II. 5.22) 


To  solve  Eq.  (II. 5. 21)  we  utilize  expansions  in  the  eigen- 
vectors of  the  infinitely  extended  crystal.  These  are  defined  as 
follows.  The  equations  of  motion  of  an  infinite  Bravais  crystal 
are 


ma{t)  - - pa  ^(^OupU')  f 


(II. 5. 22) 


where  l “ are  the  threo  integers  specifying  an  atomic 

position  according  to 

x(^)  “ + '^2sl2  ^3a3  t (I  I.  5. 23) 


where  the  primitive  translation  vectors  a^  and  ag  lie  in  the 
x^g-plane.  The  solutions  of  Eqs.  (II. 5.22)  can  be  written  in 
the  form 

e (kj)  ik  xU)  - iuj . (k)  t 

u (t;t)  - a i e J (II. 5. 24) 

® M* 

_ 3 

where  k is  a three-dimensional  wave  vector,  whose  N - L allowed 
values  are  uniformly  and  densely  distributed  throughout  the  three- 
dimensional  first  Brillouin  zone  of  the  infinite  crystal.  The 


, RVPvn 


Ji  L II.. 


► 
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actual  values  of  k are  obtained  on  the  assumption  that  the  atomic 
displacements  are  periodic  with  the  periodicity  of  a macro-crystal 
whose  edges  are  defined  by  La^,  La2 , Lag.  The  functions  <Uj(k)  and 
e^(Sj)  are  the  eigenvalues  and  corresponding  unit  eigenvectors  of 
the  dynamical  matrix  of  the  crystal, 

2,r*x 


E Dap(k)eg(kj)  - ujj(k)ea(kj) 


j -1,2,3 


(II. 5.25) 


where 


D„e(k) 


-ik-  (x(-t)  - XU')) 


V<E>‘ 


(II. 5.26) 
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Tag(U';uu2)  -fZZ  ea(5j)t(£j;S/j/;oU2)eg(k/j') 
kJ  k'j'  ^ „ , 

ik-x(-0  + ik*x(t  ) 


(II. 5.30) 


since  the  former  cannot  depend  on  x(-t)  and  x(-t')  only  through 
their  difference,  in  the  presence  of  a surface.  Substitution  of 
Eqs.  (II. 5.29)  - (I I. 5. 30)  into  Eq.  (I I. 5. 21)  yields  the  following 
relation  among  the  Fourier  coefficients: 


_ _.  , 2 A(k  + k')6  / 

u(kj;k'j';u>  ) - 2 

U)  - UJj(k) 


iu  - u)j  (k) 


x t(£j  ;S'j ' ;uj2)  1 — — 


w -uy(k') 


(II. 5.31) 


The  equation  satisfied  by  the  Fourier  coefficient  t(5j  ;k'  j ' ; u>2) 


t<Ej;E'j';«2)  - V(Ej;E'j')  - H Kkjj.iE'j' ;<»2) 


(II. 5.32a) 


where 


T(Ej;E'j')  - is  2 ..(Sj/i#  «i').  <S'j'>*  X 

\fOL  i<  p 


-ik  x(-t)  - i£'  x(l')  (II.  5.32b) 


Because  A#ag(-U,')  depends  on  only  through  the  differences 

and  -t2  - l>2  we  can  rewrite  the  expansion  for  V(5j jE'j')  in 


the  form 
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V(kj  ;k'j  ) 


A«(k||  +k|{ ) 


LM 


SEE  e (kj)* 

^1^2  ^3°  ^3® 


x e 


-t3k‘a3  - itgk^ag 


( E E ea(kj)*A«og(k)(  | (^3^3)63 (k'J  ') 

^3“  ^3® 


-it3k*a3  - itgk'-ag 


x e 
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where  the  Fourier  coefficient  A$ag(k||  l-tg-tg)  has  been  defined  in 
Eq.  (II. 3. 56b).  The  function  A (k||  + k|f)  equals  unity  if  k||  + k|( 
equals  a two-dimensional  reciprocal  lattice  vector  and  vanishes 
otherwise.  Its  presence  is  a reflection  of  the  periodicity  of 
the  cut  crystal  in  directions  parallel  to  the  surfaces. 

We  notice  that  the  right  hand  side  of  Eq.  (I I. 5. 33)  has  the 

form  _ 

v<Sj;k'j'>  - S,  cnn,(E,)v„(53)vn.(k'j')  (n.=.34) 


nn 


/ 


where  n stands  for  the  pair  of  indices  (-t3»a)»  and  Cnn/(k||)  is  a 
real,  symmetric  matrix.  We  now  introduce  a symmetric  matrix 


d / - (<5^)__/,  80  that 

nn  nn 


Cnn'  dnnidni”' 


(II. 5. 35) 


and  the  function 
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un(Sj>  - S d V «>  . 

11 

The  function  V(kj;k'j')  can  now  be  written  as 
_ _ A (£||  +5||/ ) 

V(kj;k'j')  - £ S un(kj)un(k/j/)  . 

n 

The  solution  of  Eq.  (II. 5. 32)  Is  now  readily  found,  and  Is 
given  by 


(II. 5.36) 


(II. 5.37) 


2 A (k||  +k|( ) 


t(Sj;kJJf;»*)  “ 


£ u (k  j ) x 

■ 

wn 


x [l+fi(k||(«)]“i  u (k'j')  , (II. 5. 38) 


'an  n 

where  the  elements  of  the  matrix  M(k||U))  are  given  by 


i _ _n\  u (-k,j1)u  (k  j.) 

v<k«“)  - z z 4<k<  - k«  > - — 

£ 4 u)  - uj  j (k,  ) 

K1J1  J1  1 


(II. 5. 39) 


The  procedure  just  outlined  for  obtaining  t(kj  ;k'j ' ; oo2) 
is  practicable  only  for  rather  simple  models  of  monatomic  crystals. 
We  will  see  an  application  of  it  in  Section  II. 10,  where  the 
scattering  of  phonons  from  a crystal  surface  is  examined. 


C.  Applications  of  Green's  functions 


The  usefulness  of  the  Green’s  function  ;uu2)  stems 

from  the  fact  that  many  dynamical  properties  of  a crystal  slab 

can  be  expressed  in  terms  of  it. 

In  particular,  for  the  interpretation  of  a large  number  of 

experiments  which  probe  the  dynamical  properties  of  crystals 

containing  defects,  it  turns  out  to  be  very  useful  to  evaluate  time 

dependent  correlation  functions  of  the  type  (ua(-tK  ;t)u^(<,/tc ' ;0)  ) , 

(u  UK;t)Po(<lV;0)>  and  p (-t-K  ;t)pfi(t/K/ ;0)  > (Eq.  II. 2. 54). 
a p a p 

The  physical  interpretation  of  these  correlation  functions  is 

simple  only  in  the  classical  limit  when  they  become  real.  For 

example,  the  function  <uff(tK ; t^U'ie'  ;0)  > is  a measure  of  the 

degree  to  which  the  a component  of  the  displacement  of  the  atom 

(Ik)  at  time  t depends  on  the  fact  that  the  atom  ( I'k ')  undergoes 

a displacement  in  the  0 direction  at  time  t**0.  If  there  is  no 

correlation  between  these  displacements,  the  average  of  the 

product  of  these  displacements  reduces  to  the  product  of  their 

averages.  In  the  harmonic  approximation  the  average  <ua(4K;t)) 

vanishes,  and  the  absence  of  correlation  between  the  displacements 

u (tic  ;t)  and  u-U'ic' ;0)  leads  to  the  vanishing  of  the  correlation 
a p 

function  Cu  (tic;t)u  (t'tc' ;0)  >. 
a p 

In  the  quantum  limit  these  correlation  functions  are  complex. 
Their  imaginary  parts  reflect  the  noncommutativity  of  the  operators 
appearing  in  them. 

The  expressions  (II. 2. 54)  of  these  correlation  functions 
are  not  very  useful  for  the  solution  of  physical  problems,  because 
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their  evaluation  requires  a knowledge  of  the  exact  eigenvectors 
and  eigenvalues  of  the  crystal  perturbed  by  an  impurity. 

It  turns  out  to  be  more  useful  to  find  first  the  Fourier 
transform  of  these  correlation  functions  with  respect  to  time 
(Eq.  II. 2. 61),  and  to  use  the  inverse  Fourier  transformation  to 
find  the  correlation  functions  themselves. 

Using  now  the  expression  (II. 5. 4 ) for  the  Green's  function 
of  a crystal  slab,  the  expressions  (II. 2. 61)  are  found  to  be 

HZ  dt  eiujt(u  Uic;t)u  aV;0)> 
v • at  p 

- 2 h sgn  uj[n(iu)  + l]  ImU^Uic  V ;uu2-i€)  (II. 5.  40a) 

J^,  dt  eiu,t<pa(-tK;  t)Pp(4/K/ ;0)  > 

- 2h  / gu2  sgn  ou[m(cu)  +l]Im  uag(tic \l'  tc'  ;u>2  - i€)  (II. 5. 40b) 

J-aB  dt  eiu,t  Cu(Jf(‘tic;t)p0(-t#tc/;O)  ) 

- 2i  ft  M / u>  sgn  uu[n(tu)  + l]Im  U _Uk;4'ic'  ;u>2  - i€)  . (II. 5. 40c) 

K Of  P 

Carrying  out  the  Fourier  inversion,  we  obtain 


h r+® 

(u(<HC  ;t)ua(^/K/ ;0)  > - - | dm  e 


iuit  sgn 


. -07u»T 


1 -e 


x Im  UaUiC;.lV  ;uu2  - i€) 

arp 


(II. 5. 41a) 


:pa(tK;t)pgU/K/;0)>  =■  £ MkMk/  ;+e,d«  e"iu,t 
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<tta<*«it)p#(*'*'iO)>  * 

x In  U 1.(4k;4/k ' ;tu2-  i €)  . (1 1. 5. 41c) 

OfP 

Setting  t - 0 in  these  expressions,  we  obtain  the  equal  time 
correlation  functions 

<uaC-tic)Up(t#Kl)  > - £ Jo  duu  cothipfiou  Im  ;w2-  i €) 

(11.542  a) 

00 

<P  C-tK) p_  (<t/K ')  > - — M M / f diu  u)2  cothieftw  x 
Of  p IT  It  H Jo 


x Im  U„aUic;.t,V;iiJ2-  i€) 
ofp 


(11.542  b) 


<uaUic)p  aV»  - ^ Mk  / J " duo  ou  Im  Uag(-tK;t/K/;U)2-  i €) 


ift  « • . 

T fi«'6icic'6cr*  * 


(11.542  c) 


In  writing  Eq.  (II. 5. 42c)  we  have  used  the  explicit  expression  , 

Eq.  (II. 5. 4), for  U UK  ; l'  k'  ;u>2-  i €)  . 

Alternate  expressions  for  the  equal  time  correlation  functions 
can  be  obtained  from  Eqs. (II.2.57)  with  the  use  of  the  expression, 
Eq.  (II. 5.  4 ) of  the  Green's  function  U 

OP 

(ua(U)u 0UV)>  - - V Ucr3(U^',c/5-n?)  (II. 5. 43a) 

n— • 
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9 

pa(^K)p0(t/K#)  > - MlcM((/kBT  y 


6U/6KK/6aS 


(II. 5. 43b) 


where  nQ  - 2tto  kgT/rt. 

The  convenience  of  these  expressions  for  the  evaluation  of 

the  equal  time  correlation  functions  lies  in  the  fact  that  they 

bypass  the  necessity  of  performing  the  analytic  continuation  of 
/ / 2 2 

U„AK;l  k ;uo  ) to  complex  u>  required  for  the  evaluation  of 

arp 

the  expressions  (II. 5.42).  This  analytic  continuation  is  not 
always  easily  carried  out. 

In  this  fashion  the  evaluation  of  the  given  correlation 
functions  in  all  cases  reduces  to  the  problem  of  determining 

ii  2 

elements  of  the  Greenfs  function,  U AlK;l  K ;uj  ) , which  can  be 

arp 

done  by  any  of  the  methods  described  in  this  Section. 
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D.  Continuum  Green's  Functions 

The  Green's  functions  for  a crystal  slab  or  for  a semi- 
infinite crystal  discussed  in  the  preceding  subsections  of  this 
section  have  all  been  obtained  on  the  basis  of  lattice  theory. 
However,  as  we  will  see  explicitly  in  section  11.13  , certain 
kinds  of  problems  in  the  dynamical  theory  of  semi-infinite 
solids  can  be  treated  effectively  by  the  use  of  dynamical  Green's 
functions  obtained  on  the  basis  of  elasticity  theory.  In  this 
subsection  we  introduce  these  Green's  functions  and  show  how 
they  can  be  obtained  explicitly  and  analytically  in  some  simple 
cases . 

We  assume  that  the  semi-infinite  elastic  medium  occupies 
the  region  xg a 0 and  is  bounded  by  a planar,  stress-free  surface 
at  the  plane  x3  - 0 . 

The  equations  of  motion  of  the  medium  are 

pua(x,t)  - £ s|-Ta0(5,t>,  or-  1,2,3,  (II. 5. 44) 

8 8 

where  p is  the  mass  density  of  the  medium,  Tgg(x,t)  is  the  stress 
tensor, 

T«e<S,t)  VS,t)'  (11.5.45) 

the  fC  a } are  the  elastic  moduli  of  the  medium,  written  as  the 
components  of  a fourth  rank  tensor,  and  u^(x,t)  is  the  a Cartesian 
component  of  the  displacement  field  at  position  x and  time  t. 

Equations  (II. 5. 44)  and  (II. 5.45)  must  be  supplemented  by 
boundary  conditions.  The  condition  that  the  surface  x^  - 0 be 
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R 

I 


stress -free  Is  expressed  by  the  equations 


E C 
uv 


of3nv  ax  n 


§-  u (x,t) I - 0 

V * |x3-0 


a * 1,2,3. 


(II. 5. 46) 


In  addition,  we  require  that  uft(x,t)  satisfy  outgoing  or  exponen- 
tially decaying  wave  conditions  at  Xg  - + • . 

We  now  make  the  substitution  u (x, t)^  expC-iujt) v (x)/p^,  and 

Of  Of 

find  that  the  time-independent  amplitudes  {vft(x) } obey  the  set  of 
differential  equations 


u,2vcr(x)  + i S 

0 |iV 


C a — ^ 

or  04V 


3V*v 


v (x)  - 0 • 

u 


Xn  > 0,a  — 1,2,3, 


(II. 5. 47) 


subject  to  the  boundary  conditions 

a 


Ec 

uv 


«3mv  33TVx) 

v - 


- 0 


a - 1,2,3 


(II. 5. 48) 


at  the  plane  Xg  • 0 , and  outgoing  or  exponentially  decaying  wave 
conditions  at  Xg  - + • . 

There  is,  in  general,  an  infinity  of  solutions  to  the  set 
of  differential  equations  (II.5.47)and  boundary  conditions(II . 5.48) 
and  we  label  them  by  the  index  s - 1,2,3,...  These  equations 
and  boundary  conditions  can  therefore  be  rewritten  so  as  to 
display  this  fact  explicitly: 


a **  1,2,3. 
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(II. 5. 50) 


The  partial  differential  operator  appearing  on  the  left 

hand  side  of  Eq. (II . 5.49) , supplemented  by  the  boundary  conditions 

at  the  plane  Xg*0  and  at  infinity  can  be  shown  to  be  Hermitian. 

For  if  fv  ' (x) and  g;  ' (x)  are  two  different  functions  satisfying 

a p 

the  boundary  conditions  (11.5.50)  we  have  that 

V C.  Td3x  f(s)(x)*  I g(s #)(x) 

p LmU  «0uv  . a ax.  ax 

cr0nv  P v 

■■jE  w ja £-{*<•>&  ,j- tf'1®}  ♦ 


aPuv  P v 

i y c ,rd3x  df»s)  <a*  Sg»s } 
p Zj  aPuv  J ax  ax 

apuv  0 v 


(II. 5.  51) 


where  the  integration  extends  over  the  volume  of  the  semi-infinite 
solid.  The  first  integral  can  be  transformed  into  a surface 
integral  which  vanishes  because  of  the  boundary  condition  (11.5.50) 
at  the  surface  x^-  0 , because  of  periodic  boundary  conditions  in 
the  transverse  directions,  and  because  of  the  vanishing  boundary 


conditions  at 


+ •.  We  thus  have  that 


1 \ S ..  (*,,3  _(s)  a2  _(s 

" 7 Lu  c«5uv  J d x f«  (x)  axgixv  gu  (x) 


OT0UV 


p w er0|iv 
ar0(iv 


_ 32f<*>  <x)* 

E\  a 


ax„ax. 


(11.552  ) 
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The  first  integral  can  again  be  transformed  into  a surface  inte- 
gral, which  vanishes  for  the  same  reasons  as  before.  Here  we 
must  use  the  symmetry  property  of  the  elastic  moduli  “ C^vag  • 

Using  this  property  once  again,  together  with  the  changes  of 
dummy  summation  variables  a**u  and  @~v,  we  obtain  finally 


-iE  fd3, 


(a  ’)  ,-y 


a0nv 


erfltav 


--iZ  r«3* 


«Pnv 


apnv  n 


*,<■>  <;>* . 


(II. 5. 53) 


Itv  follows  from  this  result  that  the  eigenfunctions 

{v^  (x)  } can  be  chosen  to  be  orthonormal  and  complete: 
a 

E Jd2x„  Jdx3  v<s)(5)*v<s  \x)~  iaa, 


Sv^s)(x)*vJ8)(x')  - 6a06(5-x') 


(II. 5. 54) 


They  can  also  be  used  as  the  basis  for  a normal  coordinate 
transformation  to  phonon  creation  and  destruction  operators. 

For  if  we  set 


«.®  - j ( ^ ) * Ks) (5)  1 bs  * <»*  < ] < 

P lj(%)!KS)  <*>bs  - VaS)  <5)*  bs  1 • 


(II. 5. 55) 


(11.5.56) 


where  b*  and  b are  creation  and  destruction  operators  for 
s s 


phonons  in  the  mode  s,  satisfying  the  commutation  relations 


then  the  vibrational  Hamiltonian  for  the  semi-infinite  medium 


assumes  the  simple  form 


From  the  equations  of  motion 


we  find  that  the  Heisenberg  representation  operators  b_(t)  and  b^(t) 

o S 

are  given  by 


In  addition,  from  the  form  of  the  Hamiltonian  (II.5.59  ) 


and  the  commutation  relations  obeyed  by  the  operators  b and  b, 


/b  / commute  for  all  s and  s 


which  imply  that  b^b  and  b 
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that  the  partial  Hamiltonians  H - ftu)_(b*b  + $)  corresponding 


S "S  s s 

to  the  individual  normal  modes  can  be  simultaneously  diagonalized, 


it  follows  by  standard  methods  that  the  statistical  averages  of 
the  products  of  creation  and  destruction  operators  are  given  by 


<bIv> 


6 /n 
ss  s 


<bsV> 


5ss ' (ns  + W 


<bsbs ' > 


<bibs'>  - o • 


(II. 5. 64a) 
(II. 5. 64b) 
(II. 5. 64c) 


where 


,-l 


ng  - { exp  0 h u)g  - 1}  , 9 = 1/kBT 


(II. 5.65) 


With  these  results  in  hand  we  can  turn  now  to  the  intro- 
duction of  the  dynamical  Green's  function  tensor  (x,x#  1 1 - t y) 
which  is  defined  as  the  solution  of  the  equations 


E (-6  + is 

u l “'■*  at2 


v aPMv  ax^ax, 


-] 


” 4(x  - x)  6(t  - t ) , x_>0,  Xo>0,a,Y»  “1»2,3 


~ ' ' - " ‘3'  A3 

(II . 5. 66a) 

subject  to  the  following  boundary  conditions  at  the  surface  x3=  0 


P ^ C«3uv  3xv  DUY<X»X/It-^^ 


- 0 


x3  “ 0 


Xg  > 0,  Of,  Y " 1>2,3. 


(II. 5.  66b) 


In  addition,  Dag(x,xy 1 1 - ty)  obeys  outgoing  or  exponentially 


— 
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decaying  wave  conditions  at  * + ■ . 

The  time  translation  invariance  of  our  system  allows  us  to 

Fourier  transform  D .(x,x/|t-t/)  with  respect  to  time  according 

«p  1 

to 

Do8(;,3'|t-t')  - Jf»D (1,3' |„>  , UI. 5-67) 


where  the  Fourier  coefficient  Dag(x,x#  |u>)  is  the  solution  of  the 
equation 


E 

u 


!2,  . 1 

uj  6 + — 
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rv^uv  — ■ v<x-x/) 


Sc 


9 v 


x3>0»x3>0»  “>  Y " 1»2,3 


(II. 5. 68a) 


that  satisfies  the  boundary  conditions 


— S C « D (5,5'  (id) 


0 


x3  > 0 , or , y 


1,2,3 


(II. 5. 68b) 


at  the  plane  xg  = 0 , and  outgoing  or  exponentially  decaying  wave 
conditions  at  x^  - +«. 

It  follows  from  Eqs.  (II. 5. 47),  (II. 5. 48),  and  the  defining 


equations  (II . 5. 68) that  D (x,x'|(u)  can  be  represented  in  the 

Ofg 


form 


Dffp(x,x'|u))  = E — 


v?>  (x)  va(s)(x')* 


2 2 
« "WS 


Dgcf(x/  ,x|m) * 


(11.5.69) 


4 ' J 


The  dynamical  Green's  function  for  an  infinitely  extended  medium 
is  defined  as  the  solution  of  Eqs.  (II. 5. 69),  or  of  Eqs . (II. 5,66a) 
and  ( II. 5. 68 a}  which  satisfies  outgoing  or  exponentially  decaying 
wave  condition  at  Xg  - ±«. 

If  it  were  necessary  to  obtain  D -(x.x'luu)  by  solving  the 

orp 

eigenvalue  problem  (I I *5. 47)  for  the  eigenvalues  Cu»2 } and  the 

s 

corresponding  eigenfunctions  (v£s^(x)},  substituting  them  into 
Eq.  (II. 5.69  ) , and  evaluating  the  sum  on  s,  this  would  be  a formi- 
dible  calculation  indeed.  Fortunately,  however,  it  is  possible 
to  obtain  D^Cx.x' | u»)  directly  from  the  differential  equation 
and  associated  boundary  conditions  (II. 5. 68),  and  this  bypasses 
the  need  for  obtaining  the  and  {v£s^  (x)  } and  for  evaluating 

the  sum  on  s in  Eq.  ( II. 5. 69).  This  can  be  done  as  follows. 

Because  our  system  of  Interest  possess  infinitesimal  trans- 
lational invariance  in  directions  parallel  to  the  surface  we  can 
Fourier  analyze  D (x,x'|u»)  according  to 


XV  ||  — XjAj  -r  *2  2 AUU  All  A 1^1^  *2  2 9 ttUU  A X aUU  X2 

unit  vectors  in  the  1-  and  2-  directions,  respectively.  Combining 
Eqs.  (II. 5. 70)  and  (II. 5. 68)  we  find  that  the  Fourier  coefficient 
Dcr0^k,,wlx3xP  is  the  solution  of  the  following  system  of  ordinary 
differential  equations 


I 
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i 

K ! 


4 j 4«n"  + p^C«8uv[(1"SS3)ike+  Ss3  tog]  x 

x [a-«v3)ikv+«v3  ^]|v£'"l*3Its)’ 

x3>  0,  x3  > 0 , a,  Y “ 1,2,3, 

(II.5.7ia) 

subject  to  the  boundary  conditions 

- E C o [(1-5  ,)ik  + 6 o D (EmouIx^xX)  1-0 

p n v a3|iv  L v3'  v v3  dx.,  J uy  11  1 3 3'  * 

x3  ” 0 

Xg>0,  ay  - 1>2,3 

(11.5.71b) 

at  the  plane  xg  * 0 , and  outgoing  or  exponentially  decaying  wave 
conditions  at  x3=*+«. 

The  Fourier  coefficient  (k|ta)|x3x3)of  the  Green's  function 

for  an  infinitely  extended  medium  is  the  solution  of  Eq.  (n.5.71a) 
that  satisfies  outgoing  or  exponentially  decaying  wave  conditions 
at  x3”±«  . It  is  convenient  to  regard  (k||Ui|x3x3)  as  the 
particular  integral  of  Eq.  (II. 5. 71a),  and  to  determine  the  comple- 
mentary function  as  the  solution  of  the  homogeneous  equation  corres- 
ponding to  Eq.  (II.  5. 71a)  which,  when  added  to  (k||uj  |x3Xg)  , 

ensures  the  satisfaction  of  the  boundary  conditions  (I I. 5. 71b).  , 

Calculations  of  the  Fourier  coefficients  Da^(£||uj|x3x^) 
have  recently  been  carried  out  for  an  elastically  isotropic 
medium,  bounded  by  a planar,  stress-free  surface^  1 \ and  for  an 
hexagonal  medium,  bounded  by  a planar,  stress -free  surface  parallel 
to  the  basal  plane  (i.e.  perpendicular  to  the  axis  of  sixfold 
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/ o } 

symmetry) v 7 . The  reader  is  referred  to  these  articles  for 
the  details  of  the  calculations . Because  of  their  utility  in  a 
variety  of  calculations  dealing  with  the  dynamical  properties 
of  solid  surfaces,  as  will  be  demonstrated  explicitly  in  Section 


11.13,  we  record  here  the  explicit  expressions  for  these 
coefficients  for  the  case  of  an  elastically  isotropic  medium^ 


( 1 ) 


In  this  case  (and  in  the  case  of  the  hexagonal  medium  mentioned 
above)  the  isotropy  of  the  medium  in  the  plane  of  the  surface 
makes  it  possible  to  express  1*3*3)  in  terms  of  a smaller 

set  of  simpler  Green's  functions  dag(ktiui|x3x3)  » which  depend  on 
the  two-dimensional  wave  vector  k u only  through  its  magnitude. 

The  relation  between  the  Dag(k||U) |xgXg)  and  the  dap(kn«i| *3*3)  is 

Da0<2ll«»lJC3x3>  “ S s;J(kll)duv(kllu>|x3X3/)Svp(kll),  (II. 5.  72) 


where  the  matrix  §(k||) appearing  in  this  equation  is  given  by 
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(II. 5.  73) 


where  k - (k  /kn)  (a  “ 1,2) . The  nonzero  elements  of  the  tensor 

Of  Qf 

d (k n id IX3X3)  are  given  by: 
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and  ct  and  are  the  speeds  of  transverse  and  longitudinal 
wave  in  the  medium.  In  each  of  the  above  expressions  for  the 
derp(k||U)|x3x^)  the  terms  on  the  first  line  give  the  expression 
for  d^“^  (k ||uu  | XgXg)  , the  corresponding  Fourier  coefficient  for 
an  infinitely  extended  medium.  We  also  note  that  the  two  ex- 
pressions for  ar^  t given  by  Eq.  (II. 5. 75)  can  be  combined  into 
one,  if  we  write 


or 


<t,t 


XflL 


(II.  5.77) 


where  ti  is  a positive  infinitesimal,  and  the  branch  cut  for 
the  square  root  is  taken  along  the  negative  real  axis. 

We  conclude  this  section  by  pointing  out  that  inasmuch  as 
Eq.  (II. 5. 69)  shows  us  that  the  Green's  function  Dag(x,x'|u)) 
considered  as  a function  of  ui  has  simple  poles  at  the  normal 
mode  frequencies  £u»_ } of  the  semi-infinite  medium,  the  Fourier 
coefficient  D^Sna^x^)  , or  equivalently  dag(k||uj|x3x^)  , has 
simple  poles  at  the  normal  mode  frequencies  of  the  semi-infinite 
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medium  characterized  by  a given  value  of  the  two-dimensional 
wave  vector  £|| . In  particular,  Dag(E||U)|xgXg)  should  have  a 
simple  pole  at  the  dispersion  relation  for  Rayleigh  surface 
waves.  That  this  is  indeed  the  case  can  be  seen  explicitly 
from  the  results  given  by  Eq.  (11.5.74).  Each  of  the  coeffi- 
cients d^,  d^g,  dg^,  and  <*33.  and  hence  all  of  the  coefficients 
Dap(kttu)|XgXg)  , has  a simple  pole  at  the  zeros  of  r+,  From 
Eqs.  (II. 5..  74)  and  (II. 5.75)  we  see  that  this  condition  can  be 
expressed  in  the  form 


The  Ansatz  uj  - cRk|t  in  Eq.  (1 1. 5. 78)  yields  immediately  Eq.(II.3.17) 
which  we  have  seen  earlier  is  the  equation  for  the  determination 
of  the  speed  of  Rayleigh  waves. 
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6.  The  Surface  Specific  Heat,  Entropy,  and  Density  of  States 


If  we  compare  the  dynamical  matrix  for  an  infinitely  extended 
three-dimensional  crystal  in  which  the  atomic  displacements  satisfy 
periodic  boundary  conditions  in  a macrocrystal  containing  N primitive 
unit  cells  with  the  dynamical  matrix  for  a finite  crystal  containing 
the  same  number  of  atoms  and  bounded  by  free  surfaces,  we  find  that 
they  differ  in  the  rows  and  columns  corresponding  to  atoms  which 
are  closer  to  the  crystal  surface  than  the  range  of  the  interatomic 
forces.  For  interatomic  potentials  of  finite  range  the  number  of 
such  rows  or  columns  is  proport io?  to  the  surface  area  of  the 
crystal.  According  to  Ledermann's  theorem^  1 ^ , the  number  of 
eigenvalues  of  the  dynamical  matrix  which  enter  or  leave  a given 
frequency  interval  when  we  replace  periodic  boundary  conditions 
on  the  atomic  displacements  by  those  appropriate  to  a finite  crystal 
is  of  the  order  of  the  number  of  such  rows  or  columns.  Consequently, 
the  frequency  distribution  functions  for  cyclic  and  finite  crystals 
should  differ  by  an  amount  proportional  to  the  ratio  of  the  surface 
area  of  the  finite  crystal  to  its  volume.  Since  the  frequency 
distribution  function  of  a cyclic  crystal  has  no  contribution 
proportional  to  this  ratio,  this  result  has  the  consequence  that 
every  extensive  vibrational  property  of  a finite  crystal,  including 
the  thermodynamic  functions,  should  have  a contribution  proportional 
to  the  surface  area  of  the  crystal,  in  addition  to  the  contribution 
which  is  proportional  to  the  volume  of  the  crystal.  This  conclusion 
is  independent  of  whether  or  not  there  are  surface  waves  associated 
with  the  free  surfaces  of  the  crystal. 


A. 


Surface  Specific  Heat 


The  surface  contribution  to  the  specific  heat  of  a finite 

crystal  has  been  studied  extensively^,2  both  theoretically  and 

experimentally.  In  Section  II.13.D  we  present  a calculation  of 

this  contribution  for  a semi-infinite  isotropic  elastic  medium,  ' 

bounded  by  a single,  stress-free  plane  boundary  and  also  for  an 

hexagonal  medium  with  its  stress-free  surface  parallel  to  the 
( 4 ) 

basal  plane.  7 Since  elasticity  theory  is  the  long  wavelength 
limit  of  lattice  theory  for  acoustic  vibration  modes,  we  can  expect 
that  the  following  calculation  will  yield  correctly  only  that  part 
of  the  surface  specific  heat  contributed  by  the  long  wavelength 
acoustic  modes,  namely  its  low  temperature  limit.  A calculation 
of  the  surface  contribution  to  the  specific  heat  of  a simple  model 
of  a crystal,  which  is  valid  for  all  temperatures  is  presented  in 
Section  IV.2B. 

The  surface  specific  heat  of  a crystal  can  be  calculated 
numerically,  as  opposed  to  analytically,  in  the  following  way.  The 
normal  mode  frequencies  {(Uj  (q,| ) }can  be  obtained  for  a slab-shaped 

crystal  through  the  numerical  solution  of  Eqs.  (II. 2.20)  and 
(II.  2. 51)  or,  in  the  case  of  ionic  crystals,  Eqs.  (11.3.36)  and 
(II. 3. 35).  From  a knowledge  of  the  normal  mode  frequencies  all 
the  thermodynamic  functions  of  the  crystal  slab  can  be  obtained  in 
the  harmonic  approximation  by  a direct  summation  over  the  normal 
modes.  In  particular,  from  Eq.  (11.13.30)  we  see  that  the  specific 
heat  of  the  slab  is  given  by 


Cy(T) 


kB  ? E 
B q J 


(ieftuia  (3||) 

" " 2"' J 4 

sinh  Jphuij  (q„) 


(II. 6.1) 
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■ 


Similarly,  the  thermodynamic  functions  for  an  infinite,  three- 

dimensional  crystal  can  be  calculated  by  direct  summation  over 

all  the  normal  modes.  For  example,  the  specific  heat  of  such  a 

crystal  is  also  given  by  Eq.(II.6.1),  provided  qt|  is  replaced 

by  a three-dimensional  wave  vector,  whose  values  allowed  by 

periodic  boundary  conditions  are  restricted  to  the  first  Brillouin 

zone  for  the  crystal , and  the  branch  index  j assumes  the  values 

1,  2,...,  3r,  where  r is  now  the  number  of  atoms  in  a primitive 

unit  cell.  Once  the  thermodynamic  functions  for  crystals  with 

and  w ithout  surf aces , and  possessing  the  same  number  of  degrees 

of  freedom,  have  been  calculated,  the  surface  contribution  to  any 

thermodynamic  function  can  be  calculated  in  the  following  way. 

Let  u be  the  value  per  atom  of  some  thermodynamic  function  U for 

a crystal  with  surfaces,  i.e. , u « U/N,  where  N is  the  number  of 

particles  in  the  crystal,  and  U stands  for  the  internal  energy  E, 

the  entropy  S,  the  Helmholtz  free  energy  F,  or  the  specific  heat 

to  to 

at  constant  volume  Cy.  Let  uD  and  UD  be  the  same  quantities  in  an 
infinite  crystal  without  surfaces.  Then  if  IIs,  the  surface 
contribution  to  U,  is  written  in  the  form 


m 


9 


Vs  - Sus  , (II. 6. 2) 

where  S is  the  surface  area  of  the  crystal  with  surfaces  (twice 
the  area  of  one  surface  for  a slab-shaped  crystal),  we  have  that 

us  - | [u  -ub]  . (II. 6. 3) 


/ 
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The  surface  specific  heat  vanishes  at  0*K  because  both  Cv  and 
Cy  vanish  in  the  limit  as  T-»o.  It  also  vanishes  in  the  limit  of 
high  temperatures  because  in  this  limit  each  normal  vibration 
mode  contributes  the  classical  amount  k0  to  the  specific  heat 
whether  or  not  a surface  is  present.  Thus  both  Cy  and  Cy  approach 
3Nkg  in  the  high  temperature  limit.  Consequently , the  surface 
specific  heat  as  a function  of  temperature  possesses  a maximum. 

Allen  and  deWette^  ^ have  used  the  method  just  described  to 
obtain  the  surface  contributions  to  the  thermodynamic  functions 
for  the  (100),  (110),  and  (111)  surfaces  of  the  noble  gas  solids 
neon,  argon,  krypton  and  xenon.  The  same  method  was  used^  to 
calculate  the  surface  specific  heat  for  a (100)  surface  of  NaCl. 

The  results  are  in  rather  good  agreement  with  the  experimental 
results ^ for  NaCl  powder. 

B.  The  Surface  Entropy 

The  vibrational  contribution  is  also  important  for  the 
evaluation  of  the  surface  entropies  at  high  temperatures.  It 
can  be  estimated  by  an  expansion  around  the  Einstein  approxi- 
mationf7-8^  as  explained  in  Section  IV. 2. C,  Eq.( IV.2.58)  . The 
precision  of  this  calculation  is  increased  if  one  takes  due  account 
of  the  translation  symmetry  parallel  to  the  surfaced  This 
improvement  is  obtained  if  one  does  an  Elnstein-like  approximation 
on  the  dynamical  matrix  Dag (kk ” l^n ) , given  by  Eq.  (II. 2. 20). 

Specific  calculations  were  done  for  simple  models f7”8)  for 
models  including  central  potentials  between  first  and  second 

! 


II. 6. 5 


nearest  neighbours, and  also  angular  interactions, for  (001),  (110) 
and  (111)  surfaces  of  eight  f.c.c.  and  eleven  b.c.c.  crystals^) 


and  also  for  a realistic  model  of  graphite 


(10) 


The  results  are 


in  agreement  with  the  order  of  magnitude  of  the  experimental 
data.(11> 

With  this  expansion  around  the  Einstein  approximation  it 
is  easy  also  to  obtain  the  contribution  to  the  entropy  from 
surface  defects,  like  steps  and  kinks 

The  vibrational  contribution  to  the  surface  entropies  was 
calculated  at  all  temperatures  by  a Green's  function  method,^ 
see  Section  IV. 2. B and  Fig.  4.2,  as  well  as  by  numerical  methods 
By  the  Green's  function  method  it  was  also  possible  to  obtain,  as  j 
function  of  temperature,  the  entropy  of  a surface  step f 13 ^ 

C . The  Surface  Free  Energy  and  Density  of  States 

In  Refs.  5,  6,  8 the  phonon  contribution  to  the 

surface  free  energy  was  also  calculated  as  a function  of  tempera- 
ture. However,  the  electronic  contribution  to  this  thermodynamic 
quantity  is,  in  general,  several  orders  of  magnitude  larger 
Let  us  note  finally  that  the  surface  contribution  to  the 

phonon  density  of  states  is  observed  for  small  particle  powders 

(141 

by  neutron  scattering; A ' One  obtains,  as  a qualitative 
behavior  for  the  variation  of  the  density  cf  states  with  a 
given  bulk  band:  increase  for  the  lower  frequency  modes  and 
decrease  for  the  higher  ones. ^ 5,6 


— 
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II. 7.1 


I 


7.  Surface  Mean  Square  Displacements 

The  thermal  vibrations  of  surface  atoms  may  be  investigated 
experimentally  using  low  energy  electron  diffraction  (LEED)  or  the 
Mbssbauer  effect.  The  former  method,  in  particular,  has  been 
used  quite  extensively  during  the  last  decade. 

Within  the  framework  of  single-scattering  or  kinematic  theory, 
the  peak  intensity  of  a LEED  diffraction  spot  is  specified  as  a 
function  of  temperature  by^ 


I a f2 
o o o 


sau).i!5-SwVMW 

l 


, (II. 7.1) 


where  IQ  is  the  incident  intensity,  aQ  is  the  Thomson  factor,  fQ 
is  the  atomic  scattering  factor,  aU)  is  a transmission  factor, 
is  the  difference  ■*.  i of  the  scattered  wave  vector  and  the 
incident  wave  vector  £ of  the  electron,  and  i?U)  is  the  equilibrium 
position  vector  of  the  atom  in  unit  cell  l.  The  quantity  MU)  is 
given  by 

MU)  - i <[3*uU)]2>  (II. 7. 2) 

where  uU)  is  the  displacement  of  atom  l from  its  equilibrium 
position  and  the  angular  brackets  denote  an  average  over  a canonical 
ensemble.  For  simplicity,  we  have  restricted  our  attention  to  a 
monatomic  crystal  with  one  atom  per  unit  cell.  The  factor 
exp[-2MU)]  is  known  as  the  Debye- Waller  factor. 

The  essential  ingredient  of  the  Debye-Waller  factor  is  the 

9 

mean  square  displacement  (uJ>  which  can  be  related  to  an  effective  * 

Debye  temperature  0 by 

<u2>  - (3h2T/MkB02)$(®/T)  (II. 7.3) 


I 


II. 7. 2 


where  M is  the  atomic  mass  and 

x 

$(x)  - $x  + J i HT“  • (II. 7.4) 

o e _1 

o 

In  the  high  temperature  limit,  $(©/T)  -♦  1,  and  <u  ) is  simply 
proportional  to  T. 

For  sufficiently  low  energy  electrons  (<  50  eV)  the  transmission 
factors  a(-C)  decrease  very  rapidly  with  increasing  distance  from 
the  surface.  Consequently,  such  low  energy  electrons  are  scattered 
primarily  from  the  surface  layer  of  atoms,  and  the  scattered  in- 
tensity is  then  dominated  by  the  Debye-Waller  factor  for  surface 
atoms.  However,  the  strong  scattering  by  the  surface  atoms  brings 
into  question  the  single-scattering  approximation  contained  in 

( O) 

Eq.  (II. 7.1).  Duke  and  Laramore  have  incorporated  lattice 
vibrational  effects  into  a multiple-scattering  formalism  of  LEED 
and  have  shown  that  the  temperature  dependence  of  the  diffracted- 
beam  peak  intensity  is  not  as  simple  as  that  predicted  by 
Eqs.  (I 1.7.1)  and  (I 1.7. 2).  Jepsen,  Marcus,  and  Jona  have 
carried  out  a specific  calculation  for  the  (111)  surface  of  silver 
to  assess  the  importance  of  multiple-scattering  effects.  They 
found  that  the  effective  surface  Debye  temperature  is  rather  well 
specified  by  the  use  of  kinematic  theory  for  electron  energies  in 
the  40-50  eV  range,  but  deviations  of  10-15%  from  the  proper  value 
appear  at  lower  energies.  It  should  be  mentioned  that  it  is  fre- 
quently possible  to  extract  the  single  scattering  part  from  LEED 

intensity  profiles  by  averaging  several  profiles  at  constant 

(4) 

momentum  transfer  as  suggested  by  Lagally,  Ngoc,  and  Webb.  ' In  this 
way  reliable  values  of  surface  Debye  temperatures  can  be  obtained. 


II. 7. 3 


We  now  develop  the  theory  of  surface  atom  mean  square  dis- 
placements in  the  harmonic  approximation.  The  equations  of  motion 
can  be  written  as 


'x  u«U  * > - 


- £ t Ux  ; l'x*)uaU'x')  (II. 7. 5) 

u'p  3 


where  u^Clx)  is  the  a th  Cartesian  component  of  displacement  of  the 
x th  atom  in  the  1 th  unit  cell,  is  the  mass  of  the  x th  kind 

of  atom,  and  the  quantities  'x')  are  the  harmonic  coupling 

coefficients.  If  we  make  the  transformation 

vaUx)  - M*uaUx)  , (II. 7. 6) 

the  equations  of  motion  can  be  rewritten  as 


v (£x)  - - L D .Ux;-t  V)vBUV)  (II.  7. 7) 

“ I'x'S  P 

where  the  quantities  D „a(lx;l'x')  are  the  elements  of  the  dynamical 

up 

matrix  and  are  given  by 

. -4 

D^Uxii'x')  - (MXMX  # «x;*V)  • (II.  7. 8) 

The  presence  of  a free  surface  affects  the  values  of  appropriate 
elements  of  both  the  force-constant  matrix  and  the  dynamical  matrix. 
In  the  first  place,  certain  elements  are  zero  because  interactions 
are  eliminated  between  atoms  on  opposite  sides  of  the  boundary 
plane  defining  the  surface.  Second,  the  coupling  constant  associated 
with  two  atoms  near  the  surface  and  on  the  same  side  of  the  boundary 
plane  may  have  values  different  from  the  bulk  values. 


■ - !-^ 
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We  write  the  normal  coordinate  transformation  which  diagonalizes 
the  dynamical  matrix  in  the  form 


vaUx)  - S epaUx)Q 


(II. 7. 9) 


where  Qp  is  the  normal  coordinate  for  mode  p.  The  eigenvector 
components  satisfy  the  equation 

t'x's  {D«eUx:t'x,)  * 'S*» ,5“»}9pe «•'*')  - o cii.7. 
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where  u)p  is  the  normal  mode  frequency  for  mode  p.  The  mean  square 
displacement  component  can  be  expressed  as 


<%<**>>  - «/*x>s  l<Wt*>l2<KI2> 

P v 


(II. 7. 11) 


where  use  has  been  made  of  the  result 

<Q*Qp'>  - <l«p|2>  «pp'  • (II. 7. 12) 

At  this  point  we  utilize  quantum  statistical  mechanics  and  write 
for  a harmonic  oscillator 

< | Qp 1 2 > - (u>p)/<Dp  (II.  7. 13) 

where  €(tup)  is  the  mean  energy  of  the  mode  and  is  given  by 

£■(<11  ) - coth  (hu)  /2k  T).  (II.  7. 14) 

P p P 

These  results  can  now  be  employed  to  rewrite  Eq.  (II. 7. 11)  in  the 
form 


<u *(**)>  - (1/MX)S  |epa(tx)  |2f(oup)/(up  . 


(II. 7. 15) 


II. 7. 5 


Equation  (II. 7. 15)  is  a useful  expression  for  calculating 
mean  square  displacements.  However,  another  useful  relation  can 
be  obtained  by  using  the  following  well-known  theorem  of  matrices 


S*(»?)e„(t*)e.ia/x/)  - 


P pa 


P0 


p . . - * - Lna.,L ' x ‘ $ . 

The  mean  square  displacement  then  becomes 


(II. 7. 16) 
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uj(£x))  - (A/2MJ[r*  coth(fTD^/2kBT)] 


(II. 7. 17) 


lxcc,lxa 


In  the  limits  of  high  and  low  temperatures,  we  obtain  the  results 


<u lUx))  « (kRT/lI  HA"1]  , T>®  , (II. 7. 18a) 

“ b x 4xa,txa 


(u^C-tx))  « (ft/2M  )[D"*]  T - CPK  . (II. 7. 18b) 

* txa,^xa* 

Qualitatively,  we  see  from  Eqs.  (II. 7. 18)  that  the  mean  square 
displacement  increases  as  the  coupling  constants  decrease.  Since 
the  coupling  constants  for  surface  atoms  tend  to  be  smaller  than 
for  bulk  atoms,  the  mean  square  displacements  of  surface  atoms  tend 
to  be  larger  than  those  of  bulk  atoms.  Furthermore,  for  monatomic 
crystals,  we  see  that  the  mean  square  displacement  is  independent 
of  the  atomic  mass  and  proportional  to  T at  high  temperatures, 
and  varies  as  in  the  extreme  low  temperature  limit. 

A 

It  is  convenient  in  making  actual  calculations  to  introduce 
periodic  boundary  conditions  in  the  two  directions  (say,  the  1 and 
2 directions)  parallel  to  the  surface.  In  terms  of  a two-dimensional 
wave  vector  q(|  - (q^,q«)  the  eigenvector  components  can  be  written  as 
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epa(tx)  - 0./Ns)^  ©jaU3x;qiq2)  exp  [Kq^  + q2-C2)]  (II. 7. 19) 

where  N is  the  number  of  unit  cells  in  a surface  layer  and  1 
s 

identifies  the  normal  modes  for  given  q.  Using  Eq.  (II. 7. 19)  we 
can  write  Eq.  (II. 7. 15)  in  the  alternative  form 

<u^Ux)>  - (1/M  N)|)|e  U3x;qn)|2€  [w(q„j)]/t»»2(q,|j)  . (II. 7. 20) 

qj  J 


If  we  define  the  elements  of  a reduced  dynamical  matrix  by 

i[qi  (ti“('i)+q2((2“('2^ 


Then  (u^(tx)>  can  also  be  written  as 


:u*Ux)>  - (ft/ 2MxNs)5  [5~^(q|,)  coth(hT)^(^||)/2kBT}] 

111  * 


-t3x«»t3xa 


(II. 7.21) 


(II. 7.22) 


For  a crystal  L atomic  layers  thick,  the  reduced  dynamical  matrix 

is  3rL  x 3rL  in  size,  where  r is  the  number  of  atoms  per  unit  cell. 

On  the  other  hand,  the  original  dynamical  matrix  is  3rUT  x 3rLN  . 

s s 

For  a crystal  20  atomic  layers  on  each  edge,  we  see  that  the  reduced 
dynamical  matrix  is  smaller  by  a factor  of  400  than  original  dynamical 
matrix.  This  means  that  considerable  computer  time  can  be  saved 
by  using  the  reduced  dynamical  matrix. 

A number  of  other  approaches  have  been  presented  for  the 

(s) 

calculation  cf  mean  square  displacements.  Maradudin  and  Melngailis 
have  used  a Green's  function  method  to  treat  the  mean  square  dis- 
placement components  at  the  (100)  surface  of  a simple  cubic  lattice 
with  nearest  and  next-nearest  neighbor  interactions.  They  found 
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an  anisotropy  in  the  mean  square  displacement  components  at  the 

(e) 

surface  in  contrast  to  the  bulk.  Uasri  and  Dobrzynski'0  have 
written  the  dynamical  matrix  6 as  the  sum  of  a diagonal  part  3 
and  an  off-diagonal  part  8: 


5-3  + 8 . 


(II. 7. 23) 


Substitution  of  Eq.  (II. 7. 23)  into  Eq.  (II. 7. 17)  and  expansion 
in  a matrix  power  series  in  8 yields  a series  whose  leading  term 
and  first  few  correction  terms  can  easily  be  evaluated.  Appli- 
cations of  this  method  are  given  in  Section  IV. 2.  A continuum 
approach  to  the  problem  of  surface  mean  square  displacements  has 

been  presented  by  Dennis  and  Huber , Kalashnikov,  Wallis,  Maradudin 

(7) 

and  Dobrzynski,  and  Lajzerowicz  and  Dobrzynski;  ' The  enhance- 
ment of  the  surface  mean  square  displacement  over  the  bulk  and 
the  anisotropy  at  the  surface  were  confirmed. 

We  now  present  specific  results  for  the  mean  square  displace- 
ments at  the  (100)  surface  of  nickel,  a face-centered  cubic  crystal. 
The  calculations  were  carried  out^  using  Eq.  (1 1. 7. 22)  and  a 
model  with  nearest- neighbor  central  forces.  This  model  gives  a 
rather  good  fit  to  the  bulk  phonon  dispersion  curves.  The  results 
are  shown  in  Fig.  1 , One  sees  clearly  the  increase  in  both  the 
perpendicular  and  parallel  mean  square  displacement  components  as 
one  approaches  the  surface.  The  anisotropy  at  the  surface  is  also 

evident.  Results  of  a similar  nature  have  been  obtained  for  surfaces 

(9  ) 

of  rare-gas  solids  by  Allen  and  De  Wette. 

A rather  large  number  of  experimental  investigations  have  been 
directed  toward  the  measurement  of  surface  mean  square  displacements. 
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These  include  the  work  of  MacRae, ^ of  Jones,  Me  Kinney,  and 
Webb,  ^ 11^and  of  Somorjai  and  coworkers ^^^on  face-centered 
cubic  metals,  and  the  work  of  Kaplan  and  Somorjai v and  of 
Tabor  and  coworkers ^ on  body-centered  cubic  metals.  These 
studies  confirm  in  a qualitative  manner  the  theoretically  pre- 
dicted enhancement  of  the  surface  mean  square  displacements  and 
the  surface  anisotropy.  However,  quantitative  agreement  between 

theory  and  experiment  requires  that  one  take  into  account  the 
(15  ) 

changes  surface  force  constants  from  the  bulk  values  and 

multiple  scattering  effects.  A particularly  noteworthy  case  is 

that  of  crystalline  xenon.  The  (111)  surface  has  been  studied 

( 16) 

experimentally  by  Ignatiev  and  Rhodin  and  analyzed  by  Tong, 

( 17) 

Rhodin,  and  Ignatiev.  ' The  scattering  is  highly  kinematic, 

and  the  surface  mean  square  displacements  extracted  from  the  data 

(a  c) 

are  in  excellent  agreement  with  theoretical  predictions. 
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A.  The  Energy  of  Interaction  of  a Defect  with  a Crystal 

We  confine  this  discussion  to  the  absolute  zero  of  tempera- 
ture. The  energy  of  interaction  between  the  point  defect  and  the 

crystal  surface  therefore  is  the  zero  point  energy  of  interaction. 

*»  2 

Let  us  denote  by  U(U)  ) the  Green's  function  for  a crystal 
slab,  and  by  3(u)2)  the  Green's  function  for  the  corresponding  cyclic 
crystal  containing  the  same  number  of  atoms.  It  is  a well  known 
result  that  the  change  in  the  zero  point  energy  of  the  crystal 
slab  due  to  the  introduction  of  the  point  defect  into  it  is  ^ 

AES  “ 2nT  J (^,n ^ ” U(z2)6L(z2)|  , (II. 8.1) 

c 

where  C is  any  closed  counterclockwise  contour  which  encloses  the 
zeroes  of  |l  - U6L|,  and  where  6~L(tu2)  describes  the  perturbation 
of  the  equations  of  motion  of  the  crystal  by  the  presence  of  the 
point  defect.  The  change  in  the  zero  point  energy  of  the  cyclic 
crystal  due  to  the  introduction  of  the  same  defect  into  it  is 

AEC  m 2^i  J d-tn 1 1 - G(z2)6L(z2)|  . (II. 8. 2) 

c 

The  difference  between  these  two  energy  changes  is  the  zero  point 
energy  of  interaction  between  the  point  defect  and  the  crystal 
surface.  It  is  straightforward^  to  show  that  it  is  given  by 
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As  a simple  example  we  calculate  in  Section  IV. 4. A the 
energy  of  interaction  of  an  isotopic  impurity  at  the  -Lth 
lattice  site  of  a monatomic  simple  cubic  lattice  with  a free 
surface  at  - 1.  In  this  case 


AEC 


3*  hwl* 

— 5 3 
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where  € - 1-  (M'/M)  and  M’  is  the  mass  of  the  impurity  while  H 
is  the  mass  of  the  atom  it  replaces;  uuL  is  the  maximum  bulk 
frequency.  Hence  the  interaction  energy  is  inversely  proportional 
to  the  fourth  power  of  the  distance  of  the  defect  from  the  boundary. 
The  interaction  is  one  of  attraction  if  0 < M'  < M,  while  it  is 
repulsive  if  M < M'  < ®. 

This  is  qualitatively  expected.  An  interaction  of  an  isotope 

with  a free  boundary  is  equivalent  to  that  between  the  isotope  and 

a very  light  impurity  at  the  surface  of  the  crystal  of  infinite 

mass.  If  both  are  heavier  than  a normal  lattice  atom,  a repulsion 

exists;  when  the  isotopic  defect  is  lighter,  it  interacts  with  a 

light  impurity  boundary  and  an  attraction  ensues.  Furthermore, 

o 

the  interactions  are  0(€)  rather  than  0(€  );  hence  the  interactions 
of  isotopes  with  boundaries  are  not  of  the  "image"  type  which  exist 
in  electrostatics  and  hydrodynamics. 

We  therefore  find  not  only  that  an  ordering  process  should 
exist  at  absolute  zero  temperature,  but  that  a coating  or  "frosting" 
of  light  isotopes  should  develop  in  a solid  isotopic  mixture,  leaving 
the  heavier  atomic  species  inside.  It  would  be  interesting  to  leave 
a hydrogen-deuterium  mixture  in  a liquid  helium  both  at  low  tempera- 
tures for  a long  period  to  observe  whether  the  separation  process 


II. 8. 4 


would  require  days  or  years.  Note  that  the  energy  of  the  boundary 
attraction  diminishes  as  the  inverse  fourth  power  of  the  distance 
while  the  attraction  energy,  between  a pair  of  isotopic  impurities 
in  the  bulk,  varies  as  the  inverse  seventh  power ^ . 

If  the  state  of  perfect  order  is  to  exist  at  low  temperatures, 
we  would  expect  holes  in  a lattice  to  be  attracted  to  a free  bound- 
ary and  hence  expelled  from  a crystal.  These  qualitative  expecta- 

(2) 

tions  have  been  confirmed  by  calculations  of  Uontroll  and  Potts 
who  showed  that  the  interaction  of  a hole  with  a free  boundary  in  a . 

three-dimensional  lattice  is  attractive  and  inversely  proportional 
to  the  square  of  the  distance  of  the  hole  from  the  boundary. 

Conclusions  similar  to  those  described  here  for  the  inter- 
actions of  defects  with  the  boundary  surfaces  of  crystals  have 

(3) 

also  been  obtained  by  Yamahuzi  and  Tanaka;  ' 

B.  Effects  of  Crystal  Surfaces  on  Dynamical  Properties  of 
Impurity  Atoms 

♦*  2 

If  the  Green’s  function  U(uu  ) for  an  otherwise  perfect 
crystal  possessing  free  surfaces  has  been  determined,  for  example 
by  any  of  the  methods  described  in  Section  II. 5,  it  can  be  used  to 
study  the  effects  of  surfaces  on  the  vibrations  of  impurity  atoms 
in  the  crystal. 

If  the  dynamical  properties  of  an  impurity  atom  or  defect  a , 

— 2 2 
described  by  a matrix  6L(U)  ),  we  can  introduce  a function  A(uj  ) 

for  a crystal  slab  by^ 

% 

A(w2)  - jl  - U(w2)6~L(uj2)!  (II. 8.6) 


— — — — — — i 
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(1)  2 ( 2 ) 2 

If  we  define  two  real  functions  A (uj  ) and  A (uj  ) of  the  real 
o 

variable  uj  by 

A (UJ2  ± io)  - A(1)(ui2)  * aA(2)(u>2)  , (II. 8. 7) 

then  the  equation  whose  solutions  are  the  frequencies  of  any  local- 
ized, gap,  and  resonance  modes  associated  with  the  impurity  atom  or 
defect  is 

A (1)  (uj2)  - 0 . (II. 8. 8) 

All  of  the  group  theoretic  methods ^ for  the  factorization, 

and  hence  simplification,  of  Eq.  (II. 8. 6)  for  the  case  of  a defect 

♦*  2 

in  an  otherwise  perfect  crystal,  in  which  case  U(u)  ) is  replaced 
— 2 

by  G(uu  ),  can  be  applied  to  the  simplification  of  Eq.  (II. 8. 6) 
itself.  In  applying  the  group  theoretic  and  symmetry  arguments  to 
this  end  it  must  be  kept  in  mind  that  the  symmetry  group  of  the 
defect  now  must  reflect  the  presence  of  the  free  surfaces  of  the 
slab,  and  in  general  is  a subgroup  of  the  symmetry  group  of  the 
same  defect  in  an  otherwise  perfect  crystal  . 

The  qualitative  nature  of  the  dependence  of  the  localized 
mode  frequencies  associated  with  a subsitutional  impurity  atom 
on  the  distance  of  the  impurity  from  a free  surface  can  be 
predicted  from  general  arguments,  without  any  detailed  calcu- 
lations. Because  a free  surface  can  be  obtained  by  softening 
(to  zero)  a large  number  of  force  constants  in  the  crystal,  the 
normal  mode  frequencies  of  a crystal  with  free  surfaces,  in- 
cluding the  localized  mode  frequencies,  will  be  depressed  com- 
pared with  the  corresponding  frequencies  in  a cyclic  crystal. 
Moreover,  because  the  point  symmetry  of  the  crystal  about  the 
defect  site  is  lowered  when  the  impurity  is  near  a surface,  if 
the  localized  modes  are  degenerate  the  possibility  exists  that 
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this  degeneracy  is  split.  Finally,  the  depression  and  splitting 
of  the  localized  mode  frequencies  tend  to  zero  with  increasing 
distance  of  the  impurity  from  the  free  surface. 

This  qualitative  results  have  been  confirmed  by  the  results 
of  detailed  calculations  by  Ashkin^^  for  an  isotopic  impurity 
close  to  an  (001)  surface  of  a simple  cubic  crystal  with  nearest 
and  next  nearest  neighbor,  central  force  interactions.  When  the 
impurity  is  in  the  surface  of  the  crystal  the  triply  degenerate 
localized  mode  to  which  this  impurity  gives  rise  when  it  is  in  the 
bulk  of  the  crystal  is  split  into  a doubly  degenerate  and  a non- 
degenerate mode,  of  which  the  latter  is  associated  with  the  vibra- 
tion of  the  impurity  normal  to  the  surface  and  has  the  higher  fre- 
quency. However,  the  localized  modes  have  already  taken  their  bulk 
character  by  the  time  the  impurity  is  only  one  atom  plane  into  the 
crystal.  This  is  probably  due  both  to  the  short  range  of  the  inter- 
atomic forces  in  the  crystal  model  studied  by  Ashkin,  and  to  the 
fact  that  only  very  high  frequency  localized  modes  (and  therefore 
highly  localized  modes)  were  considered  by  him.  Both  of  these 
facts  would  make  the  impurity  atom  insensitive  to  the  crystal  sur- 
face even  close  to  it.  The  splitting  of  the  degenerate  localized 
modes  for  an  impurity  in  the  surface  of  a crystal  could  be  observed 
in  the  one  phonon  cross  section  for  the  resonant  absorption  or 
emission  of  Y~rays  by  nuclei  bound  in  the  surface  of  a crystal. 

It  should  be  remarked  that  the  qualitative  conclusions  we 
have  drawn  for  localized  modes  in  the  preceding  paragraphs  apply 
M veil  to  the  resonance  modes  associated  with  heavy  impurities 
Me  serf  see  layers  of  a crystal. 
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The  Green's  function  approach  is  not  the  only  one  which  has 
been  shown  to  be  useful  in  the  solution  of  problems  connected  with 
the  interaction  of  impurity  atoms  with  crystal  surfaces.  Hori  and 
Asahi^5^  have  applied  the  transfer  matrix  method^  to  the 
study  of  the  localized  vibration  modes  which  arise  when  a suffi- 
ciently light  isotopic  impurity  is  present  at  one  of  the  ends  of 
a linear  chain  or  in  a corner  of  a two-dimensional  lattice.  For 
a discussion  of  this  approach  to  such  problems  the  reader  is 

referred  to  the  original  papers  of  these  authors. 

(7) 

Grimley  considered  an  adatom  on  a (100)  surface  of  a 

simple  model  of  a simple-cubic  lattice  (see  Section  IV. 4. c). 

He  obtained  an  expression  for  the  localized  mode  frequencies  using 
a Green's  function  technique. 

If  we  denote  the  Green's  function  for  crystal  with  free 

44  2 

surfaces  into  which  a point  defect  has  been  introduced  by  U’  (uj  ) 
the  equation  determining  this  function  is 

ft'  - U + U 6LU'  . (II. 8. 9) 

For  the  calculation  of  the  mean  square  displacement  or  the  mean 
square  velocity  of  the  impurity  atom,  on  the  basis  of  Eqs.  (II. 5.43a) 
and  ( 1 1. 5. 43b)  , respectively,  we  need  to  know  U' (u>  ) only  in  the 
space  of  the  impurity  atomf*^  The  solution  of  Eq.  (I I. 8. 9)  is 
particularly  simply  obtained  in  the  case  that  the  defect  is  an 
isotopic  impurityf®^  More  valuable  is  a solution  of  Eq.  (II. 8. 9) 
for  the  calculation  of  the  mean  square  displacement  of  an  impurity 
in  which  force  constant  changes  accompanying  the  introduction  of 
the  impurity  are  taken  into  account.  Some  results  of  such  a 
calculation  have  been  obtained  in  particular  by  an  expansion  near 
the  Einstein  approximation  (Section  II. 7). They  are  of 


particular  interest  for  the  theory  of  the  Mttssbauer  effect  for 
a resonance  nucleus  which,  as  is  commonly  the  case,  is  an  impurity 
in  the  surface  of  a crystal,  ' and  also  for  the  variation  with 
temperature  of  the  LEED  and  atom  scattering  intensities  (see 
Section  II. 7). 

The  first  experimental  work  which  bears  on  the  interaction  of 
impurity  atoms  with  crystal  surfaces  seems  to  be  that  of  Pliskin 

0.3) 

and  Eischens.  ’ These  authors  have  apparently  observed  infrared 
absorption  by  vibration  modes  associated  with  hydrogen  atoms 
adsorbed  on  platinum.  Two  different  absorption  peaks  were  seen, 
and  they  were  attributed  to  two  different  types  of  bonding  of 
the  hydrogen  atoms  to  the  platinum  surface.  When  deuterium  was 
substituted  for  hydrogen,  the  frequencies  of  these  peaks  were 
shifted  downward  by  a factor  of  1.39,  i.e.,  by  very  nearly  the 
square  root  of  the  ratio  of  the  mass  of  a deuterium  atom  to  the 
mass  of  a hydrogen  atom.  Since  that  time,  a great  deal  of  experi- 
mental work  has  been  devoted  to  the  vibration  of  adsorbed  atoms  and 

molecules  on  crystal  surfaces,  by  inelastic  low  energy  electron 
diffraction,  neutron  diffraction,  infrared  and  Raman  techniques 
C.  Effects  of  Impurity  Atoms  on  Dynamical  Properties  of 
Crystal  Surfaces 

It  is  pointed  out  in  Section  II. 3. A that  the  decay 
length  for  Rayleigh  surface  waves  is  of  the  order  of  their  wave- 
length parallel  to  the  crystal  surface.  Consequently,  the  dis- 
persion relation  for  a Rayleigh  wave  should  be  largely  insensitive 
to  perturbations  of  a crystal  whose  scale  is  small  compared  with 
the  wavelength  of  the  Rayleigh  wave.  Because  it  is  the  long 
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wavelength  vibrations  which  determine  the  low  temperature  thermo- 
dynamic functions  of  a crystal,  the  latter  will  also  not  be  affected 
by  the  presences  of  defects  whose  spatial  extent  is  small,  of  the 
order  of  a lattice  parameter,  e.g.,  point  defects.  Consequently, 
in  the  study  of  the  effects  of  defects  on  the  properties  of  surface 
vibration  modes,  or  on  crystalline  properties  in  which  the  dynamical 
properties  of  crystal  surfaces  play  the  dominant  role,  the  emphasis 
has  been  on  the  study  of  the  effects  of  an  adsorbed  monolayer  of 
impurity  atoms  on  the  physical  properties  of  interest.  There  is 
a theoretical  advantage  in  studying  the  effects  of  such  defects 
on  the  dynamical  properties  of  crystal  surfaces  as  compared  with 
point  defects  because  the  translational  periodicity  of  the  crystal 
parallel  to  the  free  surface  is  preserved  by  such  defects.  There- 
fore, the  calculations  of  the  dispersion  curves  for  surface  modes 
can  still  be  carried  out  by  the  same  methods  and  the  methods  of 
Section  II. 5 can  be  employed  for  the  calculation  of  the  Green's 
function  for  a crystal  with  an  adsorbed  monolayer  of  impurities. 

The  effects  of  point  defects  on  the  surface  modes  in  two- 
dimensional  lattice  have  been  the  subject  of  several  theoretical 
studies. 

By  the  use  of  the  transfer  matrix  method  Hori  and  Asahi^15^ 
have  shown  that  if  all  the  atoms  on  one  edge  of  a two-dimensional 
crystal  are  replaced  by  light  isotopes  of  the  same  mass,  surface 
modes  can  arise  in  which  the  atomic  displacements  decay  exponen- 
tially with  increasing  distance  into  the  crystal  from  the  free 
surface,  and  whose  frequencies  can  be  inside  or  outside  the  band 
of  frequencies  allowed  the  crystal  without  the  edge  of  impurities. 
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The  latter  problem  has  also  been  studied  from  a somewhat 
different  standpoint  and  by  a different  method  by  Kaplan;  ' 

He  was  Interested  in  the  consequences  for  the  Rayleigh  surface 
(in  the  present  context,  edge)  modes  on  a semi-infinite  two- 
dimensional  lattice  of  a row  of  isotopic  impurities  of  the  same 
mass  along  one  of  the  free  edges  of  the  lattice.  He  found  that 
the  impurities  do  not  affect  the  dispersion  curve  for  surface 
modes  in  the  long  wavelength  limit.  However,  at  shorter  wave- 
lengths the  presence  of  the  surface  impurity  layer  can  alter 
the  frequency  of  the  surface  mode,  or  can  even  suppress  the 
mode;  new  surface  modes  can  appear  whose  frequencies  are  higher 
or  lower  than  the  frequencies  of  the  bulk  of  the  crystal  for  the 
same  wave  vector. 

The  effects  on  the  normal  mode  frequencies  due  to  an  adsorbed 

layer  of  impurity  atoms  on  the  surface  of  a three-dimensional 

(17) 

crystal  were  studied  first  by  Dobrzynski  and  Mills' 

For  more  details  see  Section  IV. 3,  Dobrzynski  and  Mills  used  the 
simple  cubic  crystal  with  nearest  neighbor,  central  and  noncentral 
forces  in  their  investigations,  and  assumed  that  the  atoms  in  the 
adsorbed  layer,  deposited  on  a (001)  free  surface,  differ  from 
those  of  the  substrate  only  in  their  masses.  They  determined 
the  Green's  function  tJ'  (u»2)  for  the  perturbed  crystal  (Section  II. 3. A) 
where  £l(u>2)  now  describes  the  effects  of  changing  the  masses  of  all 
of  the  atoms  in  the  surface  layer  of  the  crystal,  and  used  this 
result  to  demonstrate  the  existence  of  impurity  induced  surface 
vibrational  modes  with  frequencies  above  the  vibrational  band  of 
the  bulk  crystal  as  well  as  below  it,  and  of  resonance  modes  with 
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frequencies  in  the  vibrational  band  of  the  bulk  crystal  for  certain 
ranges  of  values  of  the  impurity  mass.  Inasmuch  as  the  crystal  model 
used  in  these  calculations  does  not  admit  Rayleigh  surface  modes, 
the  influence  of  the  adsorbed  layer  on  Rayleigh  waves  could  not 
be  determined.  However,  Dobrzynski  and  Mills  also  calculated  the 
effect  of  the  adsorbed  layer  on  the  low  temperature  specific  heat 


of  the  crystal  and  found  that  it  does  not  alter  the  coefficient  of 
„2 


the  T term  from  the  value,  Eq.  (11.13.55)  it  has  for  the  crystal 
slab  in  the  absence  of  an  adsorbed  layer.  The  effects  of  the  adsorbed 
layer  first  show  up  in  the  specific  heat  in  the  coefficient  of  the 
T3  term.  This  result  is  consistent  with  the  qualitative  argument 


that  the  long  wavelength  modes  which  determine  the  coefficient  of 
n2 


the  T term  do  not  feel  a perturbation  whose  spatial  extent  normal 
to  the  surface  is  small  compared  with  their  wavelengths.  The 


result  is  also  valid  when  the  effect  of  varying  the  force  constants 


( 18) 

within  and  near  the  adsorbed  monolayer  is  taken  into  account;  ' 


They  studied  also  the  change  in  entropy  due  to  adsorption.  Indeed  , 
the  vibrational  contribution  is  essential  for  the  evaluation  of 
the  adsorption  entropies ^10”21^  which  can  be  obtained  by  measuring 


the  desorption  rate  of  the  adsorbed  particles  as  a function  of 
(19) 


or  by  analyzing  the  adsorption  isotherms  deter- 
(21) 


temperature 

mined  by  Auger  spectroscopy 

The  localized  modes  of  vibration  due  to  the  adsorption  of 
a monolayer  were  calculated  for  several  geometries:  (001) 
surfaces  of  b.c.c.  crystal  with  application  to  H on  W in  parti- 
cular^20’22^; (001)  surface  of  a simple  cubic  cyrstal  with 


1 


central  forces  between  pairs  of  nearest  and  second  nearest 
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neighbor  atoms^23^;  a f.c.c.  crystal  bounded  by  (lll)^2^  and 
(100)<25-26>  faces  with  application  to  adsorption  of  a rare  gas 
monolayer  on  another  "rare  gas"  solid.  In  Ref.  25  the  effect 
of  a static  relaxation  of  the  distance  between  substrate  and 
adsorbate  was  taken  into  account.  The  effect  of  a superstructure 
on  the  localized  modes  of  vibration  of  an  adsorbed  monolayer  was 
also  studied  first  on  a (2  x 1)  monolayer  superstructure  on  a 

/ 07) 

(001)  surface  of  a simple  cubic  crystal;  7 The  main  physical 
effects  one  can  expect  are  described  in  Section  IV. 3. B.  Specific 
calculations  were  done  for  c(2  x 2)  and  p(2  x 2)  monolayers  of 
S and  0 on  (001)  Ni^28-30\  x */5  monolayer  of  Xenon  on  (0001) 
graphite ^3*^  and  for  Argon  and  Nitrogen  monolayers  adsorbed  on 
graphite ^32^ . 

The  main  qualitative  effects  displayed  in  all  these  studies 

are  that  a heavy  monolayer  diminishes  the  frequencies  of  the 

localized  modes  and  new  modes  may  appear  below  the  bulk  bands 

for  a given  value  of  k||  . A light  monolayer  gives  the  opposite 

effects, and  in  particular  more  optical  surface  modes  appear  above 

the  bulk  bands.  An  increase  (or  decrease)  in  the  surface  force 

constants  has  a similar  effect  to  a light  (or  heavy)  monolayer. 

In  particular  the  variation  of  the  frequency  of  a Rayleigh  wave 

when  a monolayer  is  adsorbed  is  small,  because  the  Rayleigh  wave 

penetration  is  proportional  to  their  wavelength,  which  is  much 

larger  than  the  thickness  of  the  adsorbed  monolayer.  However, 

this  variation  can  be  detected  as  very  precise  measures  of  the 

/ 33 \ 

Rayleigh  wave  frequencies  can  be  carried  out.  7 

The  effect  of  anharmonicity  and  of  temperature  on  the 

(34) 

localized  modes  of  an  adsorbed  monolayer  was  recently  studied' 
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with  the  approach  described  for  a free  surface  in  Section  II. 11. 

It  was  found  in  the  cases  of  (001)  ^34^  and  (111)  ^36^  monolayers 
of  one  rare  gas  adsorbed  on  another  rare  gas  substrate  that  some 
acoustic  modes  may  become  soft  at  a given  temperature  which  could 
be  the  signature  of  a second  order  phase  transition  to  a new  super- 
structure.  The  variation  with  temperature  of  the  optical  localized 
* mode  due  to  a monolayer  of  0 on  (001)  Ni  was  also  estimated and 

found  to  be  measurable  with  the  present  experimental  precisions. 

..  These  high  frequency  modes  due  to  adsorption  are  measured 

through  the  inelastic  scattering  of  low  energy  electrons,  atoms 
or  neutrons,  as  well  as  by  infrared  and  Raman  techniques ^ 14 ^ . 

, Finally,  let  us  mention  that  the  mean  square  displacement 

of  an  atom  within  a physlsorbed  monolayer  diverges  logarithmi- 
cally^36^ when  the  ratio  between  the  force  constant  coupling  the 
physlsorbed  atoms  to  the  substrate  and  the  force  constant  coupling 
the  physlsorbed  atoms  among  themselves  is  diverging  (see 
Section  IV. 3. C). 
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II. 9.1 

9.  Indirect  Interactions  of  Adatoms  on  a Crystal  Surface 

Chemisorption,  and  to  a lesser  degree  physisorption,  has 

been  extensively  studied  in  several  laboratories  in  recent  years. 

The  well-defined  structures  within  the  surface  adlayer  are  often 

different  in  structure  from  the  surface  layer  of  the  adsorbate. 

Of  fundamental  importance  in  understanding  these  various  patterns 

is  an  understanding  of  the  interaction  energy  between  two  adatoms. 

This  interaction  can  be  direct  and  it  can  also  be  indirect, 

through  the  substrate.  The  direct,  dipole  - dipole,  interaction 

between  two  adatoms  on  a metal  surface  has  been  determined  by 

Kohn  and  Lau  5 1 ^ The  indirect  interaction  between  two  adatoms 

on  a metal  substrate,  mediated  by  the  conduction  electrons, 

(2-3)  ( 4 ) 

has  been  discussed  by  Grimley  and  by  Einstein  and  Schrieffer. 

The  indirect  interaction  of  two  adatoms  through  the  phonon  field  of 

( 5 \ 

the  substrate  has  been  studied  by  Schick  and  Campbell  and  by 
Cunningham  et  al  S 6 "Recently  Lau  and  Kohn  ^ 8 ^have  investigated 
the  interaction  between  two  adatoms  mediated  by  the  elastic  dis- 
tortion of  the  substrate  to  which  each  gives  rise,  to  which  the 
interaction  studied  by  Cunningham  et  al.  is  the  leading  quantum 
correction.  Lau  and  Kohn  have  shown  that  the  interaction  caused 
by  the  elastic  distortion  of  the  substrate  is  three  or  four 
orders  of  magnitude  larger  than  that  arising  from  the  phonon 
field.  More  recently  the  interaction  between  two  adatoms  mediated 

by  the  elastic  distortion  of  the  substrate  has  also  been  studied 
( 3 ) 

by  Stoneham,  7 who  obtains  results  qualitatively  similar  to  those 
of  Lau  and  Kohn. 
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In  this  section  we  outline  a theory  of  the  indirect  inter- 
action of  two  adatoms  on  a crystal  surface  which  incorporates  in 


| 


a unified  way  both  the  indirect  interaction  arising  from  the 
elastic  distortion  of  the  substrate  by  the  adatoms  and  that 
arising  from  the  phonon  field. 

Rather  than  maintaining  complete  generality  in  this  dis- 
cussion we  specialize  immediately  to  the  case  of  a semi-infinite 
Bravais  crystal  occupying  the  lower  half  space  xg  £ 0 (definition 
(B.2)).  The  lattice  sites  of  this  crystal  will  be  given  by 
the  vectors  x(-t)  = -C^i^  + l2&2  + ^3*3’  where  the  primitive 
translation  vectors  a^  and  a2  are  parallel  to  the  surface  of  the 
crystal,  while  a^  has  a component  normal  to  the  surface,  and  £ 0. 
The  rest  positions  of  the  two  adatoms,  assumed  to  be  identical, 
are  given  by  X||(l)  + x3rQ  and  X||(2)  + x3rQ,  where  Xj|(i)(i  = 1,2) 
have  only  components  parallel  to  the  surface  and  do  not  necessarily 
coincide  with  any  of  the  vectors  + t2*2'  Tliat  is>  an  adatom 

is  not  assumed  to  be  situated  directly  above  one  of  the  atoms 
of  the  substrate,  but  can  be  situated  above  an  interstitial 
position.  The  distance  rQ  is  the  distance  above  the  surface 
of  the  crystal  at  which  the  interaction  energy  of  the  adatom  and 
the  crystal,  for  a give  xn ( 1)  is  a minimum,  when  the  atoms 
of  the  crystal  are  held  fixed  in  the  rest  positions  they  have 
in  the  absence  of  the  adatom.  The  fact  that  each  of  the  adatoms 
is  at  the  same  distance  above  the  surface  implies  that  each 
occupies  a position  with  respect  to  the  atoms  of  the  substrate  which 
can  be  sent  into  the  other  by  one  of  the  symmetry  operations  of  the 
semi-infinite  crystal.  In  particular,  we  will  assume  that  the  two 
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vectors  X||(l)  and  x||(2)  differ  by  one  of  the  vectors  t^aj  + t2a2' 
The  potential  energy  of  the  semi-infinite  crystal  and  of 
the  two  adatoms  which  are  interacting  with  the  crystal  can 
be  written  in  the  harmonic  approximation  as 


* - i s Zi „oUi‘n  + 2 If  (i|t)5  U)  + 

lat'Q  ap  a p i la  a a 

+ 4 ? 5 tVaf<i|",)?aW,5|,<t‘)  + 

+ £ £IWu)Sa<t>Vi)  + * J 5<W1a<i>V1)  • <II-9-1) 

In  this  expression  § (-t)  is  the  a Cartesian  component  of  the  dis- 
placement  of  the  atom  of  the  semi-infinite  crystal  from  the 
rest  position  it  would  occupy  in  the  absence  of  the  adatoms; 
ti  (i)  is  the  a Cartesian  component  of  the  displacement  of  the  ith 

U) 

adatom  (i  ■ 1,2)  from  its  rest  position.  The  terms  linear  in 
the  {§(£)}  arise  from  the  forces  exerted  by  the  adatoms  on  the 

Ui 

atoms  of  the  crystal.  Note  that  there  are  no  terms  linear  in 
the  { (i>  } . This  is  because  the  rest  position  of  the  ith  adatom, 

X|j(i)  + x3rQ,  is  determined  from  the  condition  that  there  be  no 
net  force  acting  on  that  adatom  when  the  atoms  of  the  crystal  are 
in  the  rest  positions  they  would  have  in  the  absence  of  the 
adatom  {§a(-6)  = 0}  and  it  is  at  its  rest  position.  Note  that 
we  also  have  not  included  any  terms  corresponding  to  the  direct 
interaction  of  two  adatoms. 
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From  Eq.  (IX. 9.1)  the  direct  effect  of  each  adatom  on  the 
substrate  is  seen  to  be  twofold:  it  perturbs  the  atomic  force 
constants  of  the  substrate  in  its  immediate  vicinity,  through  the 
[A  (i  | -t-t ')  } ; and  it  exerts  forces  on  the  atoms  of  the  substrate 
through  the  tfa(i|«).  We  will  see  below  that  there  is  also  an 
indirect  perturbation  of  the  atomic  force  constants  of  the  sub- 
strate through  the  {Bag(-ti)}. 

The  kinetic  energy  of  the  system  is  given  by 


T - $M  Z i2nU)  + i®  S t£(1) 

la  a ia  a 
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where  H is  the  mass  of  an  atom  of  the  crystal,  and  m is  the  mass 
of  an  adatom.  The  equations  of  motion  of  the  crystal  and  of  the 

adatoms  are: 


IK  U)  - - - - Z “ SF  (i|4)  - 


- Z Z A .Cilit'JSgU')  - 

i t'p  ae  13 

- Z B_a(u)tie(i) 


ip 


ap  P 


- m . _ sc  Qna(i)  - SB.  u'DSgU') 

mTla(i>  " ^Tiy  g ap  'p  pa  P 


(II. 9. 3a) 


(II. 9. 3b) 


To  solve  these  equations  we  write  each  of  the  displacements 

5 U)  and  t\  (i)  as  the  sum  of  two  contributions 

OL 

(o)/t\  . „ /t.+\  (II. 9. 4a) 


?a<«  ' ?a  W + aaUit> 

n(i)  - T,(o>(i)  ♦ Vl!t) 


(II. 9. 4b) 
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In  each  case  the  first  term  gives  the  static  relaxation  in  the 
rest  positions  of  the  atoms  of  the  crystal  and  of  the  adatoms; 
the  second  describes  the  dynamical  displacements  of  these  atoms 
and  adatoms  from  their  nev  rest  positions.  When  Eqs.  (I I. 9. 4) 
are  substituted  into  Eqs.  (II. 9. 3),  the  latter  can  be  rewritten 
in  the  forms 
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provided  that  the  two  auxiliary  equations 
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(II. 9. 6a) 

(II. 9. 6b) 


are  also  satisfied. 

We  consider  the  latter  pair  of  equations  first.  To  simplify 
the  analysis  slightly  we  will  assume  that  the  adatom  force  constant 
is  diagonal,  and  we  write  it  as 

c_.  - l.JW?  (II. 9. 7) 
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We  can  then  solve  Eq.  (II. 9. 6b)  for  n^o) (i) , with  the  result  that 

r,<o)(i) K SB*  (iO§<0)U')  • (II. 9.8) 

a mur  -t'p  ap  9 

a 

When  Eq.  (I 1.9. 8)  is  substituted  into  Eq.  (I 1.9. 6a)  the  equations 
for  the  static  displacements  of  the  atoms  of  the  semi-infinte 
crystal  take  the  form 


r 


If  we  introduce  the  matrix  11^(44*)  as  the  solution  of  the 
equation 


(II. 9. 9) 


then  the  formal  solution  of  Eq.  (II. 9. 9)  is 


(II. 9. 10) 
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These  results  enable  us  to  obtain  the  energy  of  interaction 
of  the  two  adatoms  through  the  elastic  distortion  of  the  substrate. 
From  Eqs.  (II. 9.1)  and  (II. 9. 4)  and  (II. 9. 6),  we  see  that  the 
static  potential  energy  of  our  system  is 
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#S  ‘ i£iV‘ae<“,)  +f  AaBa|"'>1?l0)(t>?80>a,)  + 
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We  now  multiply  Eq.  (II. 9. 6a)  by  (l)  and  sum  over  l and  a. 

We  next  multiply  Eq.  (II. 9. 6b)  by  (i)  and  sum  over  i and  a. 

In  this  way  we  obtain  the  relations 


* H + i Aae(i|tt')1;a0)<t)!B0)a')  + 
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Combining  Eqs.  (II. 9. 12)  and  (II. 9. 13)  we  find  that  the  static 
potential  energy  of  our  system  takes  the  simple  form 

$s  - i S L Fa(i|t)?^o)(t)  (II. 9. 14) 

i la 

Equation  (II. 9. 14)  has  a simple  physical  interpretation.  It 
represents  the  work  done  on  the  crystal  by  the  external  forces 
(F^dl't)}  acting  through  the  displacements  to  which  they  give 
rise,  with  the  forces  increasing  linearly  from  zero  values  to 


(II. 9. 13a) 


- 0 

(II. 9. 13b) 


their  full  values. 


II. 9. 8 


If  we  substitute  Eq.  (II. 9. 11)  into  Eq.  (II. 9. 14)  we  obtain 
for  the  static  potential  energy 


*-  - - i S Z EF  <i|*)lJ  flU*')F_(j|<,') 
S ij  a a{3  9 


(II. 9. 15) 


The  result  given  by  Eq,  (I I. 9. 15)  is  the  total,  static 
potential  energy  of  our  system  in  the  presence  of  both  adatoms 
above  the  substrate.  The  energy  of  interaction  of  the  two 
adatoms  is  obtained  by  subtracting  from  this  expression  the 
static  potential  energy  of  our  system  associated  with  the  presence 
of  each  adatom  separately  above  the  substrate.  Without  going 
into  the  details  of  the  calculation,  which  parallels  the  deri- 
vation of  Eq.  (II. 9. 15),  we  present  only  the  final  result 
for  each  of  the  latter  two  energies.  If  only  adatom  1 is  present 
above  the  substrate,  the  static  potential  energy  of  our  system  is 


- - i S S F (l|t)uJg;at')F  (l|t')  , 

s lal'B  a aP  0 

where  the  matrix  U^(U')  is  the  solution  of  the  equation 

otp 


(II. 9. 16a) 


b.JU)b.(ui 


?K.(«')  + An(l<l|«'>  ■ 


X (*'*")  - iay‘u«  ■ 


(II. 9. 16b) 


If  only  adatom  2 is  present  above  the  substrate,  the  static  potential 
energy  of  our  system  is  given  by  a similar  expression 


II. 9. 9 


‘s2)  - - ■ 

where  the  matrix  U^)(^/)  is  the  solution  of  the  equation 

£{*„»<“'>  * «„<■!«*'>  - z^<<a>,^m'’}  . 

^ PL  X »UJ^  J 

X U™u'l")  -6aY6tt//# 


(II. 9. 17 


(II. 9. 17b) 


The  static  energy  of  interaction  of  the  two  adatoms  is  therefore 


given  by 


* S ; int . 


i - «<*>.  *(2) 
*S  *S  *S 


"“w'liV1!1'1 


+ Fa(l|t)Dap(tt/)Fp(2f^/)  + Fa(2|-OUag(^/)Fp(l|t/)  + 

+ Fa(2|t)CUap(ttO  - U^>(*0]Ff3(2|0}  • (II. 9. 18) 

This  result  can  be  simplified  somewhat.  The  difference 
UapU*')  - (<t<t/)  (i  ” 1,2)  can  be  written  compactly  as 


0aB<«'>  - »$><«'>  - 


X o6BU"V>  , 


(II. 9. 19) 
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where 


M<jp(44') 


Acr0(ilU  > -S  

X nvju. 


(II. 9. 20) 


and  we  have  used  the  notation  I - 2,  2 - 1.  In  addition,  the 
matrix  Uag(44*)  can  readily  be  shown  to  be  symmetric: 

• It  follows,  therefore,  that  the  static, 


'0a' 

indirect  energy  of  interaction  of  the  two  adatoms  is  given  by 


•sjint  - -£  £ V1<*)VM'>V*lt')  + 

+ i Pa  % Py  h tF«a|t)U«i)(U',‘,^)<t'° 


x U^U^'^aJt')  + Fa(2|t)U^)  x 


,(D 


X Ujp(-tM'-t#)Fg  (2|4/)  } 


(II. 9. 21) 


A calculation  of  the  energy  of  interaction  of  two  adatoms 
based  on  Eq.  (I 1.9. 21)  has  not  been  carried  out  yet.  Lau  and 
Kohnv  have  evaluated  the  interaction  energy  be  neglecting  the 
coefficients  {A^dl-l-t/)  } and  [Bag(4i)},  in  which  case  the  matrices 
{ll£jp  (44')  } vanish  identically,  and  the  Green's  function  U„fl(44/) 


is  replaced  by  the  Green's  function  (44/)  , which  is  the  static 

ap 

Green's  function  for  a semi-infinite  crystal  with  a free  surface. 
The  latter  Green's  function  is  the  solution  of  the  equation 

5 - Vu-  . 

V P 


(II. 9. 22) 


II. 9. 11 


In  addition,  Lau  and  Kohn^  , Stoneham^  and  Uaradudln  and 
Wallis^10^  replaced  the  semi-infinite  crystal  by  a semi-infinite, 
isotropic  elastic  continuum  bounded  by  a planar,  stress-free 
surface.  They  find  that  the  interaction  energy  (I I. 9. 21)  varies 
as  |x||(i)  - X||(2)|“3,  for  large  |x||(l)  - X||(2)|,  and  is  of  the 
order  of  0.2  eV  when  the  two  adatoms  are  separated  along  the  sur- 
face by  a distance  of  the  order  of  the  lattice  parameter  a. 

Ve  turn  now  to  the  indirect  interaction  of  the  two  adatoms 
mediated  by  the  phonons  of  the  substrate  We  begin  by  assuming 
harmonic  time  dependences,  proportional  to  exp(-iujt)  , for  the 
dynamical  displacements  u (4;t)  and  v (i;t).  Then  with  the  aid 

Of  Of 

of  Eq.  (II. 9. 7)  we  can  solve  Eq.  (II. 9. 5b)  to  obtain  v (i)  as  a 

Or 

function  of  u (4) : 

or 


v°  - 


- a -a.  frt  • 

m(uu  -uO  t ? p p 


(II. 9. 23) 


When  this  result  is  substituted  into  Eq.(II.9.5a) , we  obtain  the 
time  independent  equations  of  motion  of  the  atoms  of  the  substrate 
alone , 

Ma)2ua(0  - + £ Aa0(i|^#)}up(t/)  + 

I t a 1 


V 0 


iX 


m(uj  “tu^) 


V4#>  . 


(II. 9. 24) 


Equation  (II. 9. 24)  can  be  rewritten  formally  as 


Equation  (II. 9. 25)  can  be  rewritten  in  its  turn  in  the  form 


where  the  matrix  U Atl' ; ui  ) is  the  dynamical  Green's  function 

Q(p 

for  a semi-infinite  crystal  discussed  in  Section  II. 5.  It  is 
the  solution  of  the  equation 


^ La0C«';,.2)D8Y(t't';»J2)  - 5ay4w. 

t'e 


(II. 9. 29) 


The  solvability  condition  for  Eq.(II.9.28)  is  the  vanishing  of 
the  determinant  of  the  coefficients 


A12(u,2)  " I*-  U(u>2)  6L(u>2)  | - 0 


(II. 9. 30) 


This  equation  gives  the  frequencies  of  the  normal  modes  of  the 
slab  which  are  perturbed  by  the  presence  of  the  two  adatoms . 


E 
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The  expression  for  ) can  be  simplified  considerably. 
On  the  assumption  that  each  adatom  interacts  only  with  atoms  of 
the  substrate  in  its  immediate  vicinity,  the  elements  of  the 


matrix  6l/^  (.It*  ;«u2)  are  nonzero  only  for  sites  l and  l1  in  the 


immediate  vicinity  of  the  vector  x.|(i).  If  we  define  the  lattice 


sites  of  the  substrate  directly  touched  by  the  presence  of  the 


th 


i adatom  as  the  defect  space  of  that  adatom,  then  by  suitably 


o 

labelling  rows  and  columns  of  the  matrix  4L(u>  ) we  can  partition 


it  in  the  form 


/ 


6L(<u2)  1 


6L(1>(ou2)  0 

<5  6L<2)  (oj2) 


\ 


5 


0 

0 

0 
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4^  2 

The  matrix  U(u>  ) can  be  partitioned  in  the  same  way: 


/= 


11 


2 

U(uu2) 


‘21 


‘31 


(w2) 

Ui2(«i2) 

Ui3(u)2)  \ 

(cu2) 

«22(u,2) 

u23((«2) 

• 

(II. 9. 32) 

(u»2) 

u32((«2) 

1 

533(«2> / 

It  follows  that  the  determinant  a12(uu ) > defined  by  Eq.  (II'. 9. 30) 
simplifies  to 


*12<*  > - 


1 - S11(oU2)6L(1)(u,2) 

- u12(u,2)?L(2)(uj2) 

- u21(u,2)SL(1)(ou2) 

I - S22(uj2)61(2)(102) 

(II. 9. 33) 
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In  the  case  that  only  adatom  1 is  present  above  the  sub- 
strate, the  corresponding  defect  determinant,  which  we  will  denote 


by  Aj(u>  ) is  given  by 


^(ou2) 


I - u11(u,2)fil(1)((«2) 


(II. 9. 34) 


When  only  adatom  2 is  present  above  the  substrate,  the  correspond- 

o 

ing  defect  determinant,  a2(u>  is  Siven  by 


A2(ou2) 


I - u22(tu2)6L(2)  (u»2) 


(II. 9. 35) 


If  we  are  concerned  with  some  additive  function  of  the 
normal  mode  frequencies  of  our  system, 


S - S f(ou  ) , 
s s 


(II. 9. 36) 


then  it  is  a well  known  result  that  the  ” interact ion-S"  between 
two  defects  in  the  system  is^11^ 


AS 


12  2tt1 


Jj-  J f(C)d^A(C2)  , 


(II. 9. 37) 


where 


A(cu2) 


(II. 9. 38) 


counterclockwise  contour  that  encloses 


I 


and  where  C is  any  closed, 


II. 9. 15 


1 


1 


the  zeros  of  &( C2)  , A-^C2)  » A2(C2)  > but  none  of  the  poles  of  f (£)  . 

In  the  present  case  it  is  the  interaction  Helmholtz  free 
energy  that  is  being  sought.  In  the  limit  of  low  temperatures 
this  function  can  be  expanded  in  powers  of  the  absolute  temper- 
ature as^11^ 

knT 

AF(T)  “ AEq  - -2— 


(II. 9. 39) 

where  (0)  is  the  nth  derivative  at  the  origin  of  the  function 
fl(f)  defined  by 


n(f)  - ^feA(-uiJf2)  , (II. 9. 40) 

in  which  tuL  is  the  largest  normal  mode  frequency  of  the  substrate 
in  the  absence  of  the  two  adatoms.  In  Eq.  (II. 9. 39)  aEq  is  the 
zero  point  energy  of  interaction  between  the  two  adatoms,  and 
is  given  by 

huiT  » 

iEo  - - -5f  J fn<«df 
o 

os 

hlUj  />  0 9 

- J tnL  (-u)£Odf  . (II. 9. 41) 

o 


The  second  form  of  Eq.  (I I. 9. 41)  is  obtained  by  integrating  the 
first  by  parts  and  using  Eq.  (II. 9. 40). 


f 1 


II. 9. 16 


In  the  high  temperature  limit  a convenient  expression  for 
the  interaction  free  energy  is  given  by 


AF(T) 


kBT 


[Ml  \ 

trf  A (0)1 

M | j 


+ kBT 


n-1 


t H I n 


(II.  9. 42) 


where  “ n(2rrkBT/ft)  , and  M and  M are  the  (diagonal)  matrices 
whose  elements  are  the  masses  of  the  atoms  in  the  perturbed  and 
unperturbed  substrates,  respectively.  In  the  present  case  the 
perturbation  of  the  vibrations  of  the  substrate  by  the  presence 
of  the  two  adatoms  is  expressed  by  a (frequency  dependent)  change 
in  the  atomic  force  constants  of  the  substrate  in  the  vicinity 
of  each  adatom.  The  masses  of  the  atoms  of  the  substrate  are 
left  unaltered  by  such  a perturbation,  so  that  in  the  present 
case  |M|  - | Mq | . In  addition,  in  the  present  case  it  can  be 
shown  that  toi  ( 0)  =0,  so  that  Eq.  (II. 9. 42)  takes  the  simpler 
form 


Ml 

AF(T)  - kgT  ^ fcA  (-uuj|) 


(II. 9. 43) 


n-1 


The  preceding  results  have  been  used  by  Cunningham  et  al. 
for  a simple  lattice  dynamical  model  to  study  the  Helmholtz  free 
energy  of  interaction  of  two  identical  adatoms  mediated  by  the 
phonon  of  the  substrate.  They  find  that  the  zero  point  energy 


(6-7) 


I 
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1 

of  Interaction  Is  negative,  varies  Inversely  with  the  seventh 
power  of  their  separation  along  the  surface,  is  proportional  to 
the  square  of  the  ratio  of  the  mass  of  the  adatoms  to  the  mass 
of  an  atom  of  the  substrate  ,(m/M)  2 , and  is  of  the  order  of  10"*4ftiuL 
in  magnitude  when  the  two  adatoms  are  separated  by  a distance 
of  the  order  of  an  interatomic  spacing.  The  leading  temperature 
dependent  contribution  to  the  interaction  free  energy  at  low 
temperatures  is  proportional  to  the  sixth  power  of  the  absolute 
temperature  and  is  also  negative.  In  the  high  temperature  limit 
the  free  energy  is  again  negative  and  decreases  to  zero  with 
increasing  temperature  as  where  p - 2(m^  + m2  + 1)  and  m^  and 

m2  are  defined  by  x„(l)  - x„  C2>  -(m.^,  m2a0>  , with  aQ 

the  lattice  parameter.  At  all  temperatures  the  free  energy  of 
interaction  is  found  to  be  attractive. 

The  existing  calculations  of  the  indirect  interaction  of 
two  adatoms  on  a solid  surface,  mediated  both  by  the  elastic 
distortion  of  the  substrate  and  by  the  phonons  of  the  substrate, 
can  be  refined  along  the  lines  indicated  in  this  Section.  How- 
ever, the  general  properties  of  both  types  of  interaction  are 
now  beginning  to  be  understood  on  the  basis  of  the  existing  work. 


"" 
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10.  Scattering  of  Phonons  by  Crystal  Surfaces 


At  very  low  temperatures  the  phonons  of  principal  interest 


in  calculating  the  lattice  thermal  conductivity  are  acoustical 


phonons  of  very  long  wavelength.  The  most  important  scattering 


mechanism  for  such  phonons  is  scattering  by  the  crystal  boundaries 


Other  possible  phonon  scattering  mechanisms  become  ineffective  in 


the  limit  of  very  long  wavelengths,  and  the  mean  free  path  for 


phonons  becomes  comparable  to  the  linear  dimensions  of  the 


crystal.  An  important  quantity,  therefore,  in  calculations  of 


for  the  scattering  of  a phonon  with 


wave  vector  k and  branch  index  j from  crystal  surfaces.  We  may 


define  this  quantity  as  the  inverse  of  the  time  required  for  the 


deviation  6n£j  of  the  occupation  number  ng.,  from  its  equilibrium 
value  n£.  at  a given  temperature  to  relax  to  1/e  of  its  initial 


value  when  all  of  the  other  modes  have  the  thermal  equilibrium 


values  for  their  occupation  numbers..  The  inverse 
relaxation  time  can  be  expressed  in  terms  of  the  so-called 


Casimlr  length  £ by  the  relation 


speed  of  sound.  The  Casimir  length  is  roughly  a typical  dimension 


The  first  step  in  calculating  Tgj  is  to  obtain  the  rate 
Wflc'j'  -*  kj)  at  which  a lattice  wave  u^Cic'j')  is  scattered  by  a 
crystal  surface  into  the  wave  u^(kj).  Using  the  Fermi  golden 


rule,  we  can  express  this  rate  as 


where  T(ix,  I'x1  ;ouj  (k) ) is  the  scattering  matrix  for  boundary  scat 
tering  and  is  the  frequency  of  mode  (Ic.j).  The  lattice  wave 
displacement  field  component  u^flcj)  can  be  chosen  to  have  the 


. 4 

where  w (x  kj)  is  an  eigenvector  component  of  the  dynamical  matrix 
at  1 

of  the  periodic  crystal.  If  the  time-independent  equations  of 
motion  for  the  crystal  with  boundaries  are  written  in  the  form 


61  is  the  change  produced 


the  equation 


where  £ is  the  Green's  function  for  the  periodic  crystal.  We  shall 
evaluate  T for  specific  cases  later. 

We  now  relate  the  inverse  relaxation  time  to  the  scattering 


The  time  rate  of  change  of  the  occupation  number 


...  ... 


II. 10.3 

For  tbe  cases  of  interest  bere,  we  have  tbe  symmetry  relation 

WOc'j'  - Sj)  - W(£j  - ft'j')  (II. 10. 6) 

so  that  Eq.  (I I. 10. 5)  becomes 


dn$j 


ST  " ■*  ^ 


(II. 10.7) 


We  note  that  tbe  right  band  side  of  this  equation  vanishes  when 
(k'j7)  - (4j);  consequently,  we  can  explicitly  exclude  tbe  contri- 
butions of  these  terms  from  tbe  sums  over  2'  and  j* . Recalling  the 
definition  of  tbe  inverse  relaxation  time,  we  write 

4nltj  • °t)  - h)  • (II. 10.8) 

and  set  n£/j/  - ng'j/  for  (k#j'  * (£j).  Equation  (II. 10. 7)  then 
takes  tbe  form 


(II. 10. 9) 


3T  SnSj  ' “S3  ■‘”S3) 

where  tbe  prime  on  tbe  sum  means  that  tbe  term  for  (tf'j')  “ (£j) 
is  excluded.  From  Eq.  (II. 10.1)  we  see  that  Wdf'j'  - tj)  vanishes 
unless  u)j/(k4)  - u)j(ic).  Since  ngj  depends  on  ? and  j only  tbrougb 
its  dependence  on  u>j(is),  we  see  that  Eq.  (II. 10.9)  reduces  to  tbe 
simple  form 

d 


£ 6nSj  - 


1 

Th 


6nSj 


(II. 10. 10) 


(II. 10. 11) 


Thus , tbe  inverse  relaxation  time  is  given  by 
-1 


tV,rtV  "*J)  • 


■■ 


(11.10.12) 


II. 10. 4 

We  now  proceed  to  evaluate  the  scattering  matrix  ¥ by  first 
expressing  it  as  a double  Fourier  transform 

i 


;u)  ) 


W 


(11.10.13) 


(11.10.14) 


NX  g?  Wo(xJkljl)  X 

1J1  2J2 

x t(k1jlfk2J2;ti)2)wp(x/|S2d2)eikl*x(<'x)+ig2‘x(<'/x/) 

Substituting  Eq.  (11.10.13)  into  Eq.  (II. 10.1)  gives 

, ->  „ |t(S/j/,-gj,uu2(S)+io)|2 

w(k/J/ -kj)-5J — — 1 *(v*)-v(s » 

Combining  Eqs.  (11.10.12)  and  (11.10.14),  we  obtain 

rZ]  " 5 “TT  h?'  | t(ic,j/,-gj;u,2(g)+i0)|26((jui(«)-a), ,(«'))  . (II. 10. 15) 

KJ  2 ujj  (k)  it'd  J 3 3 

To  calculate  the  inverse  relaxation  time  explicitly,  we  use  the 

model  of  a monatomic  simple  cubic  crystal  with  nearest  neighbor 

(4) 

central  and  noncentral  interactions.  When  the  central  and  noncentral 
force  constants  are  equal  and  the  crystal  has  the  form  of  a slab 
with  faces  perpendicular  to  the  z-axis,  one  finds  that 

|t(^/j/,icj;u)2(lt)+iO)|2  - ((bJ/M.2)^,  6 (kx-kp  5 (ky-kp  x 

(11.10.16) 


x cos2(aQkz/2)  sin2(aQkz/2)  , 

where  u>L  is  the  largest  normal  mode  frequency  of  the  periodic 
crystal,  L is  the  slab  thickness,  and  aQ  is  the  lattice  constant. 
If  this  result  is  now  substituted  into  Eq.  (11.10.15),  we  obtain 
the  inverse  relaxation  time  in  the  form 


(11.10.17) 


-1  _ c “l  |sin(aokz/2)cos(a0kz/2)j 

T<J'E^  .<t> 

where  c - a.Qw^/2  /jj1  is  the  speed  of  sound  for  this  crystal  model  and 


II. 10.5 


>(&)-  (u>L//3T[sin2(a0kx/2)  + sin2(aQky/2)  + sin2(aokz/2)] 


Differentiation  of  Eq.  (11.10.18)  yields  the  result 


(11.10.18) 


3u)(k)  a in.  sin  (a  k /2)  cos  (a  k/2) 

— Q Li  O Z O Z 

3kz  6(1)  (5) 

which  can  be  used  to  re-express  Eq.  (11.10.17)  as 

3tu  (5) 

T£j  " L 3kz 

cd) 


(11.10.19) 


(11.10.20) 


(11.10.21) 


where  c(is)  - | 3uu(ic)/3kz|  is  the  z-component  of  the  phonon  group 
velocity.  Thus,  for  this  model,  the  Casimir  length  is  simply  the 
slab  thickness. 

We  see  from  Eqs.  (11.10.19)  and  (11.10.20)  that  for 

i?|l  * 0 (it||  - (kx,ky,0)),  Tgj  vanishes  when  k2  - 0 and  when 

kz  “ rr/a.Q.  The  former  result  is  a direct  consequence  of  the  fact 

that  phonons  with  k ■ 0 and  £||  * 0 propagate  parallel  to  the 

z 

free  surfaces  and  are  not  scattered  by  them.  In  the  latter  case 
the  z-component  of  the  phonon  group  velocity  vanishes  for  k on  the 

Z 

Brillouin  zone  boundary,  irrespective  of  the  values  of  k and  k . 

x y 

Phonons  for  which  the  component  of  group  velocity  normal  to  the 

free  surfaces  vanishes  will  not  be  scattered  by  these  surfaces. 

One  can  also  evaluate  the  scattering  matrix  t(kj  ,k ' j ' ;uj  ) 

analytically  for  the  simple  cubic  crystal  with  nearest  and  next- 

(4) 

nearest  neighbor  central  force  interactions.  The  Inverse  relaxation 
time  is  found  to  be  expressible  in  the  form 
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i i Sid  • (k)  ^ 

<*\  -r  -si—  • k ' (0-°-k*>- 


(11.10.22) 


This  result  is  analogous  to  that  obtained  for  the  simple  cubic 
lattice  with  nearest  neighbor  central  and  noncentral  forces.  In 
the  long  wavelength  limit,  Eq.  (11.10.22)  becomes 

Tij  “ (11.10.23) 


where  c,  - a <uT/2  and  c0  , - a <mt/2  /3*  are  the  speeds  of  sound  for 
longitudinal  and  transverse  waves  propagating  in  the  z-direction. 

The  foregoing  results  suggest  that  in  the  long  wavelength 
limit  it  is  a good  approximation  to  represent  the  inverse  relaxation 


time  for  boundary  scattering  by 


-1 

'i } - “l  -W-0- 


(11.10.24) 


where  c.(0,cp)  is  the  speed  of  sound  for  elastic  waves  of  polari- 

J 

zation  j,  and  0 and  cp  are  the  polar  and  azimuthal  angles  of  the 
wave  vector  It  with  respect  to  the  direction  normal  to  the  free 
surfaces . 
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II. 11.1 


The  free  surface  of  a semi-infinite  crystal  can  be  created 


by  setting  to  zero  all  interactions  which  cross  a plane  passing 
through  an  infinite  lattice  parallel  to  the  surface  plane  but 
not  containing  any  particles.  The  particles  in  the  surface  layer 
and  in  the  adjacent  interior  layers  are  then  acted  upon  by  unbal- 
anced forces,  and  consequently  suffer  displacements  to  new 
equilibrium  positions. 

We  now  undertake  the  calculation  of  the  displacements  of 
the  mean  positions  of  atoms  near  the  surface  from  the  mean  positions 
that  these  atoms  would  have  in  the  bulk  of  the  crystal.  If  these 


displacements  are  determined  by  minimizing  the  static  energy,  we 
shall  call  them  the  static  displacements.  If  they  are  determined 
by  minimizing  the  total  free  energy,  including  vibrational  con- 
tributions, we  shall  call  them  the  dynamic  displacements. 


Surface  Atomic  Displacements 


The  positions  of  the  atoms  are  specified  by  definition  (B.2) 
of  Section  II 2 A and  Eqs.  (II. 2. 3)  and  (II. 2. 4).  However  for 
simplicity  we  shall  treat  here  only  the  case  of  a monatomic 
crystal  with  one  atom  per  unit  cell.  The  generalization  to  sev-  * 

eral  atoms  per  unit  cell  and  to  the  case  of  a crystal  slab  is 


straightforward:  one  has  only  to  add  the  index  x each  time  l 
appears . 

Let  us  begin  by  expanding  the  potential  energy  of  a Bravais 
3emi-inf inite  crystal  in  powers  of  the  displacements  of  the  atoms 
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♦ 


i 


ii 

i. 


from  the  equilibrium  positions  they  would  have  had  if  they  formed 
part  of  an  infinitely  extended,  or  cyclic,  crystal  instead  of  a 
semi-infinite  one. 


It' l" 

<*e  y 
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In  this  expression  is  the  value  of  the  static  potential 
energy  and  5 (t)  is  the  a Cartesian  component  of  the  displacement 

Of 

of  the  -tth  atom.  The  first-order  atomic  force  constants 
are  nonzero  only  for  sites  l near  the  surface,  because  a first- 
rank  tensor  invariant  under  the  operations  of  the  point  group  of 
the  lattice  site  to  which  it  refers  must  vanish  identically  for 
an  infinitely  extended  Bravais  crystal,  which  includes  the  inver- 
sion among  the  symmetry  operations  at  each  site.  i a(uf)  and 
i a (wf  l ')  are  the  harmonic  and  cubic  anharmonic  force  constants, 
respectively. 

We  suppose  that  $a(l)  is  the  resultant  of  three  terms,  the 
first  of  which  describes  a homogeneous  deformation  of  the  crystal, 
the  second  of  which  represents  the  dynamical  displacements  of 
the  atoms  due  to  the  free  surfaces,  and  the  third  of  which  describes 
arbitrary  displacements  of  the  atoms  from  their  new  positions  in 
the  deformed  crystal: 


- - ..  , ..r— t—. 


' 
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sa(«t)  + d^U)  + ua(-t) 


(II. 11.2) 


where 


s«a> 


E € . x,  (O 


or  XX 


(II. 11. 3) 


The  vector  x(-t)  is  the  vector  to  the  equilibrium  position 
of  the  tth  atom  in  the  undeformed  crystal.  The  parameters  {^a^3 
describe  a homogeneous  deformation  of  the  crystal.  Let  us  now 
substitute  Eq.  (II. 11. 2)  into  Eq.  (II. 11.1)  and  collect  terms  in 


powers  of  the  displacement  components  (ua(t)}.  For  simplicity, 


we  write 


t^U)  - sa(-t)  + d^U)  . 


(II. 11. 4) 


We  then  obtain 


* “ *S  + 4D 


(II.  11. 5) 


where 


$o  + ^ a + ^ + 

op 

+ ^ 5Z  $apY(^  t#>  + ••• 

iTn  * 


orgY 


(II. 11. 6) 


and 


ip  “ E $a(-t)  + ^ ) ua(t) Ug (t  ) 

■tCK  • • 1 


It 


UV 


(II. 11. 7) 


a0Y 
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with 


§au)  - §aco  + £ *a0m'  )n0u/ ) + i ^ «aeYc^  oyt'jyf)  + 


(II. 11. 8) 


*«0(U<)  " WU#  5 + £ •c*PY(U< 't#)Vr)  + “*  <II119> 


*a0Y^  ^ “ *er8Y^  ^ + *’* 


(II. 11. 10) 


To  first  order  in  the  deformation  parameters  { Tla  ( “0  } , the 
vibrational  contribution  to  the  Helmholtz  free  energy  obtained 
from  the  dynamical  part  of  the  crystal  potential  energy,  Eq. 

(II.. 11. 7),  can  be  written^  in  the  form 

F(T)  - F(o)(T)  + <,')  <ua(t)u0(i/  )>Tiy(^#)  + ... 


ll'l’ 


(II. 11. 11) 


where  Fv  ' (T)  is  the  contribution  to  the  vibrational  free  energy 
from  the  harmonic  part  only  of  Eq. (II. 11. 7) . Explicit  expressions 
for  the  correlation  function  <u  (-t)u_(t/  )>  have  been  obtained  earlier 

a p 

in  this  chapter,  Eqs. (II. 5. 41a)  and  (II. 5. 43a),  in  the  harmonic  approxi- 
mation. Another  useful  expression  for  them  can  also  be  derived  by  an  eas; 
generalization  of  Eq.(II.7.17)  for  the  mean  square  displacements 

<u  (4)u  (4?  )>  - ^ D_^co t h ( 2k gT)  , . (11.11.12) 

" La , L 0 


Finally,  the  total  free  energy  of  the  crystal  is 
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f-  t 


3(T)  - «g  + F(T)  . 


(11.11.13) 


At  each  temperature  T,  we  can  obtain  the  new  equilibrium  positions 
of  all  the  atoms  by  minimizing  the  free  energy  3(T)  as  a function 
of  the  [€vx]  and  (d^U)}. 

The  bulk  equilibrium  distances  are  obtained  from 


- s + rvx(T>  * ° 


36vx  “ -V"'  X 


(11.11.14) 


where  the  volume  of  the  crystal  is  V,  the  (cv^g^}  are  the  elastic 
moduli 
C 


- i £ 

V " 


ll 


1 » 


(11.11.15) 


and 


FvX(T)  - i ]0  (ua(^)u pU')>  «arpv(U'4#)  ^U')  . 


<«.  V 

arp 


(11.11.16) 


Similarly,  the  minimization  of  3(T)  with  respect  to  d^(-t)  gives 

•>.»  E 


$w(-t)  + £ 

“ /T  0 P 


a 

Tig  (t  . ,y  ■ 


5a0y(U/4#)r1a(t/)  ^(4')  + 


where 


V*IT)  “ * ]C 

0Y 


+ Fa(^|T)  - 0 , 


<upU'UyU')) 


(11.11.17) 


(11.11.18) 


II. 11. 6 


Equations  (11.11.14)  and  (11.11.17)  provide  us  with  the  new 
equilibrium  positions  at  a given  temperature  T of  all  the  atoms, 
both  In  the  bulk  and  In  the  vicinity  of  the  surface. 


I 


B.  Static  Relaxation 

When  the  effects  of  anharmonicity  and  temperature  are  not 
included,  there  is  no  bulk  dilatation,  but  there  can  still  be 
a static  surface  relaxation;  one  can  calculate  the  latter  from 
the  form  of  Eq.  (11.11.17)  takes  in  this  limit 

5 U)  + 2 «„,,(«. ') d (4 ')  - 0 . (11.11.19) 

(O) 

Gazis  and  Wallis v ' have  solved  Eq. (11.11.19)  for  a semi-infinite 
linear  chain  with  nearest  and  next-nearest  neighbor  interactions. 

A similar  calculation  has  been  carried  out  for  a bcc  lattice  with 
a (001)  surface  by  Clark  et  al.  ' using  Lennard-Jones  interactions 
between  nearest  and  next-nearest  neighbors.  In  both  cases,  the 
static  displacements  were  found  to  vary  as  exp(-q«t3)  for  a surface 
at  0 , where  is  an  integer  a 0 labelling  the  lattice  planes , 
q has  the  form  q - qQ  + in0 , qQ  is  a real  positive  number  of  the 
order  of  unity,  and  9 is  0 or  1 depending  on  the  force  constants. 

A number  of  calculations  of  surface  static  relaxations  have 
been  reported  based  on  numerical  solutions  using  models  involving 
Lennard-Jones  or  Morse  potential  interactions  between  pairs  of 
atoms.  The  results  ^ 4 ) “ typically  show  an  expansion  out- 

ward of  the  crystal  at  the  surface.  The  increase  in  the  interlayer 
spacing  is  in  general  of  the  order  of  a few  percent  at  the  surface 
and  decreases  rapidly  towards  the  interior.  It  is  also  possible 


/ g \ 

to  obtain  tangential  relaxation  in  the  surface  planes'  as  well 
as  normal  relaxation. 


The  static  relaxation  near  surface  steps  and  kinks  was  also 

studied  recently . However  these  calculations  do  not  take  into 

account  the  electronic  rearrangements  near  the  surface  which  in 

general  create  surface  dipole  layers  and  then  induce  a contraction 

of  the  static  surface  interlayer  s pacings . A recent  study 

takes  into  account  both  effects  (unbalanced  linear  forces  (1(0) 

or 

and  electronic  rearrangements)  and  finds  for  a specific  example 
that  these  two  effects  are  of  the  same  order  of  magnitude,  but  with 
opposite  signs. 

C.  Thermal  Expansi-  n. 

The  change  of  the  equilibrium  spacing  with  temperature  leads 
to  the  phenomenon  of  thermal  expansion,  and  we  may  anticipate 
from  the  above  discussion  that  the  latter  may  also  be  different 
near  a surface  from  its  value  in  the  bulk. 

Experimental  values  of  surface  thermal  expansion  can  be 


obtained  from  the  temperature  shifts  of  Bragg  peaks  in  low  energy 

( 26) 

electron  diffraction,  as  discussed  by  Wilson  and  Bastow.  The 

positions  of  normal  incidence  Bragg  peaks  are  specified  in  the 
kinematic  or  single  scattering  approximation  by  the  equation 

|Qj  “ 4tt/\  m nn/a^  , (11.11.20) 


where  Q is  the  scattering  vector  (the  difference  of  the  scattered 
and  incident  wave  vectors  of  the  electron) , \ is  the  wavelength 
of  the  electron,  n is  an  integer  and  a^  is  the  spacing  between 
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equivalent  layers  in  the  direction  normal  to  the  surface.  The 
wavelength  X is  related  to  the  accelerating  potential  Ep  and  the 
inner  potential  by  the  equation 


X - [150 .4/Ep(eV)  , 


(II. 11. 21) 


where  Ep  - E + . The  thermal  expansion  er  is  given  by 


a dT 

i 


(11.11.22) 


For  low  values  of  Ep,  the  scattering  is  mainly  from  the  surface 
and  the  surface  thermal  expansion  is  obtained,  whereas  for  high 
values  of  E , which  lead  to  deep  penetration  of  the  electrons 

Mr 

into  the  crystal,  the  bulk  thermal  expansion  is  obtained. 

Experimental  values  of  the  surface  thermal  expansion  have 
been  determined  for  several  systems.  Gelatt  et  al  have 
reported  results  for  the  ratio  “s/ab  (the  subscripts  s and  b 
refer  to  the  surface  and  bulk,  respectively)  for  Ag(lll)  and 

(26) 

Ni(lll)  which  are  in  the  range  of  one  to  two.  Wilson  and  Bastow'  1 

have  studied  the  (100)  surfaces  of  Cr  and  Mo  and  found  values  of 

(28) 

ttg/ffb  on  the  order  of  two  or  three.  Ignatiev  and  Rhodin'  have 
investigated  the  (111)  surface  of  Xe  and  obtained  ers/afb  values 
of  about  four  or  five. 

The  theoretical  treatment  of  surface  thermal  expansion  can 

be  developed  on  several  levels.  A simple  discussion  has  been 

( 26)  ** 

given  by  Wilson  and  Bastow'  based  on  the  Gruneisen  expression 
for  thermal  expansion  which  can  be  written  in  the  approximate  form 


« - 2YCv/3Ea^  , 
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(11.11.23) 


-where  Y is  the  Gruneisen  constant,  Cy  is  the  specific  heat  per 

atom  at  constant  volume,  E is  Young's  modulus,  and  aQ  is  the 

lattice  constant.  Considering  only  high  temperatures,  we  have 

2 

C - 3k_  where  is  Boltzmann's  constant.  The  quantity  Ea  can 
v B B u 

be  regarded  as  a force  constant  related  to  the  Debye  frequency  iuD 
and  the  Debye  temperature  ©D  by  the  equations 


“ M(kg0D/rt) 


(11.11.24) 


where  M is  the  atomic  mass.  Equation  (11.11.23)  now  takes  the 


form 


■■  ¥ W 


(11.11.25) 


If  y is  the  same  at  the  surface  as  in  the  bulk,  then 


fs  _ ( ®Db\2  _ <us  ^ 

Bb  \Ds/  <ub2> 


(11.11.26) 


where  (u2>  and  <u?>  are  the  mean  square  displacements  of  surface 

' S D 

and  bulk  atoms,  respectively.  Equation  (11.11.26)  appears  to 

be  in  rough  agreement  with  available  experimental  data. 

In  a more  refined  theory,  one  would  calculate  the  thermal 

expansion  by  minimizing  the  Helmholtz  free  energy  with  respect 

(18) 

to  variations  in  the  interlayer  spacings.  Kenner  and  Allen 
have  done  this  and  obtained  the  following  expression  for  the 
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I 


change  In  the  thermal  expansion  of  the  1 th  layer  relative  to 
the  bulk  value 

Aafi  " kB  J aol  aoj  f Yi<®p*  x 

x (rtcup/2kBT)2  cosech  2(ftu>p/2kBT)  , (11.11.27) 


where  $ Is  the  potential  energy  matrix,  ou  is  the  p th  normal 

kr 

mode  frequency,  YjCtup)  is  the  Gruneisen  parameter  defined  by 

Y-i(uj)  “ "a.  dfln ou  , (11.11.28) 

aa± 

ai  is  the  i th  lattice  spacing  and  aQi  is  a reference  lattice 
spacing.  Using  Lennard-Jones  interactions,  Kenner  and  Allen  have 
made  calculations  for  the  (100)  and  (111)  surfaces  of  Ar,  Kr,  and 
Xe.  They  find  a peak  in  ag/crb  at  low  temperatures  associated 
with  the  dispersion  of  surface  modes.  In  the  temperature  range 
of  the  experiments  of  Ignatiev  and  Rhodin^28^  on  Xe(lll) , Kenner 
and  Allen  obtain  the  result  ag/<*b  a 1.9  wJ-'ch  is  significantly 
smaller  than  the  experimental  result  quoted  above. 

The  minimization  of  the  Helmholtz  free  energy  has  also  been 
used  by  Dobrzynski  and  Maradudin^  to  calculate  the  surface  dynamic 
displacements,  Eqs.  (11.11.14)  and  (11.11.17)  and  then  the  surface 
thermal  expansion.  Since  they  retained  only  third  order  anharmonic 

terms,  they  were  able  to  perform  much  of  their  calculation  analy- 

\ 

tically,  in  contrast  to  the  numerical  methods  of  Kenner  and  Allen. 
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Specific  calculations  of  the  surface  thermal  expansion  for  the 

(100)  surface  of  or-iron  yielded  results  for  a /a,  that  are  some- 

s D 

what  greater  than  unity  at  high  temperatures,  but  increase  rapidly 
at  temperatures  below  50  °K.  The  peak  in  “s/«b  was  not  obtained 
at  low  temperatures,  because  of  their  calculation  of  the  correlation 
functions  by  an  expansion  around  the  Einstein  approximation, 

Eq . ( 1 1 . 7 . 23)  . 

D.  Surface  force  constant  changes  and  renormalized  surface  phonons.  * 

Once  the  new  surface  atomic  positions  are  known,  one  can 

calculate  the  renormalized  harmonic  force  constants  {$  a(£-t/)}  from 

®P 

Eq. (II. 11. 9) . This  was  done  by  Cheng  et  al^29^  for  the  (001) 

surface  of  several  b.c.c.  crystals,  using  Lennard-Jones  potentials. 

They  found  that  an  outward  relaxation  of  about  5%  may  decrease 

the  value  of  the  surface  force  constants  by  as  much  as  30%. 

Djafari-Rouhani  et  al  ( 30* 3 calculated  the  surface  force 

constant  changes  for  an  adsorbed  monolayer  of  one  rare  gas  on  (001) 

and  (111)  surfaces  of  another  rare  gas  solid.  They  found  that, 

at  a given  temperature,  T , the  frequency  of  an  acoustical  sur- 

c 

face  phonon,  near  the  zone  Brillouin  edge,  may  vanish.  One 

obtains  a soft  surface  phonon,  which  predicts  that  the  monolayer 

is  unstable  at  this  temperature  T and  will  probably  rearrange 

c 

into  another  surface  superstructure.  They^32^  also  used  the  renor 

malized  surface  force  constants  to  evaluate  the  variation  with 

temperature  of  the  optical  surface  phonons  due  to  a monolayer  of 

oxygen  adsorbed  on  a (001)  Ni  surface. 

(29V  (32} 

The  above  calculations'  v 'of  the  surface  force  constant 


changes  do  not  include  the  electronic  rearrangements  near  the 
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mitting  information.  There  are  a number  of  mechanisms  for  surface 
wave  attenuation.  These  include  scattering  by  anharmonic  inter- 
actions, by  defects  such  as  impurities,  and  by  current  carriers 
such  as  conduction  electrons  in  metals. 


A very  simple  approach  to  surface  wave  attenuation  has  been 
given  by  Press  and  Healy^  who  consider  an  isotropic  solid.  They 
start  from  the  equation  specifying  the  speed  of  Rayleigh  waves 
in  terms  of  the  speeds  of  longitudinal  and  transverse  bulk  waves, 


c^  and  ct,  respectively,  Eq.  (II. 3. 17): 


(II. 12.1) 


Press  and  Healy  introduce  dissipation  by  letting  each  speed  become 
complex,  so  that 

cj  - Cj(l  + i6j)  , j*R,(t  . (II. 12.2) 


Substituting  Eq.  (II. 12. 2)  into  Eq.  (II. 12.1)  and  letting 
- uu6j/2Cj,one  obtains  the  following  relation  between  the 
attenuation  constant  for  Rayleigh  waves,  crD,  and  those  for 
longitudinal  and  transverse  bulk  waves,  a.  and  cr  * 

v t 


I 


II. 12. 2 


' ct  ' ct  ' ci  ' ct  ' 

(II. 12.3) 

For  the  case  where  = «/3  and  cR  = 0.9194  ct,  the  result  is 

0fR  = 0.942  + 0.252  Equation  (II.  12. 3)  seems  to  be 

reasonably  well  obeyed  by  many  non-crystalline  solids  which 

in  first  approximation  are  isotropic. 

The  preceding  discussion  is  applicable  only  for  surface  waves 

whose  wavelength  is  very  large  compared  to  a lattice  spacing  and 

involves  no  assumption  concerning  the  mechanism.  More  detailed 

calculations  based  on  a specific  mechanism  have  been  carried  out, 

particularly  in  the  long  wavelength  approximation.  An  example  ; 

(2) 

is  the  work  of  King  and  Sheard'  on  anharmonic  scattering.  We 

shall  not  discuss  their  work  in  detail,  but  instead  will  focus 

our  attention  on  a lattice  dynamical  calculation  following  the 

(3) 

treatment  of  Maradudin  and  Mills:  ' 

We  restrict  our  attention  to  a monatomic  simple  cubic  lattice 
which  has  nearest  and  next-nearest  neighbor  central  harmonic  inter- 
actions and  nearest  neighbor  cubic  anharmonic  interactions.  As  a 

measure  of  the  attenuation,  we  take  the  damping  constant  r (uu) 

s 

which  is  related  to  the  proper  self-energy  P (uu)  by  the  equation 


Ag(u))  + irg(uj) 


Lim  P (u)  - i€) 
€-0  s 


(II. 12. 3) 


where  A (a))  is  the  frequency  shift  and  uu  is  to  be  taken  equal 
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1 ‘ 


to  the  surface  mode  frequency  uuR.  To  lowest  non-vanishing  order 
in  perturbation  theory,  the  proper  self-energy  can  be  expressed 


as 


P (iuu.)  - (ft/4u)  M)  S 2 S 2 x 

a “v  a Or  -<  U o0r  0 


t m m'm"  at^a^a^e  1^2^ 3 


1 2 3 


x 


01S2B3(“  01)  * 


X S 0 - U'm  ;-ui?)U  )2]  , 

n— » <*202  n a303  1 n 


(II. 12. 4) 


where  uu^  **  2rr-tkBT/ft  with  i an  integer,  M is  the  mass  of  an  atom, 

B (-tar)  is  an  eigenvector  component  of  the  dynamical  matrix  in- 
s 

eluding  the  free  surfaces,  $ ^ (-t  I'l")  is  the  cubic  anharmonic 

ala2a3 

coefficient  in  the  cubic  anharmonic  Hamiltonian 


h0  = i 2 2 $ 

0t,aoar 

l I'l 


U l l")u  U-  )u  (-t')u  u') , 


3 6 *1*2*3 **1*2*3 "*!'  *2'  ’ *3 


(II. 12. 5) 


and  the  Green's  function  ; uu  ) is  specified  by 

, 2 1„  bU«)BU'b) 

;*2>  = ~ ^ o — ~o • 


<*0 


M “ 2 2 

s (JU  - <JU 

s 


(II. 12. 6) 


The  evaluation  of  the  proper  self-energy  is  facilitated 

2 

if  the  Green's  function  U (t  -C' :uu  ) and  the  eigenvector  components 

arp 

Bg(-tor)  are  expanded  in  terms  of  the  eigenvector  components  and 
eigenfrequencies  of  the  unperturbed  crystal  without  the  free 
surfaces.  Thus,  we  write 
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Uag(-t  i *.u)  ) - jjjj  S ^^jpe^kgjg) 

^1*^1  ^2j2 


ik. -xU  H ik„*x(^')  9 

x e uCkj^jj^jkgjg.-iu^)  , (II. 12.7) 


BU«)  = -4  S e (Sj)eiS  xU)C  (Sj)  , 

S N*  5j  ® s 


(II. 12. 8) 


where  N is  the  number  of  atoms  in  the  crystal,  e(kj)  is  the  unit 
polarization  vector  for  the  normal  mode  of  wave  vector  k and 
branch  index  j.  It  should  be  noted  that  the  perturbed  Green’s 
function  is  a function  of  l and  t'  separately,  not  just  of 
their  difference,  so  a double  Fourier  series  is  required  in  its 
expansion.  The  proper  self-energy  can  now  be  rewritten  as 

72 


‘ .2 

h u) 


2 2 2 E cs(SiJi)Cs(£iji) 


s k^kgkg  ^1^2^ 3 ^1^2^ 3 


X W(k^ j ^ ; Rg j g ; kg j g)  W(£^ j ^ ; Eg J g ; Eg j g) 


x 2 u(k2j2;k^j2;-ou^)u(ic3j3;53jg;-(uJi-lun)2)  , (II. 12.9) 


where 


W(k1j1;k2j2;k3j3) 


i (_ ) 

6V2NM; 


3/2 


2 2 w**'*'> 

» 9*  9* 

t t L orpy 


_ ik,-xU  )+ik_-x(*/)+iko-xU') 

x eg  ^2^2^  ey^k3^3^  e 

(11.12.10) 
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The  evaluation  of  the  sum  over  n in  Eq.  (II. 12.9)  is 
facilitated  by  introducing  the  spectral  density  u(Ej;E  ;v) 
defined  by 

00 

u(Ej;E'j';u>2)  - f dv  . (11.12.11) 

•s  v uu 

—00 

With  the  aid  of  the  theory  of  contour  integration,  one  can  show 
that 


where 


jpj  [9(vx)  + 6(v2)]/(v1  + v2  - iu)^) 

B 


8(v)  ” J coth(rtv/2kgT) 


(11.12.12) 


(11.12.13) 


The  damping  constant  r (u>)  can  now  be  obtained  from  Eqs.  (II.  12. 3), 

s 

(II. 12. 9),  ai.12.13)  in  the  form 

£ £ 


S S c (E,j,)ca(E;f3') 

*~“>g  Slk2k3  W3  SiS2S3 


_ , v _ 72tt 
rs(i«)  - — _ _ _ 


x w(k1  j ^ ; Eg  j 2 ; Eg  j g)  W(E^ j ^ ; Eg  j g ; Eg j g) 


00  W 

X / dVl  / dV2  "(k2J2;S2j2;Vl)5(53J3;£3j3;v2) 


x [0(v1)  + 9 (v2)  ] 5 (u)g  - Vj  - v2) 
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The  result  expressed  by  Eq.  (11.12.14)  is  quite  general  and 
specifies  the  damping  constant  for  the  sth  normal  mode.  We  now 
specialize  to  the  case  where  the  normal  mode  is  a Rayleigh  surface 
wave.  We  simplify  the  problem  by  noting  that  the  wavelength  of 
an  ultrasonic  surface  phonon  is  long  compared  to  the  wavelength 
of  thermal  surface  phonons,  even  at  low  temperatures,  and  that  the 
penetration  distance  is  proportional  to  the  wavelength.  Consequently, 
one  expects  that  the  interaction  of  an  ultrasonic  surface  phonon 
with  thermal  surface  phonons  will  be  negligible  compared  to  the 
interaction  with  thermal  bulk  phonons.  Taking  into  account  only 
the  scattering  by  thermal  bulk  phonons  and  neglecting  the  effect 
of  the  surface  on  these  phonons,. we  can  approximate  the  spectral 
density  by  its  value  uQ(Sj  ;2  'j  ';uj)  for  the  perfect  crystal  given 


by 


urt(kj  ;k'j  ' ;ui)  - ')  6^ j 6[m  + oij  (S)]  - 6[(t)  - u)j (It) ] }/2ujj  (S)  , 


(11.12.15) 


where  A(k)  equals  unity  when  k equals  reciprocal  lattice 

vector  and  vanishes  otherwise,  and  uu(Sj)  is  the  frequency  of  the 
normal  mode  of  wave  vector  k and  branch  index  j for  the  perfect 
crystal.  Substitution  of  Eq.  (11.12.15)  into  Eq.  (11.12.14)  and 
integration  over  v,  and  v0  yields  the  result 
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ra(u»)  - -P2- jP  JC  JC  JD  C_(kJ)Ca(S/J#)[u.(Sj)a>(S#j/)]i 

8 ^2ous  kj  k'j'  k"^  k2j2  8 8 

x V(kj  j k ^ j j j k2 j 3)  V ( — k j jk^j^  ;k2J2) 
x {[ntfcjjj)  + n(S2J2)  + l]6(wg -wOSjj])  -u)(S2J2)) 

+ CnCSjjj)  - n(S2J2)  ] [6(tug  + uoCkj^jj)  - 00  (5^  J 2>  > 


- 6(uis -ujCS^!)  + u»(S2j2))]}  , (11.12.16) 

where  n(£j)  9 n(uu(kj))  - 0(iu(kj))  - £ and 

V (5XJ  x ; S2  j 2 ; S3  J 3)  - [uuCSj^j^iuCSgj^ouCCgjg)]"^ 

X W(51j1;C2j2;53j3)  . (11.12.17) 

We  now  address  our  attention  to  the  calculation  of  the 

quantity  C_(5j)C_(k' j ')  for  a Rayleigh  wave.  From  Eq.  (II. 12. 6) 
s s 

we  see  that  we  can  write 

B_(“ttt)B  (<t  0)  o 

" 2m  - M Res^  (U^U'juj)}  , (11.12.18) 

s s 

2 0 

where  Res  (U  .(tt  ;iu  )}  stands  for  the  residue  of  U ;w  ) at 

(Dg  Qrp  er  3 

the  simple  pole  ou  - uug.  Utilizing  Eqs.  (II. 12.7)  and  (II . 12.8)  , we 
obtain  the  result 

C (kj)C _(S'j')  ^ , 2 

— j-2 Res  {u(kj;k'j';uu2}  . (11.12.19) 
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The  double  Fourier-transformed  Green's  function  can  be  written 
in  the  form 

uCSjjic'j'  ;uu2)  = uQ(Sj  ;S'j  ' ;ou2)  + Au(Sj  ;S/ j ' ;co2)  (11.12.20) 

where  uQ(kj  ;S' j ' ;u>2)  is  the  perfect  crystal  contribution  given 

by  _ 

9 A(£+k')  6,  . / » 

uo(Sj;5'j/;UJ2) J*-  (II.  12.21) 

u)  -tu  (kj) 

and  Au(kj;k'j  ;ui  ) is  the  contribution  due  to  the  surface.  „ 

We  now  specialize  to  the  model  of  interest  and  create  a pair 
of  (001)  free  surfaces  by  setting  to  zero  all  interactions  coupling 
atoms  in  the  plane  - 1 with  those  in  the  plane  - 0.  For  each 
surface  atom  a total  of  five  "bonds"  are  cut.  The  surface  correction 
Au(Sj  ' ;u)2)  can  then  be  expressed  as 


Au(kj  ;S/ j ' ; uo2)  * 6 (kx  + k^>  6 (ky  + ky) 


x 2 

U 


v (kj)v  (k'j') 
l f 

ttt: 


2 2 ^ — [*  - B(k  k v;oo2]“1 

• (u»  -U)  (kj))  (u)Z-u)Z(k/j  ) y t l 


(11.12.22) 

where  l and  l'  take  on  only  the  five  values  corresponding  to  the 

bonds  broken  in  creating  the  surface,  1 is  the  5x5  unit  matrix, 

B(kxky;ou2)  is  a 5 x 5 matrix  given  by 

V (-Sj)v  (5j) 


H <k  k;j»-)  - S --  - 2 - ~ 

U*  x y kzj  m-uj  (kj) 


(11.12.23) 
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2(>'(r  ) ]2 

v (Ej)  - 5.  - x-^ [xU)e(Sj)]  x 

t l3’  1 (LM)2r^ 


x e(i/2)E  x(t)sinik*5(0  , 


(11.12.24) 


cp'Cr  ) is  the  second  derivative  of  the  interaction  potential  of 
l 

two  atoms  separated  by  the  distance  r , and  L is  the  number  of 

v 

atoms  on  a cube  edge.  The  evaluation  of  Eq.  (11.12.19)  is  rather 
tedious,  and  the  reader  is  referred  to  the  paper  by  Maradudin  and 
Mills^  for  details.  In  the  long  wavelength  limit,  which  is 
all  that  is  required  at  low  temperatures,  one  obtains 


c.(*d)c.(5V) 


0 . 39332)  6 (qx+ki)  6 (qy+kp 


La0u)‘  (W3  ) [ (cj-cp  r%cjk*]  [cj  ,-cJ)  r*+c*  ,k  '*] 


x CCex(kj)kz+ez(5j)kx]qx  + [ey(Ej)kz+ez(Ej)ky]qy}  x 


x {[ex(k#j  )*Z+ez(k'j')k±]qx  + [ey(E'j  ')k'+ez(k'  j ’ 

(11.12.25) 

where  aQ  is  the  nearest  neighbor  separation. 

The  anharmonic  coefficient  7(2^^^ ;k2J2;53J3)  in  principle  is 
affected  by  the  surface.  However,  if  the  interaction  potential 
cp(r)  drops  off  rapidly  with  increasing  r,  the  effect  of  the  surface 
on  the  anharmonic  coefficients  gives  a negligible  contribution 
to  the  damping  constant  for  deeply  penetrating  Sayleigh  waves.  We 
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shall  take  only  nearest  neighbor  contributions  to  the  anharmonic 
coefficients  and  shall  neglect  the  effect  of  the  surface,  ffe 
also  retain  only  the  contribution  from  cp'"(r)  and  neglect  the 
contributions  from  cp"(r)  and  cp'(r).  Then  we  can  write 

vr/t  j .1?  j . r*  j \ / Tt  / i ^ . T?  4 . U 4 \ 


V(k j ; j x ; S2 j 2)  V C -k 7 j ' ; k x j x ; k2 j 2) 


(4/9N)  (rt/2M)3[cp*'(ao)]2A(lc+K7)A(£+S1+Ic2) 


S (kj)  V(2j  ')  x 

4 4'  4 * 


x V^(k1J1)V^/(21J1)V^  (K2J2)V^  (k2J2)  , 


(11.12.26) 


where  V (kj)  - {t-e(Ej) /[uu(5j)  ]^}sin£a  £•£  and  G is  a reciprocal 

Kf  ° 

lattice  vector  defined  by  lc  + + ^2  “ 

One  now  has  the  ingredients  at  hand  to  evaluate  the  damping 
constant.  Substituting  Eqs.  (11.12.25)  and  (11.12.26)  into 
Eq.  (11.12.16)  and  working  in  the  low  temperature  and  long  wave- 
length limits,  one  obtains  after  considerable  tedious  manipulation 


. c*  8 o u>p(kDT)4 

r»  - Q--39-75  C (4)  [0.0521  + 0.337(^)  ][cp"(ao)]  f 2®?  3 


p cRcth 


(11.12.27) 
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Ve  note  that  ro  has  the  same  uuT  dependence  derived  by  Landau  and 
R 

(4) 

Rumer  for  the  damping  of  bulk  waves.  However,  the  magnitude 
of  the  damping  for  Rayleigh  waves  is  significantly  larger  than 
for  bulk  waves. 

Recent  experimental  work  has  verified  the  frequency  and 

temperature  dependences  predicted  by  Eq.  (11.12.27).  Salzmann, 

Plieninger,  and  Dransfeld^  and  Budreau  and  Carr^  have 

carried  out  experimental  studies  of  Rayleigh  wave  damping  on 

quartz  surfaces.  They  verify  the  u>T*  dependence  below  40°  K. 

Above  60°  K,  the  damping  becomes  Independent  of  temperature  and 
o 

varies  as  uu  . The  latter  dependence  can  be  understood  in  terms 

(7)  (a) 

of  the  viscosity  theories  of  Maris'  and  of  King  and  Sheard  . 

We  have  already  noted  that  Rayleigh  waves  can  be  damped 

as  a result  of  their  interaction  with  impurities  or  other  im- 

(9) 

perfections.  Steg  and  Klemens  have  made  a calculation  of  the 
Rayleigh-wave  damping  constant  fcr  impurity  scattering  for  the 
case  of  an  isotropic  continuum.  Their  result  exhibits  an  uj5 
dependence  on  frequency,  but  no  explicit  temperature  dependence. 
An  alternate  calculation  of  this  damping  is  described  in  the  next 
section. 
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13.  A Continuum  Approach  to  Surface  Lattice  Dynamics 
A.  Introduction 

The  dynamical  theory  of  semi-infinite  crystals  and  of  crystal 
slabs  presented  in  the  preceding  sections  of  this  article  has  been 
based  on  lattice  theory:  the  media  studied  have  been  described  by 
doubly  periodic  arrays  of  interacting  atoms  or  ions  filling  a 
half-space  or  constituting  a crystal  slab  of  finite  thickness.  In 
this  section  we  present  a discussion  of  dynamical  properties  of 
planar,  stress-free  surfaces  on  perfect  and  imperfect  solids, 
based  on  continuum  theory,  in  which  the  emphasis  is  on  obtaining 
essentially  analytic  results.  The  latter  requirement  means  that 
much,  but  not  all,  of  the  work  to  be  described  has  been  carried  out 
for  elastically  isotropic  media.  The  consequent  loss  of  generality 
is  more  than  compensated,  however,  by  the  explicit  nature  of  the 
results  obtained. 

The  work  presented  here  is  intended  to  complement,  rather 
than  to  replace,  results  for  dynamical  properties  of  solid  sur- 
faces obtained  by  purely  numerical  calculations  in  which  the  normal 
mode  frequencies  and  the  corresponding  unit  eigenvectors  of  a 
semi-infinite  crystal  are  obtained  by  solving  the  equations  of 
motion  of  such  a crystal  by  representing  it  as  a slab  of  a finite 
number  of  atomic  layers.  The  explicit,  analytic  results  obtained 
display  their  dependences  on  the  parameters  of  the  problem,  such 
as  temperature,  frequency,  and  distance  into  the  solid  from  the 
surface,  in  a way  that  purely  numerical  results  cannot,  and  can 
help  to  interpret  the  results  of  the  usually  more  detailed 
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numerical  calculations.  In  addition,  certain  kinds  of  calculations, 
e.g.  the  determination  of  the  attenuation  of  Rayleigh  surface  waves 
by  point  defects,  and  the  study  of  effects  associated  with  inter- 
faces, appear  to  be  more  easily  carried  out  on  the  basis  of  continuum 
theory  at  the  present  time  than  by  lattice  theory. 

The  continuum  approach  to  the  study  of  the  dynamical  properties  * 
of  planar,  stress-free  surfaces  will  be  illustrated  here  by  its 
application  to  three  problems:  (i)  surface  atom  mean  square 
displacements;  (ii)  the  scattering  of  Rayleigh  surfaces  waves  by 
point  defects;  and  (iii)  the  surface  contribution  to  the  low  tempera- 
ture specific  heat  of  a semi-infinite  solid.  The  dynamical  Green's 
functions  for  a semi-infinite  elastic  medium  bounded  by  a planar, 
stress-free  surface  defined  and  studied  in  section  II.5.D  play  a 
central  role  in  the  first  two  of  these  illustrations.  A different, 
but  related,  type  of  Green's  function  is  found  to  be  helpful  in 
obtaining  the  surface  contribution  to  the  low  temperature  specific 
heat  of  a semi-infinite  solid,  and  will  be  introduced  and  discussed 
in  sub-section  D below. 

The  three  problems  selected  for  discussion  hardly  exhaust 
the  kinds  of  problems  in  the  dynamical  theory  of  solid  surfaces 
that  can  be  studied  essentially  analytically  by  the  use  of  continuum 

t 

theory.  They  are,  however,  representative  and  paradigmatic.  A 
brief  discussion  of  other  problems  which  have  been,  are  being,  or 
can  be  studied  from  this  point  of  view,  for  the  reasons  indicated 
above,  is  presented  in  subsection  E of  this  Section. 
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Surface  Atom  Mean  Square  Displacements 

The  dynamical  Green's  functions  for  a semi-infinite  elastic 
medium  bounded  by  a planar,  stress-free  surface  obtained  in 
Section  II.  5. D enable  us  to  obtain  almost  immediately  the  mean 
square  displacement  of  an  atom  in  the  vicinity  of  the  surface  of 
a semi-infinite  crystal,  a quantity  that  is  susceptible  to  experi- 
mental study  by  the  techniques  of  low  energy  electron  diffraction. 

Probably  the  most  detailed  calculations  of  the  mean  square 
displacement  of  an  atom  in  the  surface  layers  of  a crystal  have 
been  carried  out  from  a discrete  lattice  point  of  view.  Such 
calculations  and  their  results  have  been  described  in  Section  II. 6 
of  this  article.  However,  the  earliest  calculations  of  this 
quantity  were  carried  out  on  the  basis  of  continuum  theory ^ 
which,  despite  its  limitations,  is  capable  of  yielding  information 
of  a kind  which  would  be  difficult  to  extract  from  purely  numerical, 
discrete  lattice  calculations,  as  we  shall  see. 

We  now  show  how  the  mean  square  displacement  can  be  related 
to  the  Green's  functions  of  Section  II. 5. D,  and  present  results 
for  a semi-infinite  isotropic  elastic  continuum,  bounded  by  a 
planar,  stress-free  surface. 

To  express  the  mean  square  displacement  <u2(i)>  in  terms  of 

or 

the  dynamical  Green's  functions  of  elasticity  theory  we  begin  with 
the  normal  coordinate  transformation  (II. 5. 55),  which  yields  the 
result  that 
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The  statistical  averages  given  by  Eqs.  (I I. 5. 64)  reduce  this 
expression  to 
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We  next  use  the  following  representation  for  2ng+l 
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to  rewrite  Eq.  (II. 13. 2)  as 
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If  we  compare  this  result  with  the  bilinear  expansion  (II. 5. 69)  of 
the  Green’s  function  D (5f,i'  |,(,)  we  obtain  finally  the  result  that 

Qfp 
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The  result  given  by  Eq.  (II. 13. 5)  simplifies  in  two  limiting 
cases.  At  the  absolute  zero  of  temperature  the  summation  over  n 


can  be  replaced  by  integration,  with  the  result  that 
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In  the  opposite  limit  of  high  temperatures,  the  only  term  making 
a nonzero  contribution  to  the  sum  in  Eq.  (II. 13. 5)  as  T -» ® is  the 
one  for  which  n - 0.  Consequently,  in  this  limit  we  find  that 

<u2(2)>=-^D  (2,210)  (T  -*  «)  . (II. 13. 7) 

at  p atot 


In  what  follows  we  will  focus  on  the  high  temperature  limit  because 
many  low  energy  electron  diffraction  experiments  are  carried  out 
under  conditions  where  this  approximation  is  valid,  and  because 
analytic  expressions  for  <u2 *(2))  can  be  obtained  in  this  limit, 

Q t 

for  an  elastically  isotropic  medium,  and  for  an  hexagonal  medium 

with  its  stress-free  surface  parallel  to  the  basal  plane. 

If  Eqs.  (II. 5. 70)  and  (II. 5. 72)  are  used  in  Eq.  (II. 13. 7), 

2 

the  expression  for  <u  (2) > is  expressed  in  terms  of  the  quantities 

Gt 

that  are  actually  calculated 
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These  expressions  show  the  expected  result,  viz.  that  (u  (2) ) 

at 

depends  only  on  the  coordinate  normal  to  the  surface. 

The  Fourier  coefficients  |d  (k||  0 XgXgj-  are  of  interest  in 

^ (2) 

their  own  right  for  a variety  of  physical  applications,  v J 

in  addition  to  their  utility  in  calculations  of  the  mean  square 

displacement  of  a surface  atom  in  the  classical  limit.  For  an 

isotropic  elastic  medium  occupying  the  upper  half-space  x.j  > 0 

the  nonzero  coefficients,  obtained  by  taking  the  limit  as  0)  -*  0 
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In  each  case  the  first  term,  which  is  a function  of  x.,  and  x, 


only  through  their  difference,  is  the  Fourier  coefficient 
d^“^  (k||0 JxgXg)  which  is  obtained  for  an  infinitely  extended 
medium;  the  second  term,  which  depends  on  x3  and  x3  separately, 
is  the  contribution  d^®^  (k,|0  x3x£)  reflecting  the  presence  of  a 
stress-free  surface  at  the  plane  xg  - 0. 

Because  the  Green's  function  Derg  (k (|uu |XgX£)  can  be  written 
as  the  sum  of  the  Green's  function  (k||t« |x3Xg)  for  an  infinitely 
extended  elastic  medium  and  a contribution  which  causes  the  sum 


to  satisfy  the  corresponding  boundary  conditions,  it  follows  that 
the  mean  square  displacement  (u2(3)>  can  be  decomposed  in  the 


The  first  term  on  the  right  hand  side  is  the  bulk  contribution  to 


the  mean  square  displacement,  which  should  be  independent  of 


position,  while  the  second  is  the  contribution  associated  with 


the  presence  of  a surface  and  is  expected  to  go  to  zero  with 
increasing  distance  into  the  medium  from  the  surface. 

When  the  expressions  for  |d^”^  (k||0|x3x|)|  from  Eqs.  (II.  13. 9) 
are  substituted  into  Eq.  (II.  13.8)  the  integral  over  £||  diverges 
unless  one  imposes  a cutoff  kQ  on  the  magnitude  of  ic||,  where  kD  is 
of  the  order  of  the  reciprocal  of  a typical  interatomic  spacing  in 
a crystal.  Such  a cutoff  arises  naturally  in  a lattice  theory, 
in  which  the  corresponding  integral  extends  over  only  the  two- 


dimensional first  Brillouin  zone  for  the  two-dimensional  Bravais 
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lattice  underlying  the  semi-infinite  crystal,  and  is  associated 
with  the  existence  of  a minimum  length  in  a crystal,  the  shortest 
primitive  translation  vector.  No  such  length  exists  in  a con- 
tinuum theory,  and  a cutoff  on  the  magnitude  of  k||  has  to  be 
imposed  in  an  ad  hoc  fashion. 

The  results  for  (u2(x) >D  obtained  in  this  fashion  are 

Of  D 
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These  results  display  the  surprising  feature  that  <Ug(x) >B 
*(u^(x)>B  “ (Ug(x) >g,  i.e.  the  bulk  contribution  to  the  mean 
square  displacement  in  an  isotropic  elastic  medium  is  not  isotro- 
pic. This  is  a standard  difficulty  in  the  theory  of  semi-infinite 
elastic  media.  In  the  present  case  this  anisotropy  is  due  to 

the  introduction  of  a Debye  cutoff  to  the  two-dimensional  wave 

-♦  ■* 
vector  k||  rather  than  to  the  full  three  dimensional  wave  vector  k. 

In  effect,  one  is  integrating  throughout  the  volume  of  a cylinder 

in  wave  vector  space  rather  than  a sphere.  One  can  restore  the 

bulk  isotropy  by  introducing  an  integration  throughout  a Debye 

sphere  rather  than  throughout  a cylinder.  This  can  be  done  in 

the  following  way. 

The  Fourier  coefficient  d£"^  (k||  0|x3Xg)  for  an  infinitely 
extended  isotropic  elastic  medium  can  be  expressed  in  the  form 
of  a Fourier  integral: 

dij)(k„0|x3xp  --  e [(c?  + c?-(ct-c?>k«lx3”x3l] 
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When  Eqs . (11.13.12)  are  substituted  into  Eq.  (11.13. 
the  resulting  Integration  over  the  three-dimensional  wave 
is  restricted  to  the  volume  of  a Debye  sphere  of  radius  kj 
isotropic  result 

(u,  (x)  >-  ” (u-(x)  )n  - (u„(x)  )_  “ o ( ~~v  + k_ 


(II. 13. 12a) 
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(II. 13. 12c) 
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is  obtained  for  the  bulk  contribution  to  the  mean  square  dis- 
placement . 

The  surface  contribution  to  the  mean  square  displacement 
is  intrinsically  anisotropic  because  of  the  lowering  of  the 
symmetry  of  the  isotropic  medium  by  the  introduction  of  a surface. 
Consequently,  no  such  symmetrization  procedure  is  required  in 


obtaining  <u*<x) >g.  The  following  results  are  obtained: ^ 
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The  Debye  radius  appearing  in  Eqs.  (11.13.14)  is  that 
appropriate  to  the  two-dimensional  first  Brillouin  zone  for  the 
Rravais  lattice  describing  the  periodicity  parallel  to  the  sur- 
face of  the  semi-infinite  crystal  being  approximated  by  a 
continuum.  It  is  therefore  different  in  general  from  the  Debye 
radius  appearing  in  Eqs.  (11.13.13),  which  is  that  correspond- 
ing to  the  three-dimensional  first  Brillouin  zone  for  the  Bravais 
lattice  describing  the  periodicity  of  the  bulk  of  the  crystal. 

For  simplicity,  we  have  assumed  the  two  values  of  kp  to  be  equal 

in  presenting  the  results  in  Eqs.  (11.13.13)  and  (11.13.14). 

2 — 

At  any  given  value  of  xg  (ug(x) >g  is  always  larger  than 
2 ^ 2 — + 

<u1(x)>g  - <u2(x)  >s  for  all  values  of  ct/c^  compatible  with 
elastic  stability,  i.e.  0<c^/cJ<3/4. 

From  the  results  given  by  Eqs.  (11.13.14)  we  see  that  each 
component  of  the  mean  square  displacement  decreases  exponentially 
rapidly  over  a distance  of  a very  few  interatomic  spacings  into 
the  solid  from  the  surface  (Xg~(2kD) ”1) , and  then  decreases  much 

-1  (i) 

more  slowly,  as  xg  . The  latter  dependence'  appears  to  have  been 

obtained  first  by  Mindlin^^in  calculations  of  displacement 

correlation  functions  for  a semi-infinite,  isotropic  elastic 

( 6 ) 

medium.  It  has  also  been  demonstrated  recently'  ’ on  the  basis 
of  a simple  lattice  dynamical  model,  but  it  seems  to  be  a result 


11.13.12 


f 

which  would  be  difficult  to  extract  from  a purely  numerical  cal- 
culation based  either  on  a lattice  dynamical  Green's  function 
approach'  'or  on  a representation  of  a semi-infinite  crystal 

by  a slab  of  a finite  number  of  layers.  We  also  note  that  the 

2 “* 

large  xg  behavior  of  <u^(x) >g  is  independent  of  the  Debye  radius  k^, 

and  can  thus  be  obtained  by  letting  In  other  words,  this 

behavior  can  be  obtained  purely  from  elasticity  theory,  in  which 

such  a cutoff  does  not  exist.  However,  a finite  value  of  <u2(x)>c 

a o 

at  xg  ■ 0 is  obtained  only  if  we  retain  a finite  value  of  kD. 

The  methods  of  this  section  have  also  been  used  to  obtain 
analytic  expressions  for  the  mean  square  displacement  in  an  hexa- 
gonal medium  with  a stress-free  planar  surface  parallel  to  its 
(8) 

basal  plane;  The  results  obtained  are  qualitatively  the  same 
as  those  described  here. 
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C.  Attenuation  of  Rayleigh  Waves  by  Point  Defects 

The  development  of  electronic  devices  using  surface  elastic 
waves  has  stimulated  considerable  interest  in  the  fundamental 
properties  of  these  waves.  Important  among  these  properties  is 
the  mean  free  path,  or  the  inverse  attenuation  length,  of  surface 
waves . 

The  mechanisms  attenuating  elastic  surface  waves  can  be  divided 
into  intrinsic  and  extrinsic  mechanisms.  Chief  among  the  intrin- 
sic mechanisms  in  insulating  crystals  is  the  scattering  of 
Rayleigh  waves  by  thermally  excited  phonons  in  the  substrate 
through  the  cubic  anharmonic  terms  in  the  potential  energy  of 
the  crystal.  This  mechanism  has  been  discussed  in  Section  11.12  of 
this  chapter,  where  it  is  concluded  that  at  least  in  insulators, 
it  seems  as  if  one  has  a good  understanding  of  the  intrinsic  pro- 
cesses responsible  for  the  attenuation  of  Rayleigh  waves. 

In  recent  years,  therefore,  there  has  been  considerable  in- 
terest in  extrinsic  mechanisms  for  attenuating  Rayleigh  waves, 
particularly  those  extrinsic  mechanisms  which  are  specific  to 
the  near  vicinity  of  the  surface.  Thus,  the  effects  of  surface 
roughness  on  the  attenuation  of  Rayleigh  waves  have  been  studied^  9 ^ 
as  have  also  the  effects  of  mass  density  fluctuations  in  the  surface 
of  the  solid. (10) 

The  effects  of  point  defects  on  the  damping  of  Rayleigh  waves 
was  investigated  theoretically  by  Steg  and  Klemens^^for  the 
case  of  a point-mass  defect  having  a mass  change  as.  By  the  use 
of  perturbation  theory  they  found  that  the  attenuation  rate  is 
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proportional  to  (Am)  Subsequently  Sakumav  're-examined  the 

5 

problem  by  a nonperturbative  approach,  confirmed  the  u>R  depend- 
ence of  the  attenuation  rate  at  sufficiently  low  frequencies,  and 
examined  the  possibility  of  resonant  scattering  of  Rayleigh  waves 
by  such  point  defects. 

The  dynamic  Green's  functions  of  Section  II. 5. D can  be  used  in 

a nonperturbative  calculation  of  the  attenuation  of  Rayleigh  waves 

(13} 

due  to  their  scattering  by  point-mass  defects'  ' , a procedure 
which  differs  in  nature  from  the  ear^  -•  treatments  of  this  pro- 
blem, and  which  also  yields  more  physical  results  for  the  resonant 
scattering  of  these  waves  than  those  obtained  by  Sakuma. 

We  illustrate  this  application  of  these  continuum  Green's 
functions  by  considering  the  scattering  of  a Rayleigh  wave  by  a 
point-mass  defect  situated  at  the  point  xQ-  (0,  °’  xo3^  in  a semi- 
infinite elastic  medium  occupying  the  half-space  x3  >0.  The 
equations  of  motion  of  the  medium  in  the  presence  of  the  defect 
are 

2 2 2 
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and  are  subject  to  the  boundary  conditions  (11.5.46).  With  the 
aid  of  the  Green's  function  defined  by  Eq.  (II. 5. 66)  we  can  convert 
Eq.  (11.13.15)  into  an  integral  equation: 

^ ? Jdt'D«6<*’Vt't')777T  vs«,t,>  . 
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where  u^°^(x,t)  Is  the  displacement  field  of  the  incident  Rayleigh 
wave  propagating  along  the  surface  x3  - 0 of  the  semi -infinite 
medium.  With  the  Fourier  decompositions  ua(x,t)  » utf(x| uu) exp(-iuut) 
and  u£°^(x,t)  - u^°^  (x|u))exp(-iout)  , we  readily  find  that  the  ampli- 
tude of  the  scattered  displacement  field  is  given  by 

u£S\x|uu)  -ua(x|uu)  -u£°^(x|u)) 

■ - E»w(«,i>)i(<(5>)u}<,,(;0i.)  , <ii. 13. 17) 
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where  the  scattering  matrix  Tag(xo|uj)  is  the  3x3  matrix  given  by 
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In  the  case  of  solids  for  which  D (x  ,x  | u>)  is  diagonal,  e.g. 

Or  p O U 

isotropic,  cubic,  hexagonal  solids,  Tap(*0|u>)  takes  the  simple  form 


T«p<xo|u') m 


«L 


JL Sl 


1 + 49-d-^I»)  d‘><x>) 


(11.13.19) 


In  scattering  problems  <v  must  be  given  a small  positive  imaginary 
part  so  that  the  contributions  of  various  poles  in  the  expressions 
for  scattered  amplitudes  can  be  evaluated  correctly.  The  functions 
Da(xo|ou)  in  this  case  have  complex  zeros  in  the  low  frequency 
limit  when  Am  is  positive  (a  heavy  defect) , and  are  therefore 
referred  to  as  "resonance  denominators." 

Using  the  explicit  forms  of  the  Dag(x,x#|uj)  for  an  isotropic 
solid  given  by  Eqs.  (II. 5. 74)  and  (II. 5. 75),  the  asymptotic 
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behavior  of  the  scattered  displacement  field  u£s^(x,t)“  u£s^(x|(ju)x 
x exp(-iout)  for  x far  from  xQ  can  be  evaluated  by  the  method  of 
stationary  phase.  The  result  can  be  written  as  the  sum  of  four 
contributions : 

u^s^(x,t)-e  | u^  (x|tu)  + u^tp^  (x|ou)  + u^ts^  (x|ou)  + 


+ a(R)  (x|u>)  | . 


(11.13.20) 


In  Eq.  (11.13.20)  u^(x|cu)  is  the  amplitude  describing  the 
scattering  of  the  incident  Rayleigh  wave  into  bulk  longitudinal 
waves;  u^tp^(x|iw)  |u^ts^  (x|u>)}  is  the  amplitude  for  scattering 
into  bulk  transverse  waves  of  p-polarization  (s-polarization) ; 
and  u(R^(x|<a)  is  the  amplitude  for  scattering  into  other  Rayleigh 
waves. 

With  these  results  in  hand  it  is  straightforward  to  obtain 

the  energy  crossing  unit  area  in  unit  time,  averaged  over  the 

period  of  the  motion,  for  both  the  scattered  and  the  incident 

displacement  fields.  This  is  given  by  the  real  part  of  the  com- 

( g \ 

plex  elastic  Poynting  vector'  1 
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We  restrict  ourselves  to  the  case  of  point  defects  localized 

at  the  surface  of  the  solid  (xQ3  - 0) . We  assume  an  area  density 

of  defects  n .and  assume  further  that  the  incident  Rayleigh  wave 

s 
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We  thus  obtain  the  relation 


(11.13.24) 


which  defines  the  length  l.  1^  is  the  distance  traveled  by  the 
Rayleigh  wave  as  it  passes  over  the  surface.  The  ratio 
(dE^  /dt)  /L,(dE^°^  /dt)  is  the  energy  lost  per  unit  distance 
traveled  by  the  Rayleigh  wave.  This  is  the  inverse  of  the  mean 
free  path  of  the  wave.  Thus,  from  Eq.  (11.13.24)  we  see  that 
the  length  t is  the  mean  free  path  of  the  Rayleigh  wave.  It  is 
given  explicitly  by 
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The  determination  of  dE'  ' /dt  from  Eqs.  (11.13.20)  and  (11.13.21) 
.c 


and  of  (inc.)  is  described  in  Ref.  13  . Because  the  scattered 

displacement  field  u^(x,t)  is  the  sum  of  four  contributions,  as 


was  indicated  in  Eq.  (11.13.20),  it  follows  from  this  fact  and 

,(S) 


Eq. (II .13.21)  that  dEv  ' /dt  can  be  expressed  as  the  sum  of  four 
contributions,  one  for  each  of  the  four  possible  scattering 
processes : 
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It  is  shown  in  Ref.  13  that  each  of  the  four  terms  on  the  right 
hand  side  of  this  equation  has  the  functional  form 
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Bi 
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were  and  BA  are  constants  which  in  general  have  to  be  obtained 
numerically. 
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(11.13.26) 

This  result  combined  with  Eq.  (11.13.25)  immediately  yields  the 
result  that  the  inverse  attenuation  length  is  itself  the  sum  of 
four  contributions,  one  for  each  of  the  possible  scattering 
processes , 


(11.13.27) 


(11.13.28) 
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This  result  is  in  agreement  with  those  of  Steg  and  Klemens^11^ 
(l2) 

and  Sakuma  in  predicting  an  inverse  attenuation  length  pro- 
portional to  the  square  of  the  change  in  mass  introduced  by  the 
defect  and  to  the  fifth  power  of  the  frequency  of  the  Rayleigh 

5 

wave,  when  the  point  defects  are  localized  at  the  surface.  The  uu 

dependence  has  a simple  physical  origin.  It  is  well  known  that 

the  cross  section  for  scattering  of  bulk  phonons  by  a defect  whose 

dimensions  are  small  compared  to  the  wavelength  of  the  phonons  is 

4 ( 14^ 

proportional  to  u)  v . A bulk  phonon  has  its  energy  density 
spread  uniformly  throughout  the  volume  V of  the  solid,  and  the 
fraction  f of  the  energy  density  that  interacts  with  the  defect 

4 

is  Vjj/V,  where  VD  is  the  volume  of  the  defect.  The  m dependence 
comes  from  the  combined  effect  of  the  matrix  element  for  scatter- 
ing and  the  density  of  final  states,  and  the  attenuation  constant 

4 

is  proportional  to  id  f.  For  a Rayleigh  wave  that  scatters  from 
a surface  Jefect  of  finite  size  (small  compared  with  the  wave- 
length of  the  Rayleigh  wave),  one  has  f VDuu/cRS,  where  S is  the 
area  of  the  surface  exposed  to  the  Rayleigh  wave,  uu  is  its  fre- 
quency, and  cR  is  its  speed.  The  length  cr/uj  is  a rough  measure 

of  the  penetration  depth  of  the  Rayleigh  wave  into  the  substrate. 

4 5 

The  attenuation  constant  is  again  proportional  to  uj  f,  and  the  ui 
dependence  is  obtained. 

In  contrast  with  the  result  obtained  by  Sakuma,  who  obtained 
resonant  scattering  when  the  mass  defect  corresponds  to  an  impurity 
atom  lighter  than  the  atom  of  the  host  crystal  it  replaces,  the 
result  given  by  Eq. (II . 13.28)  predicts  resonant  scattering  when 
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the  impurity  atom  is  heavier  than  the  atom  it  replaces . The 

latter  result  is  analogous  to  that  obtained  for  the  scattering 

(14} 

of  bulk  waves  by  mass  defects'  ’ , and  appears  physically  reason- 
able in  the  present  context. 

To  obtain  an  estimate  of  the  magnitude  of  -tT1  we  consider  sill 

—3  5 —1  5 — 

con  with  p = 2.5  gm  cm  , cR”4.9  x 10  cm  sec  , ct“5.3  x 10  cm  sec 

5 -1 

and  * 9.5  x 10  cm  sec  . If  we  assume  that  the  defects  are 

12  —2  —23 

localized  at  the  surface  with  ng  = 10  cm  , and  Am  - 10  gm,  we 

obtain  the  following  estimates  for  uu  - 1010Hz:  -3.1  x 1015cm, 

2.1  x 1015cm,  ‘t(ts)=  2.1  x 1015cm,  and  0.77  x 1015cm. 

13 

If  the  frequency  is  increased  by  a factor  of  1000,  to  10  Hz, 

the  preceding  values  are  reduced  to  3.1  cm,  2.1  cm,  2.1  cm,  and 

0.77  cm,  respectively.  The  latter  lengths  are  moderately  short, 

but  the  frequency  is  much  higher  than  those  used  in  surface  wave 

devices.  In  typical  situations,  therefore,  it  seems  likely  that 

( 9 ) 

scattering  of  Rayleigh  waves  by  surface  roughness  will  be  a 
more  significant  extrinsic  mechanism  in  determining  the  attenuation 
length  than  will  scattering  by  mass  defects . 
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D.  The  Surface  Contribution  to  the  Low  Temperature  Specific 

Heat  of  a Solid 

We  have  presented  in  Section  11.6  a discussion  of  the  calcu- 
lation of  the  surface  contribution  to  the  thermodynamic  functions 
of  a crystal  by  purely  numerical  methods.  Such  methods  yield 
this  contribution  over  the  complete  range  of  temperatures,  in 
the  harmonic  approximation,  for  which  it  is  non-vanishing. 

However,  the  results  are  obtained  purely  numerically  and  must 
therefore  be  presented  either  graphically  or  in  tabular  form,  in 
neither  of  which  forms  is  information  about  the  analytic  depend- 
ence of  the  results  on  temperature  and  the  parameters  character- 
izing the  dynamical  properties  of  the  crystal  readily  obtainable. 

There  is  one  limit,  however,  in  which  an  analytic  result  is 
obtainable,  and  it  is  to  the  calculation  of  the  surface  contribu- 
tion to  the  specific  heat  of  a crystal  in  this  limit  that  this 
subsection  is  devoted. 

In  the  limit  of  very  low  temperatures  the  specific  heat  at 
constant  volume  of  a finite  solid  contains  a contribution  associa- 
ted with  the  surface  of  the  solid  which  has  the  form 


ACy(T)  = BST2  + o(T2)  . (11.13.29) 

In  this  expression  S is  the  surface  area  of  the  solid  and  T is 
the  absolute  temperature.  The  proportionality  of  ACV(T)  to  S 

and  T2  is  characteristic  of  two-dimensional  dynamical  systems  at 
low  temperatures  (the  latter  dependence  is  the  analogue  for  two- 

3 

dimensional  crystals  of  the  well  known  "Debye  T law"  for  the 


I 
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specific  heat  of  a three-dimensional  crystal  at  low  temperatures  ) 
In  the  case  that  the  surface  is  stress-free  the  coefficient  B is 
positive  because  the  relaxation  of  stresses  at  the  boundary  de- 
presses the  normal  mode  frequencies  of  the  solid,  according  to 

Qg\ 

Rayleigh's  theorems v , thus  enhancing  the  density  of  normal  mode 
frequencies  at  its  low  frequency  end,  and  increasing  the  specific 
heat  at  low  temperatures  thereby.  In  this  subsection  we  obtain 
an  explicit  expression  for  the  coefficient  B by  means  of  which  it 
can  be  calculated  for  any  solid. 

The  interest  in  knowing  B arises  from  two  circumstances. 

First,  since  only  vibration  modes  of  very  long  wavelength  contri- 
bute to  the  specific  heat  at  very  low  temperatures,  the  coefficient 
B can  be  calculated  on  the  basis  of  elasticity  theory.  Its  value 
is  therefore  a function  only  of  the  elastic  moduli  and  the  mass 
density  of  the  medium.  In  other  words,  it  is  model  independent 
and  exact:  no  information  about  the  structure  of  the  primitive 
unit  cell  of  the  crystal  nor  about  the  nature  and  range  of  the 
interatomic  forces  in  the  crystal  is  required  for  its  determination. 
Second,  up  to  the  present  time  it  has  not  been  proved  to  be  possi- 
ble to  obtain  the  coefficient  B,  or  even  the  temperature  depend- 
ence, accurately  from  purely  numerical  calculations  in  which  the 
normal  mode  frequencies  are  determined  for  a semi-infinite  slab 

of  the  crystal  being  studied,  consisting  of  a comparatively  small 

(17) 

number  of  atomic  layers  (of  the  order  of  20)  ' . The  difficulty 

of  doing  this  lies  in  the  fact  that  as  the  temperature  is  lowered 
the  wavelength  of  the  phonons  making  the  dominant  contribution 
to  the  specific  heat  increases . At  some  temperature  this  wavelength 
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becomes  long  enough  that  the  fact  that  the  solid  is  a slab, 

bounded  by  two  stress-free  surfaces,  and  not  a semi-infinite 

medium,  bounded  by  a single  stress-free  surface,  begins  to  be 

reflected  in  the  result  for  the  specific  heat.  At  the  present 

time  it  does  not  appear  to  be  feasible  to  make  the  crystal  slabs 

thick  enough  to  enable  the  specific  heat  to  be  obtained  at  suffi- 

o 

ciently  low  temperatures  that  the  contribution  proportional  to  T 
can  be  obtained  accurately.  An  independent  calculation  of  the 
coefficient  B,  therefore,  gives  the  correct  limit  to  which  the 
purely  numerical  results  should  be  extrapolated  in  the  limit  of 
vanishing  temperature. 

The  specific  heat  of  an  arbitrary  crystal  is  given  in  the 
harmonic  approximation  by 
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Here  g - (kDT)  m is  the  frequency  of  the  s—  normal  mode , 
and  the  sum  on  s runs  over  all  the  normal  modes  of  vibration  of 
the  crystal.  The  second  form  of  this  expression  is  valid  at  all 
temperatures.  However,  it  is  particularly  useful  in  the  limit  of 
low  temperatures,  where  g is  large. 

The  sum  on  s in  Eq.  (11.13.30)  can  be  evaluated  if  we  intro- 
duce the  function  F(z)  of  the  complex  variable  z,  defined  by 


_ 


■ 
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F(z)  - S -a1-  a ' (11.13.31) 

s z -UJS 

This  function  has  simple  poles  at  z-±uu  , s-1,2,...  and  the 

s 

residues  at  these  poles  are  ±(l/2uu_)  , respectively.  Because  only 
positive  values  of  uug  appear  on  the  right  hand  side  of  Eq.  (11.13.30)  , 
■we  can  rewrite  the  sum  on  s in  this  equation  as  a contour  integral 

kR(0ft)2  * . o -ngftz 

Cv(t)  “ -~j £ nj  zJe  F(z)dz,  (11.13.32) 

n-1  “ 

L1 

where  the  contour  C is  shown  in  Fig.  2.5. 

The  result  given  by  Eq.  (11.13.32)  applies  equally  to  infin- 
ite and  semi-infinite  crystals.  If  we  denote  quantities  associated 
with  an  infinite  crystal  by  a superscript  or  subscript  zero,  the 
difference  between  the  specific  heats  of  a semi-infinite  and  an 
infinite  crystal  possessing  the  same  number  of  degrees  of  freedom, 
i.e.  the  surface  contribution  to  the  specific  heat,  can  be  written 
in  the  form 


ACy(T) 


kB(0ft) 


TTi  n-1 


nfz3e  P*[F(z)  - F(o)(z)]dz  (11.13.33) 


where 


F(o) 


(z) 
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(11.13.34) 


and  the  £ouos } are  the  normal  mode  frequencies  of  the  infinitely 
extended  crystal. 
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The  presence  of  the  descending  exponential  in  the  integrand 
on  the  right  hand  side  of  Eq. (II .13.33)  enables  us  to  deform  the 
integration  contour  in  this  equation  into  the  contour  C2  shown  in 
Fig.  2.6  and  know  that  the  contribution  from  the  semicircular  por- 
tion vanishes  in  the  limit  as  its  radius  increases  indefinitely. 

We  are  thus  left  with  the  contribution  from  the  integration 
down  the  imaginary  axis,  which  we  write  as 

AC  (T)  - — ^ - S nf  fi(y)  y3s  in  npfty  dy,  (11.13.35) 

v n n-1  i 

where  we  have  put 

n(y)  - - CF(iy)  - F(o)(iy)]  , (11.13.36) 


and  have  used  the  fact,  evident  from  Eqs.  (11.13.31),  (11.13.34), 
and  (11.13.36)  that  n(y)  is  an  even  function  of  y. 

/ 

Because  n is  greater  than  or  equal  to  unity,  and  3 is  large 
in  the  limit  of  low  temperatures,  to  obtain  the  surface  contri- 
bution to  the  low  temperature  specific  heat  of  a crystal  we  need 
only  the  asymptotic  behavior  of  the  integral  in  Eq. (11.13.35)  in 
the  limit  as  ngh-*  + *. 

It  is  known  from  the  theory  of  the  asymptotic  behavior  of 
Fourier  integrals v ' that  if  the  only  singularity  of  the  function 
n(y)  is  a logarithmic  dependence  on  |y|  in  the  limit  as  |y|-*0, 


fl(y)  - -A 2n  | y|  + o 


y|-  0, 


(11.13.37) 
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then  the  dominant  term  in  the  expansion  of  the  integral  in 
Eq.  (11.13.35)  in  the  limit  of  large  n3ft  is  given  by 


fl(y)yJ  sin  nphy  dy 


-3rrA 


>((n 0ft)  ~4) 


n3^r*+». 
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When  this  result  is  substituted  into  Eq.  (11,13.35)  and  the  sum 
on  n is  carried  out,  we  obtain  for  the  surface  contribution  to 
the  specific  heat  of  a solid 


AC  (T)  - 6A  CO)  kgft-)  + °(T2) 


(11.13.39) 


in  the  limit  as  T-  0 , where  £(x)  is  the  Riemann  zeta  function. 

It  is  not  difficult  to  show  that  for  real  y the  function  C(y) 


can  be  nonanalytic  only  at  y - 0 . 


The  problem  of  obtaining 


the  surface  contribution  to  the  low  temperature  specific  heat  of 
a solid  reduces,  therefore,  to  showing  that  the  function  fi(y) 
associated  with  the  introduction  of  a free  surface  into  a solid 
has  the  asymptotic  form  given  by  Eq. (II . 13.37)  in  the  limit  as 
I y | —0 , and  obtaining  the  coefficient  A. 

From  its  definition,  Eq. (11.13.36) , and  the  results  expressed 
by  Eqs . (II. 13.31)  and  (II. 13.34)  it  follows  that  the  function  n(y) 
can  be  expressed  in  terms  of  the  dynamical  Greens  functions  of 
Section  II. 5. D as 

00 

C(y)  ■ - S fd2X||  Jdx3  [Daa(x,x|  iy)  - (x,x|  iy)  ] (II. 13. 40a) 


Ag  J d*3.r<l2k|l  [ Daa(S||iy|x  Xg)  " (k„  iy  ( X3X3)  ] , 
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(II. 13. 40b) 
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where  we  have  used  Eq.  (II. 5.70)  in  writing  the  latter  expression, 
and  S Is  the  area  of  the  surface  of  the  solid. 

In  carrying  out  the  Integration  over  k||  it  is  convenient 
to  introduce  two-dimensional  polar  coordinates.  In  doing  so  we 
impose  a cutoff  on  the  integral  over  the  magnitude  of  S|( , 0£kn  skD> 
as  was  done  in  Section  II.13.B,  where  k^  is  of  the  order  of  the 
reciprocal  of  a nearest  neighbor  separation  in  a crystal.  Ve  will 
see  that  the  result  we  seek  is  independent  of  the  value  chosen 
for  kQ,  provided  that  it  remains  finite. 

We  now  make  the  changes  of  variables  in  the  integral  on  the 
right  hand  side  of  Eq.  (I I. 13. 40b) 

k|!  * > ka“  kl|£a  « -1,2 

l^-cosQ,  k2“sin0 
zc 

Xo-  — — — , (11.13.41) 
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where  c^  is  some  conveniently  chosen  speed  of  sound  for  the  elastic 
medium.  For  isotropic  media  it  can  be  taken  to  be  the  speed  of 
sound  for  transverse  waves;  for  cubic  crystals  a convenient  choice 
might  be  ct  “ (c^/p)  ^ , where  c^  is  one  of  the  shear  elastic  moduli 
in  the  contracted  Voigt  notation.  We  also  define  a new  Green’s 

A 

function  Dag(uk(|  |zz'  ) by 


zct  zct  \ 

uM  ’ ul y| ) 


(11.13.42) 
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By  making  the  changes  of  variables  (11.13.41)  in  the  differ- 
ential equations  (11.5.71a)  satisfied  by  Dag(£||<i>|xgXg)  and  in  the 
accompanying  boundary  conditions  (11.5.71b)  and  making  use  of  the 
definition  (11.13.42)  we  find  that  the  new  Green's  functions 
D (ukn | zz  ) are  the  solutions  of  the  equations 

Qfp 

* [(1"6v3)i£v  + 6v3  ( DuY(ui|1  1ZZ#  } * 6aY6(Z  "*  ) 

z , z >0  , a,  y “ 1,2,3  (II. 13.43a) 

subject  to  the  boundary  conditions 

5V  [<1-Sv3>liv  “»3El 

z">0  , a,Y“l,2,3  (II. 13. 43b) 

at  the  surface  z-0,  and  outgoing  or  exponentially  decaying  wave 
conditions  at  z»+».  The  Green's  functions  (ufcn  |zz'  ) corres- 
ponding to  an  infinitely  extended  medium  are  obtained  as  the 
solutions  of  Eqs.  (II. 13. 43a)  subject  to  outgoing  or  exponentially 
decaying  boundary  conditions  at  |z|-»>.  It  is  clear  from  the  forms 
of  the  equations  (II. 13. 43a)  and  (II. 13. 43b)  that  both  D (u£||lzz'  ) 

ap 

and  (uk||  |zz#  ) are  Independent  of  y. 
erg 

The  use  of  Eqs.  (11.13.41)  and  (11.13.42)  enables  us  to 
rewrite  Eq.  (II. 13.40b)  in  the  form 
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where 


2rr 


P(u)  -E  fdejdz  [Daa(ufc||  |zz)  - (u£||  |zz)]  . (II. 13.44b) 
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The  only  dependence  of  the  right  hand  side  of  Eq.  (II. 13.44a)  on  y 
is  through  the  upper  limit  of  integration.  It  is  readily  seen 
that  the  singular  behavior  of  n(y)  in  the  limit  of  small  |y|  is 
determined  by  the  large  u behavior  of  the  function  F(u) . The 
latter  can  be  obtained  as  follows. 

Because  u enters  Eq.  (II. 13. 43a)  for  Da^(u&n|zz/  ) only  in 
the  term  on  the  left  hand  side,  and  this  term  is  small 

when  u is  large,  we  introduce  a new  Green's  function  G (ftj|  \zz)  , 

Qfp 

independent  of  u,  as  the  solution  of  the  equation 
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(II. 13. 45a) 


subject  to  the  boundary  conditions 
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z'  > 0 , a,  y m 1,2,3 

(II. 13. 45b) 

at  the  surface  z = 0,  and  outgoing  or  exponentially  decaying  wave 
conditions  at  z*+»  . It  can  be  shown,  from  a comparison  of 
Eqs.  (11.13.45)  and  (II.5.  71)  that  the  Green's  function  Gag(k„|zz  ) 
and  the  static  Green's  function  Dag(S||0|x3x^)  are  simply  related: 

• w >•  (11.13.46) 

The  differential  equation  (II. 13. 43a)  for  Dag(uk|zz'  ) can  now  be 
rewritten  as  an  integral  equation  with  the  aid  of  this  new  Green's 
function: 

OB 

Dag(uk|zz/  ) - GQfg(k|zz'  ) + E £ GaY(fc| zz") DYg(uk|  z'z  )dz". 

(11.13.47) 

Although  this  equation  holds  for  all  u,  it  is  particularly  conven- 
ient in  the  limit  of  large  u,  when  it  can  be  solved  by  iteration 

OB 

Dag(u£|zz  ) - Gap(k|zz  ) + \ E jGaY(£|zz')GY0(k|z'z  )dz'  + 

u Y o 

+ 0(u-4)  (11.13.48) 

It  follows  from  this  result  that  in  the  limit  of  large  u the 


function  F(u)  defined  by  Eq. (II .13.44b)  has  an  expansion  in 


have  that 


(k  | zz)  ] 


where  (k|zz#  ) is  the  solution  of  Eq.  (II. 13. 45a)  which  satis- 
fies outgoing  or  exponentially  decaying  wave  conditions  at  z - ± • 
From  Eqs.  (I I. 13. 44a)  and  (11.13.49)  it  is  straight  forward 
to  show  that  the  only  singular  contribution  to  the  function  n(y) 


in  the  limit  of  small  y|  is  given  by 


From  Eqs.  (11.13.37)  and  (11.13.39)  we  see  that  this  result  implies 


that  the  surface  contribution  to  the  low  temperature  specific  heat 


C(3)k, 


This  result,  together  with  Eqs. (11.13.46)  and  (11.13.50), 
solves  the  problem  of  obtaining  the  surface  contribution  to  the 


low  temperature  specific  heat  of  an  arbitrary  solid  bounded  by  a 


single  stress-free  planar  surface,  and  displays  the  functional 


11.13.32 


dependence  of  this  contribution  on  the  surface  area  and  tempera- 
ture in  an  explicit  fashion.  A definite  prescription  for  the 
determination  of  the  numerical  coefficient  FQ  is  given. 

The  reduced  Green’s  functions  Gag(fc|zz  ) have  been  obtained 
for  an  isotropic  elastic  medium ^2*^  an  hexagonal  medium  with  its 
stress-free  surface  parallel  to  the  basal  plane^20^  , and  a cubic 
medium  with  its  stress-free  surface  parallel  to  a (001)  surface^21) 
For  the  hexagonal  medium  the  following  result  for  AC  (T)  has  been 
obtained (20,22^ 


k 

ACv(T)  - 6tt  -f  C(3)  { 

h v, 


C11  " C12 


2 Kf  • 


£-^£}sT2  + o(T2) 


(II. 13. 53a) 


where 


2(p±)  + Si  -fl3/2  + fl3\ 

\C33  / c44  c33  \ c44  ' 


(II. 13. 53b) 


_ 1/c33\  C13  + _ 2CH  + fll  / fll  _ 

\CH  / [c33  c13  c33  c44  \ c13 


p-6(1-^)-2 


13  _ ^11 
C33  c44 


ps.(i  + pi) 

c13  V c44  / 


(II. 13. 53c)  * 


2 fl! 

+ 2 ^ - 

C44 

C33  Vcn 

. 

C44  ' 

fl3 

2 fli  + fl3  (°13 

_ !l3 

c44 

. C44  c33  Vcll 

c44 

(II. 13. 53d) 
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An  isotropic  medium  can  be  regarded  as  a special  case  of  a 
hexagonal  medium,  which  is  obtained  by  setting 


c13  “ c12  “ C11  ”2c44 ’ c33  " C11 


(11.13.54) 


In  this  limit  Eq.  (I I. 13. 53a  ) reduces  to  the  result 


ACV(T) 


3tt  — §• 
h2 


C(3) 


2ct  ■ 3ctcj + 3ci  ST2 


c?c?(c!-°t) 


+ o 


(T2) 


(11.13.55) 


( ooN 

first  obtained  by  Dupuis,  Mazo,  and  Onsager'*0' , and  which  has 

subsequently  been  rederived  by  other  authors  in  other  ways . 

In  the  case  of  cubic  crystals  the  integral  over  9 in  the 

expression  (11.13.50)  for  FQ  has  to  be  evaluated  numerically.  Values 

of  -F  have  been  tabulated  as  functions  of  C../C,.  and  c_0/c..^21\ 

From  these  tables  one  obtains  a value  of  B - 3.034  x 10~5erg/cm2(°K) 3 

for  NaCl,  when  the  0 °K  values  of  the  elastic  moduli  obtained 

by  Overton  and  Swim^25^  are  used.  This  value  is  to  be  compared 

with  the  value  of  B-3.80  x 10  5erg/cm2(°K) 3 obtained  for  a slab 

of  15  atomic  layers  by  Chen  et  al.^2^,  from  values  of  ACy(T)  in 

the  temperature  range  between  5 and  20  °K.  Barkm&n,  Anderson,  and 
(27) 

Brackett v 7 experimentally  determined  the  value  of  B for  NaCl 
■■5  2 o 3 

to  be  4.6  x 10  erg/cm  ( K)  which  is  approximately  50%  larger 
than  the  theoretical  result. 

An  alternative,  Green's  function  method  of  obtaining  the 
surface  contribution  to  the  low  temperature  specific  heat  of  a 
semi-infinite  solid  has  recently  been  developed  by  Garcia-Mo liner 
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E.  Further  Applications  of  the  Continuum  Approach  to 
Surface  Lattice  Dynamics 


The  mean  square  velocity  of  a point  in  the  vicinity  of  the 
surface  of  an  elastically  isotropic  medium  bounded  by  a stress- 
free  planar  surface  can  also  be  expressed  in  terms  of  the  continuum 
Green's  functions  discussed  in  Section  II. 5. D: 


<v2(x)  > 


V . 3 2kBT 
6tt2p  D + P 


If  {5?  + D»(;-5|in4 


(11.13. 56) 

This  is  a less  interesting  dynamical  property  of  a solid  surface 
than  the  mean  square  displacement,  however.  This  is  because  at 
elevated  temperatures  the  effects  of  the  surface  appear  first  in 
the  leading  quantum  correction  to  the  classical  result,  the  first 
term  on  the  right  hand  side  of  Eq. (11.13.56) 

The  mean  square  displacement  of  a point  in  the  vicinity  of 
the  plane  interface  between  two  different  elastic  media  can  be 
calculated  on  the  basis  of  appropriate  generalizations  of  the 
Green's  functions  of  Section  H.5.D,  by  the  methods  described  in 
sub-section  A of  this  section.  Such  calculations  have  been  carried 
out  for  two  different  isotropic  elastic  media  in  contact^29)  . 

The  same  Green's  functions  can  also  be  used  to  obtain  the 
interface  contribution  to  the  low  temperature  specific  heat  of  such 
composite  systems  by  the  methods  of  sub-section  C of  this  section^30^ 
These  Green's  functions  were  used  also  for  the  calculation 
of  the  Stanley  waves  for  two  different  hexagonal  media  in  contact 


along  a plane  interface  which  is  parallel  to  each  of  their  basal 


11.13.36 


planes . 

The  static  and  dynamic  Green's  functions  for  an  isotropic 

elastic  medium  bounded  by  a pair  of  parallel,  stress-free  planar 

(32  ) 

surfaces  have  been  obtained  recently  . It  is  therefore  possi- 

ble now  to  obtain  the  mean  square  displacement  of  a point  in  a 
crystal  slab,  as  well  as  the  surface  contribution  to  the  low 
temperature  specific  heat  of  a slab,  and  to  determine  the  effects 
of  the  finite  thickness  of  the  slab  on  these  properties. 

The  continuum  Green's  functions  of  Section  II.5.D  can  be 
used  to  obtain  dynamical  correlation  functions  for  a semi-infinite 
elastic  medium,  in  addition  to  static  correlation  functions  such 

as  the  mean  square  displacement  and  mean  square  velocity.  For 

(3  3^ 

example,  we  have  the  result  that 

09 

r imt 

Jdte  <ua(x,t)  Up(x',0)> 

—09 

(11.13.57) 

This  result  has  been  used  recently  in  a calculation  of  the 
Brillouin  scattering  of  light  from  the  surface  of  an  opaque 
medium^  33  ^ . 

The  preceding  calculations  have  all  been  carried  out  in  the 
harmonic  approximation.  However,  the  continuum  Green's  functions 
of  Section  II. 5. D can  also  be  used  in  calculations  of  certain  anhar- 
monic  properties  of  solid  surfaces . They  can  be  used  as  the 
basis  of  a rather  direct  and  simple  calculation  of  second  harmonic 


generation  of  Rayleigk  waves  as  they  propagate  along  a solid 

surface,  due  to  the  enharmonic  terms  in  the  crystal's  potential 
( 34} 

energy  . Other  nonlinear  processes  involving  Rayleigh  waves 
(e.g.  the  nonlinear  mixing  of  two  Rayleigh  waves)  can  also  be 
studied  in  the  same  manner. 

The  simplicity  of  such  calculations,  and  the  attractive 
explicitness  of  the  results  obtained,  are  likely  to  result  in 
studies  of  many  other  dynamical  properties  of  solid  surfaces 
analytically,  by  the  methods  of  continuum  mechanics. 
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Figure  Captions  for  Section  II 


Fig.  2.1.  Frequency  versus  wave  vector  curves  for  a monatomic  f.c.c. 

crystal  with  two  (111)  surfaces.  The  surface  waves  are 
denoted  by  (a)  11-layer  crystal;  (b)  Brillouin  zone; 

(c)  21-layer  crystal;  (d)  21-layer  crystal  with  outermost 
layers  consisting  of  light  adsorbed  atoms,  adatom-host 
atom  mass  ratio  1:5.  After  Allen  et  al.  (Ref.  20,  Section 
II. 3). 

Fig.  2.2.  Frequencies  versus  wave  vector  for  15-layer  crystal  of 
NaCl  with  two  (001)  surfaces.  The  surface  modes  are 
labeled  by  S^^  and  mixed  modes  by  MS^.  After  Chen  et  al. 
(Refs.  43,  44,  Section  II. 3). 

Fig.  2.3.  The  dispersion  relation  for  acoustic  waves  propagating 

in  the  [100]  direction  on  a (001)  surface  of  a simple  cubic 
crystal  representing  KC-t.  After  Gazis  et  al.  (Ref.  55, 
Section  II. 3). 

Fig.  2.4.  Theoretical  mean  square  displacement  components  plotted 
against  atomic  layer  index  for  the  (100)  surface  of 
nickel.  After  Clark  et  al . (Ref.  8,  Section  II. 7). 

Fig.  2.5.  The  integration  contour  C^  (in  the  z-plane)  which  can 
be  used  in  the  evaluation  of  additive  functions  of 
normal  mode  frequencies. 

Fig.  2.6.  The  integration  contour  C2(in  the  z-plane)  which  can  be 
used  in  the  evaluation  of  additive  functions  of  normal 
mode  frequencies. 


I.  Introduction 


We  define  a polar iton  to  be  an  electromagnetic  wave  coupled 

to  an  elementary  excitation  of  a condensed  medium  - i.e.,  a photon 

coupled  to  a plasmon,  phonon,  magnon,  etc.  A surface  polar iton  is 

a polariton  in  which  the  associated  electromagnetic  field  is  localized 

(1,2) 

at  the  surface  of  the  medium. 

In  our  discussion  we  shall  restrict  our  attention  to  surface 

polaritons  associated  with  a planar  interface  between  two  media. 

The  cases  of  cylindrical  and  spherical  interfaces  have  been  studied 

(3) 

by  Ruppin  and  Englman. ' 


1.  J.  Zenneck,  Ann.  Phys.  (Leipz.)  23,  846  (1907). 

2.  A.  Sommer f eld,  Ann.  Phys.  (Leipz.)  28,  665  (1909) 


3.  R.  Ruppin  and  R.  Englman,  J.  Phys.  C 1,  630  (1968) 


R.  Englman  and  R.  Ruppin,  J.  Phys.  C 1,  1515  (1968) 
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2.  Theory  of  Surface  Polar! tons  in  Dielectric  Media 

a.  i go traolc  flan 

fe  first  present  an  elementary  theoretical  treatment  of 
■urface  polarltons  for  the  case  vhere  both  media  are  isotropic. 

Ve  assume  that  the  ; *erface  separating  the  two  media  is  specified 
by  x - 0.  The  material  in  the  half  space  x > 0 is  characterized 
by  a frequency- dependent  dielectric  constant  €a(ca)»  aQd  the  material 
in  the  half  space  x < 0 is  characterized  by  a dielectric  constant 
g.  (oj) . For  the  present,  we  assume  that  losses  are 

D 
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sufficiently  small  to  permit  neglecting  the  imaginary  parts  of  the 
dielectric  constants.  We  also  make  the  local  approximation  and 
neglect  any  wave  vector  dependence  of  the  dielectric  constants. 

In  this  section  the  magnetic  permeability  is  assumed  to  be  unity 
everywhere . 

If  the  magnetic  field  is  eliminated  from  Maxwell' s equations, 
the  electric  field  £ is  found  to  obey  the  equation 

7 X 7 X 1 + X - 0 (III. 2.1) 

C at2 


where  the  displacement  D is  given  by  3 - e(uu)E.  We  seek  a solution 
to  Eq.  (III. 2.1)  corresponding  to  a surface  polariton  propagating 
in  the  z-direction.  The  electric  field  therefore  varies  in  a 
wavelike  manner  in  the  z-direction  and  decreases  exponentially 
with  increasing  distance  from  the  interface.  Thus,  we  can  write 


- -ax  i(k,|Z-u)t) 

Ea(r,t)  - E°  e a e 


E.  (r,t)  - E e 


«bx  i(kt|Z-u)t) 


x > 0 


x < 0 , 


(III. 2. 2a) 


(III. 2. 2b) 


where  k(|  is  the  wave  vector  describing  the  propagation  parallel 
to  the  surface  and  the  decay  constants  e*a  and  »b  must  have  positive 
real  parts  in  order  to  have  a bona  fide  surface  polariton. 

Substitution  of  Eq.  (III. 2. 2)  into  Eq.  (III. 2.1)  and  solution 
of  the  resulting  algebraic  equations  yield  the  following  expressions 
for  the  electric  fields 


ikii  „ -or  x+ikii  z-iuut 

2 (r,t)  - ( — — E°  ,E°  ,E°  ) e 8 " 

a'  ’ • ^az’  ay’  az7 

a 


x > 0 


(III. 2.3a) 
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ikii  ^ a.  x + ik||  z-iuit 

11  „0  —O  —O  „ D " 


Vr>t)  " (“  Si  Ebz’Eby'Ebz>e 


, x < 0 


(III. 2. 3b) 


and  for  the  decay  constants 


- «a('“)^2 


(III. 2. 4a) 


•2  - k|  - «„<»>£ 


(III. 2. 4b) 


From  Maxwell's  equations,  the  magnetic  fields  are  found  to  be 

, 2 -cr  x+  ikiiz-iujt 

Ba(r,t)  -fak.E°y,-2?€.W^,aXy)a  • 

°a 

x > 0 (III. 2. 5a) 


a.  x+ikn  z-iu)t 

Ox  b 11 


V**10  “ ^(ik"Eby»‘  ^2  €b(u,)E°bz»"abEby)e 


x < 0 (III. 2. 5b) 


where  we  have  assumed  that  §(r,t)  ~ e *’U)t 

We  now  consider  the  boundary  conditions.  The  continuity  of 
the  tangential  components  of  2 at  x - 0 yields  the  relations 


E°  = E°  E°  - E? 
ay  by  az  bz 


The  continuity  of  the  normal  component  of  B yields 


(III. 2. 6) 


«»<»>  . _ 

“b 


(III. 2. 7) 
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From  the  continuity  of  the  tangential  components  of  B,  we  obtain, 
in  addition  to  Eq.  (III. 2. 7),  the  relation 


(a  + a.)E 
a b'  ay 


(III. 2. 8) 


Since  c»a  and  ob  must  have  positive  real  parts,  we  see  that 
E°y  ” E^y  “ 0;  hence,  the  electric  field-  of  the  surface  polariton 
lies  in  the  sagittal  plane  - i.e.,  the  plane  defined  by  the 
direction  of  propagation  and  the  surface  normal.  The  mode  is 
therefore  a TM  mode. 

The  dispersion  relation  for  surface  polar itons  is  given  by 
Eq.  (III. 2. 7).  Utilizing  Eqs.  (III. 2. 4),  we  can  re-express  the 
dispersion  relation  in  the  form 


ou 


€a(u>)  eb(w) 

€a  (uj)  + €b(tju) 


(III. 2. 9) 


This  may  be  compared  with  the  dispersion  relation  for  bulk  polaritons 
2 2 2 

c k /ou  - €(uu)  . In  using  Eq.  (III. 2. 9)  one  must  beware  of  the 
fact  that  this  equation  has  spurious  roots  arising  from  the 
squaring  of  Eq.  (III. 2. 7). 

Let  us  consider  a surface  polariton  characterized  by  real  and 
positive  cra  and  «b.  Then  Eq.  (III. 2. 7)  tells  us  that  €a(ui)  and 
€b(u>)  must  have  opposite  signs  at  the  frequency  uu  corresponding 
to  the  surface  polariton.  The  medium  with  the  negative  g(tw)  is 
called  the  surface  active  medium,  and  the  medium  with  positive  e(u>) 
is  called  the  surface  inactive  medium.  The  symmetry  of  Eq.  (II I. 2. 7) 
shows  that  either  medium  can  be  the  active  medium. 
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Let  us  now  consider  as  an  example  the  specific  case  of  surface 
polar itons  associated  with  surface  plasmons  in  n-type  GaAs  against 
vacuum.  The  conduction  band  of  GaAs  to  a good  approximation  is 
spherical  and  parabolic,  so  we  can  use  the  Drude  form  for  the 
dielectric  constant  of  a free  electron  gas, 

2 

> , (III. 2. 10) 

tu 

where  € is  the  background  (high  frequency)  dielectric  constant, 

00 

2 o * 

uu  •“  4rrne  /c  m is  the  square  of  the  plasma  frequency,  n is  the 

D 00 

* __ 

carrier  density  and  m is  the  effective  mass.  The  dispersion 
relation,  Eq.  (III. 2. 9)  with  €_(uu)  given  by  Eq.  (III. 2. 10)  and 
6b(<Ju)  " 1>  can  be  solved  explicitly  to  give  the  frequency  of 
surface  plasmon  polaritons: 

%><*»>  ' + «-“p  - 

- [((l+6.)e2ltf  + 6„»2)2  - 4,2c2^20iJ  . (III. 2. XI) 


A plot  of  the  dispersion  relation  for  n-type  GaAs  is  given  in  Fig.  3.1. 
We  note  several  features  of  the  dispersion  curve.  First,  it  lies 
entirely  to  the  right  of  the  light  line  in  vacuum,  ou  - ck||  . This 
means  that  no  simple  resonant  interaction  between  the  surface 
polariton  and  light  in  vacuum  is  possible.  Second,  at  large  values 
of  k||(the  unretarded  limit),  the  surface  polariton  frequency  approaches 
the  asymptotic  value 

<«„_,(«)  - ~*P  i i . (III. 2. 12) 
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At  small  wave  vectors,  the  surface  polariton  is  primarily 
photon-like,  whereas  at  large  wave  vectors  it  is  primarily  plasmon- 
like.  In  the  latter  case,  the  electric  field  is  expressible  in 
terms  of  an  electrostatic  potential  qj(r,t), 


S(r,  t)  ■ - vcp(r,t)  , 


(III. 2. 13) 


where 


-cr  x + ikuZ  - iujt 

qp(r,t)  “ cp  e 


x > 0 (III. 2. 14a) 


cp(r,t)  - cpQe 


OfjjX  + ik||  z - i<jut 


x < 0 . (III. 2. 14b) 


Substitution  of  Eqs.  (III. 2. 13)  and  (III. 2. 14)  into  the  equation 


yields  the  result 


7-3  - 0 


“a  " *b  " kH 


(III. 2. 15) 
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which  follows  from  Eqs.  (I II. 2. 4)  in  the  limit  k - 

II 

The  second  example  which  we  wish  to  consider  in  this  section 
Is  that  of  surface  polaritons  associated  with  surface  optical  phonons 
in  a cubic  ionic  crystal  with  two  atoms  per  unit  cell.  The  appro- 
priate dielectric  constant  is  given  by 


«« + ! • 

( “’to*1"  ' 


(III. 2. 17) 


where  m«pQ  and  uu^q  are  the  limiting  long  wavelength  transverse  and 
longitudinal  optical  phonon  frequ'encies,  respectively.  If  Eq.  (III. 2. 9) 
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is  solved  with  €a(u))  given  by  Eq.  (III. 2. 17)  and  €b(uu)  “ 1,  the 
result  is 

-[C(l+€.)o2kif  + + 6-“LO>]i)  • 

(III. 2. 18) 

A plot  of  tUgQ(k|j)  versus  ky  is  given  in  Fig.  3.2  for  intrinsic  GaAs 
against  vacuum.  The  dispersion  curve  starts  on  the  light  line  at 
iuT0. and,  as  k||  - «#,  approaches  the  asymptotic  value 
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The  surface  optical  phonon  case  reduces  to  the  surface  plasmon 
case  in  the  limit  u),j,0  -*  0 and  - uup. 

The  final  example  which  we  present  in  this  section  involves 
surface  polaritons  associated  with  coupled  surface  plasmons  and 
surface  optical  phonons.  The  appropriate  dielectric  constant  now 
contains  both  plasmon  and  optical  phonon  contributions  and  is 
given  by 


€(uu) 


U)LO~U)TO 
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III. 2. 9 

and  substitute  this  expression  into  Eq.  (III. 2.1),  we  obtain  a 
set  of  linear,  homogeneous  algebraic  equations  whose  determinant 
of  coefficients  must  vanish  for  a nontrivial  solution.  This 
determinantal  equation  can  be  written  as 


f(«a,ou,S||)  - 0 . (III. 2. 23) 

In  general,  it  is  a quartic  equation  in  ora  which  may  possess  more 
than  one  root  with  a positive  real  part.  Ordinarily,  the  electric 
and  magnetic  vectors  must  consist  of  a superposition  of  solutions 
corresponding  to  the  roots  a with  positive  real  parts  in  order  to 
satisfy  the  boundary  conditions. 

A simple  case  which  can  be  treated  analytically  and  which  is 
of  experimental  interest  is  that  in  which  the  interface  is  parallel 


to  a principal  axis  of  the  anisotropic  dielectric  and  the  wave 
vector  £||  is  parallel  to  a second  principal  axis,  which  we  take 
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(i)  Semiconductors  with  a Single  Type  of  Free  Carrier 
We  now  develop  the  theory  of  surface  magnetoplasmon 
polaritons  for  a semiconductor  such  as  n-type  InSb  where  the 
energy  band  is  to  a good  approximation  simple  and  spherical.  The 
semiconductor  is  assumed  to  be  semi-infinite  and  to  fill  the  half- 
space given  by  r a 0.  The  external  magnetic  field  §Q  is  taken  to 
lie  in  the  x-y  plane  and  to  make  an  angle  6 with  the  x-axis.  The 
two-dimensional  wave  vector  K||  describing  the  propagation  of  the 
surface  wave  parallel  to  the  surface  is  taken  to  make  an  angle  cp 
with  the  z-axis.  For  the  present,  we  neglect  effects  due  to 
damping,  spatial  dispersion,  and  the  interaction  of  magnetoplasmons 
and  optical  phonons.  The  dielectric  tensor  can  then  be  written 
in  the  form 


<s2€1  + c2€3 

so (63  - €x) 

-is€ 

s 

Sc(€3  ' *!> 

g2€i  + s2e3 

"ce2 

is€2 

-ic€2 

€1 

where  ^ 

= €„{].  + C*J/(»c  - 

ID2)]},  e2  “ €j»c 

u)2/u)(iu2 

€o  = €„Jl  “ (u>2/uu2)},  s - sin0,  c - cos9,  and  u>  is 
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J 


the  cyclotron 


frequency  defined  by  uu  - eB  /m  c. 

c o 

We  consider  first  a particularly  simple  case  which  can  be 
treated  analytically  - namely,  Bq  parallel  to  the  surface  and  k 
perpendicular  to  Bq(0  = rr/2,  cp  - 0,tt).  If  we  substitute 

Eqs.  (III. 2. 2)  and  III. 2. 27)  into  Eq.  (III. 2.1),  we  obtain  a 
nontrivial  solution  provided 


w’ 


nje 
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and  Qrb  is  given  by  Eq.  (III. 2. 4b).  In  the  following,  we  shall 
take  6b  ■ 1.  For  this  configuration  the  y-component  of  the 
electric  field  is  decoupled  from  the  x-  and  z-  components,  just 
as  in  the  isotropic  case.  The  amplitude  ratios  Eax/Eaz  and  Ebx//Ebz 
can  be  evaluated  from  Eq.  (III. 2.1);  however,  a simpler  result  can 
be  obtained  if  the  equation  v • D - 0 is  used.  Then  one  finds 
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ax 


-a  £ (uj) 
acaxzv  ' 
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a^axx 


+ ikllSaxx(u,) 

+ ik|,  € (uj) 
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(III. 2.30b) 


The  boundary  conditions  requiring  the  continuity  of  the  normal 
component  of  D and  the  tangential  components  E at  the  surface  can 
be  written  as 


€ (uj)  E 
axxv  ' ax 


6 ( u>)  E 

axzv  ' az 


Jbx 


(III. 2. 31a) 


Eaz  - Ebz  (III. 2. 31b) 

Combining  Eqs.  (III. 2. 30)  and  Eqs.  (III. 2. 31)  yields  the  dispersion 
relation 

®a  + “b€v(uj)  + iklisgn(k||)  , - 0 . (III.  2. 32) 

caxxv  ' 


* -1 
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By  sgn(k||)  we  mean  +1  if  the  outward  normal  to  the  surface, 

Bq,  and  E||  form  a righthanded  triple  and  -1  if  they  form  a 

lefthanded  triple.  Calculated  surface  magnetoplasmon  polariton 

dispersion  curves  for  n-type  InSb  are  shown  in  Fig.  3.4  for 

u>c  ■ 0.5  iOp.  One  feature,  which  is  immediately  obvious  from 

Eq.  (III. 2. 32)  is  that  the  dispersion  curves  are  different  for 

wave  vectors  of  the  same  magnitude  but  opposite  signs . Considering 

first  the  case  sgn(S||)  - +1,  we  notice  a striking  effect  not  found 

in  the  zero  magnetic  field  case  - namely,  the  dispersion  curve 

(3) 

consists  of  two  parts  with  a gap  between  them.  ' Detailed 
analysis  reveals  that  the  gap  exists  only  if  € and  iu  satisfy 

09  Q 

the  inequality 

6 > (w?  + • (III. 2. 33) 

CO  C p-  C 

It  is  clear  that  must  exceed  unity.  For  given  the  ratio 

(D  /uu  must  exceed  a critical  value  specified  by  Eq.  (III. 2. 33). 
c p 

For  InSb  this  critical  value  is  0.064. 

Considering  now  the  case  sgn(k|)  - -1,  we  see  from  the  dis- 
persion curves  in  Fig.  3.4  that  the  situation  is  qualitatively 
different  from  the  preceding  case.  We  now  have  a complete  lower 
branch  which  is  similar  to  the  dispersion  curve  for  zero  magnetic 
field.  In  addition,  however,  we  have  an  upper  branch  which  starts 
at  the  light  line  where  6 - 1,  rises  to  the  right  of  the  light 

3aa 

line,  and  ends  when  it  meets  a bulk  polariton  dispersion  curve 
defined  by  #a  “0.  The  upper  branch  exists  for  6^  > 1 and  u»c>  0. 


. . 
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It  nay  be  remarked  that  for  both  cases  sgn(k||)  - ± 1,  there  are 
frequencies  at  which  both  a bulk  polariton  and  a surface  polariton 
can  propagate,  In  contrast  to  the  situation  for  zero  magnetic  field. 

We  now  turn  to  a more  complicated  case,  namely,  3q  parallel  to 
the  surface  and  £||  parallel  to  3Q(6  - rr/2,  <p  - tt/2)  . For  this 
case  the  electric  vector  no  longer  lies  in  the  sagittal  plane, 
and  the  y-coraponent  of  the  electric  vector  is  coupled  to  the  x- 
and  z-components . Using  the  appropriate  form  of  the  dielectric 
tensor  given  by  Eq.  (III. 2. 27)  and  substituting  Eq.  (III. 2. 22) 
into  Eq.  (III. 2.1),  we  find  for  a non-trivial  solution  that  a 
must  satisfy  a biquadratic  equation  whose  solutions  are  given  by 

aaj  ” xlC(6l  + €3)/2*l]  + (‘"2/c2)(€2/2€1) 


- r_-nj|Tv2 


(-Dj{[xJ((€1-€3)/261)  + (u>2/c2)(€2/2€l)] 


+ k2(uu2/c2)(€3/€1)(€2/€1)}i  , 


j - 1,2  (III. 2. 34) 


2 2 2 2 

where  “ k||  - (cu  /c  )€1.  In  order  to  satisfy  the  boundary 
condition,  it  is  necessary  to  superpose  solutions  similar  to  those 


given  by  Eq.  (III. 2. 22), 


Sa(?,t)  - [K1Ea(cal)e  “alX+  K2Ea(%2)e  “a2~]e1<kl , 


(III. 2. 35) 


where  and  K 2 are  constants.  Substitution  of  Eq.  (III. 2. 35) 
into  the  boundary  conditions  leads  to  the  following  dispersion 
relation: 

2 2 

(«o  + “i  + ar2^“ler2€l  + C«0*“l+eif2^  + a!  + “1*2  + a2^ao€l€3 


+ oroxl€3(1  “ €3>  “ 0 


(III. 2. 36) 
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The  dispersion  curve  is  plotted  in  Fig.  5 for  n-type  InSb  with 

uu  " 0.9uu  . Two  new  features  are  exhibited  by  Fig.  3.5.  In  the 
c P 

region  labeled  "pseudosurface  waves,"  one  decay  constant  in  the 
surface  active  medium  is  positive  real  but  the  other  is  pure 
imaginary.  The  polariton  therefore  consists  of  a superposition 
of  a localized  surface  part  and  a nonlocalized  propagating  part. 

In  the  pseudosurface  wave  region,  the  dispersion  curve  lies  very 
slightly  above  the  bulk  polariton  curve  indicated  by  the  dashed  line. 

The  second  feature  of  interest  in  Fig.  3.5  is  the  region  labeled 
"generalized  surface  waves."  Here  the  decay  constants  in  the 
surface  active  medium  are  complex  conjugates  of  one  another.  The 
polariton  is  truly  localized  at  the  surface,  but  the  electric  and 
magnetic  fields  decay  in  an  oscillatory  rather  than  a monotonic 


fashion  into  the  medium. 

In  the  nonretarded  limit,  only  one  decay  constant  is  required. 


The  surface  polariton  frequency  is  determined  by  the  equation 


€i(€3/€i) 


and  the  decay  constant  is  given  by 


(III. 2. 37) 


*11  (€3/€!) 


(III. 2. 38) 


We  see  from  Eqs.  (III. 2. 37)  and  (III. 2. 38)  that  both  €j_  and  €3  must 
be  negative  in  order  to  have  a bona  fide  surface  polariton  in  the 


unretarded  limit  - i.e.,  <u  < uj  . 

c p 

The  configuration  SQ  perpendiculai  to  the  surface  gives  results 
which  are  qualitatively  similar  to  those  for  the  configuration  just 
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discussed.  Both  pseudosurface  waves  and  generalized  surface  waves 
are  exhibited.  This  geometry  possesses  cylindrical  symmetry  about 
the  external  magnetic  field,  so  the  results  are  independent  of  the 
direction  of  propagation  in  the  surface. 

(11)  Semiconductors  with  Multiple  Carriers 
Many  semiconductors  are  characterized  by  conduction  or 
valence  bands  which  have  several  equivalent  extrema  rather  than 
a single  extremum, and  which  have  ellipsoidal  rather  than  spherical 
constant  energy  surfaces.  In  general,  free  carriers  associated 
with  different  extrema  will  have  different  effective  masses  and 
hence  different  cyclotron  frequencies.  This  leads  to  additional 
surface  polariton  modes. 

As  an  example,  let  us  consider  p-type  PbTe  which  has 

valence  band  maxima  in  the  [111]  directions  in  wave  vector  space. 

We  restrict  our  attention  to  the  geometry  where  the  surface 

normal  is  in  the  [100]  direction  and  the  external  magnetic  field 

is  parallel  to  the  surface  and  in  the  [010]  direction.  The 

(4) 

dielectric  tensor  then  has  the  form' 

(III. 2. 39) 

where 


U1  - C»Jn/<»a -«&!>]} 

(III. 2. 40a) 

e.ti  - [■Ju(.2--|33)/.V-.!11)]] 

(III. 2. 40b) 

i€-  u,cllll,2pl2/u,(u,2  ‘ “'ell5  ’ 

(111.2.40c) 

I 


MM  I . 


Si 


III. 2. 17 


•ell  - «&« + *>'*•  “C33  ' 3«ot/(2K  + » ' “pll  -»pt(ffi+l)/3K, 
"pl2  ’ «ptC<K+2)/3K1i-  »pt  ■ 4ne2n/nTe»’  “ct  ‘ oBo/nT<:- 


* , * * 


K = mL/mT>  mL  and  mT  are  the  longitudinal  and  transverse  effective 
masses,  n is  the  free  carrier  concentration,  and  is  the  high 
frequency  dielectric  constant.  The  principal  difference  between 
the  dielectric  tensor  elements  of  n-type  InSb  and  p-type  PbTe 
is  in  the  elements  g^ClnSb)  and  gg(PbTe) . The  former  is  independent 
of  Bq  whereas  the  latter  depends  on  §Q  and,  in  fact,  involves  two 
cyclotron  frequencies,  and  uu^g. 

The  surface  polariton  dispersion  curves  can  be  calculated  using 
the  procedures  described  in  Section  (III.2.c.i).  We  shall  illustrate 
the  situation  by  considering  the  case  k||  x §Q  where,  we  recall, 

Bq  is  parallel  to  the  surface.  The  dispersion  curves  are  presented 
in  Fig.  3.6.  Compared  to  n-type  InSb  (Fig.3.$>  we  see  that  p-type 
PbTe  has  two  additional  branches,  one  for  sgn(S|()  = +1  and  one 
for  sgn(k||)  = -1.  This  behavior  is  typical  of  the  multiple  carrier 
case  and  becomes  even  more  pronounced  when  the  external  magnetic 
field  does  not  make  equal  angles  with  the  major  axes  of  all  the 
constant  energy  ellipsoids.  Thus,  when  Bq  is  in  the  [110]  direction, 
p-type  PbTe  exhibits  additional  surface  polariton  branches  beyond 
those  shown  in  Fig.  3.6. 

Another  example  of  multiple  carriers  is  the  electron-hole 


plasma  which  arises  if  a semiconductor  is  maintained  at  a 
sufficiently  high  temperature.  Here  again  one  .finds  additional 
surface  polariton  modes. ^ 
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(lii)  Coupled  Magnetoplasmon-Optical  Phonon  Surface 
Polaritons . 

The  coupling  of  surface  magnetoplasmon  polaritons  to 
surface  optical  phonon  polaritons  can  be  investigated  by  adding 
the  term 

/ 2 2 n 

. / “LO  " “TO  \ 

€-l  ~2 2“/ 

' “TO  " “ ' 

to  the  diagonal  elements  of  the  dielectric  tensor  given  by 
Eq.  (II I. 2. 27)  or  Eq.  ( III. 2. 39) . The  coupled  mode  frequencies 
can  then  be  calculated  as  described  previously. 

We  now  present  some  results  for  n-type  InSb^^  when  re- 
tardation is  neglected  and  the  external  magnetic  field  Bq  is 
parallel  to  both  the  surface  and  the  wave  vector  . The  dis- 
persion relation  is  given  by  Eq.  (III. 2. 37) . In  Fig.  3.7  the  coupled 
mode  frequencies  are  plotted  against  magnetic  field  for  the  case 
wap(®)  - 0.8uugo(®).  We  see  that  the  interaction  forces  the 
plasmon  and  phonon  branches  apart  in  the  low  field  region.  We 
also  note  that  the  plasmon-like  branch  terminates  at  the  cyclotron 
line  id  - u>  and  the  phonon-like  line  undergoes  a discontinuity  at 
this  line.  The  phonon-like  branch  approaches  the  value  u)g^“)  si 
large  magnetic  fields. 

When  retardation  is  included  the  discussion  becomes  compli- 
cated except  for  the  case  in  which  Bq  is  parallel  to  the  surface 
and  perpendicular  to  k|t  . The  dispersion  curves  for  n-type  InSb 

are  shown  in  Fig. 3. 8 for  id  -0.5  to  . u>e_(»)  - cu  (»)  , and 

c p so  sp 

sgn(k||)  - +1.  Both  polariton  branches  have  gaps  of  the  type 
found  in  Fig.  3.4.  In  a similar  fashion  one  can  discuss  materials 
with  multiple  carriers  such  as  p-type  PbTe. 
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d.  Surface  Polaritons  with  D.amping 

In  our  previous  discussion  we  have  neglected  dissipative 
processes  and  assumed  that  the  dielectric  tensors  in  both  media  are 
real.  We  now  relax  this  assumption  and  let  medium  a have  a complex 
dielectric  tensor.  We  shall  restrict  our  attention  to  the  isotropic 
case  and  write 

<=a(uu)  - €'(ou)  + i€"(u>)  . (III. 2.41) 


The  dispersion  relation  is  still  given  by  Eq.  (III. 2. 7),  but  we 
must  now  recognize  that  c*a>  «b  and  either  k||  or  uu  are  complex. 

We  shall  take  u)  real  and  £||  complex.  Then  the  dispersion  relation 
is 


Sa(uu)  + i€"  (uu) 

€bM 


+ 

a 


+ iab 


(III. 2. 42) 


where  €b(uu)  Is  real.  The  existence  of  a nontrivial  solution  of 
Maxwell's  equations  requires  that  a&  and  <*b  satisfy  Eqs.  (III. 2. 4). 
Combining  the  latter  equations  with  Eq.  (III. 2. 42)  yields  the 
analogue  of  Eq.  (III. 2. 9): 
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(k«  + ik,f)2 


(J£2)  gb(m)[€a(a>)  + i€,  («*)  3 

c2  €a(ou)  +i€;(oj)  +€b(ou) 


(III. 2. 43) 


By  equating  the  real  and  imaginary  parts,  respectively  of 
both  sides  of  each  of  the  equations  just  discussed,  one  can  solve 
for  aa’  aa ’ ab’  “b*  kH  and  individually.  The  results  in  general 
are  cumbersome  and  will  not  be  given  here.  However,  the  situation 
becomes  simpler  for  a very  lossy  material  where  €*(<«)»€  * (u>)  , 1. 
Then  Eq.  (III. 2. 43)  can  be  solved  approximately  to  give 
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(III. 2. 44b) 


where  we  have  taken  €b(u>)  • I for  simplicity.  The  attenuation 
length  L is  the  distance  required  for  the  energy  density  of  the 
wave  to  decrease  to  1/e  of  its  initial  value  and  is  given  by 


L “ 2EjT  (III. 2. 45a) 

« f • s;(uu)  , (III. 2. 45b) 


which  is  very  long  compared  to  a wavelength. 

We  note  from  Eq.  (III. 2. 44a)  that  if  €l(u>)  < - 3/4,  k'  lies 
to  the  right  of  the  light  line,  and  we  have  a damped  surface 
polariton  which  attenuates  as  it  propagates  with  the  attenuation 
length  L.  On  the  other  hand,  if  €g(uu)>  - 3/4,  k(('  lies  to  the  left 
of  the  light  line  and  we  have  a new  type  of  surface  polariton  known 

(n  \ 

as  a Zenneck  mode.  ' It  should  be  noted  that  Zenneck  modes  can 
exist  even  when  the  real  part  of  €0(u>)  is  positive.  Since  a and 
er.  are  complex  quantities,  the  Zenneck  modes  are  "generalized" 
surface  waves.  The  real  and  imaginary  parts  of  a&  and  are  given 
approximately  by 


(III. 2. 46a) 


/ 


(III. 2. 46b) 
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e.  Effect  of  Spatial  Dispersion  on  Surface  Falaritons 

Our  discussion  so  far  has  ignored  the  effect  of  spatial 
dispersion  on  the  properties  of  surface  polaritons.  Spatial  dis- 
persion is  a consequence  of  a nonlocal  relationship  between  the 
electric  displacement  D and  the  macroscopic  electric  field  2 as 
expressed  by 

t 

du(S,« -s  / dV  / , 

—00 

(III. 2. 47) 

where  the  integral  on  x'  extends  over  the  volume  of  the  medium. 

If  the  medium  is  spatially  homogeneous  and  the  Hamiltonian  is 
time-independent,  the  nonlocal  dielectric  tensor  becomes  a function 
of  x - x ' only  and  t - t'  only,  €^v(x  - x';t-t').  In  such  a case, 
a Fourier  analysis  of  Eq.  (I II. 2. 47)  yields 

D (q,u>)  - S € (q,u))E  (q,u>)  . (III. 2. 48) 

The  wave  vector  dependence  of  the  dielectric  tensor  ^^(qjUj)  is  a 
manifestation  of  nonlocality  or  spatial  dispersion. 

An  analysis  of  spatial  dispersion  when  a free  surface  is  present 

( g \ 

has  been  carried  out  by  Haradudin  and  Hills:  If  the  surface  is 

defined  by  z - 0 with  the  medium  in  the  half space  z > 0,  and  the 
displacement  and  macroscopic  field  are  specified  by 

D^(x,t)  - D^(z)eik«x  e~iu,t  (III. 2. 49a) 

E^(x,t)  - E^(z)eik«x  e"iu,t 


I 


(III. 2. 49b) 
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then  the  constitutive  relation  takes  the  form 


D (z)  -2  f dz'€  (xk(|  ,uj  ;z  - z')E  (z') 

U . . v |-L  V V 


(III. 2. 50) 


where 


- , p"  d<l2  - iq_(z  - z') 

WVB!‘‘*  ) " J TF  Wq,")e 


(III. 2. 51) 


The  integral  relationship  embodied  in  Eq.  (II I. 2. 50)  has  the 

consequence  that  Maxwell’s  equations  are  now'integrodif ferential 
equations  whose  general  solution  is  difficult  to  obtain.  Progress 
can  be  made,  however,  if  one  adapts  a particular  model.  For  example, 
excitons  and  infrared-active  TO  phonons  in  cubic  crystals  can  be 
described  by  the  dielectric  tensor 


€nv(q,u,)  ” 6uv6(q,U,)  “ W6o+  2 n 2 2 ] — 

K M M uu^  + Dq  - ou  - iuy 


] ,(111.2.52) 


where  udj  is  the  frequency  of  the  excitation  at  q - 0,  fl  is  an 

2 2 i ^ 

effective  "plasma”  frequency  (equal  to  €q(i«lo  - iuT0)  2 in  the  phonon 
case) , D is  the  coefficient  of  the  term  responsible  for  spatial 


dispersion  effects,  and  y is  the  damping  constant.  If  we  define 
Hq*  ) by 

/ uu 2 - u)m  - Dq?  + iuuy 

iXqij  ) Hr ) , (III. 2. 53) 


\ 


then  Eq.  (III. 2. 50)  becomes 


V*>  ' €oVz)  * sbSejt  I .. 

o 

(III. 2. 54) 
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If  Eq.  (III. 2. 54)  is  substituted  into  Maxwell's  equations 
and  one  takes  E^(z)  to  have  the  form 


E (z)  - Ec  e~aZ  , 

U (j.  ’ 

z a 0 

(III. 2. 55a) 

a _z 

E (z)  - E e 

H U 

z < 0 , 

(III. 2. 55b) 

then  a nontrivial  solution  results  only  if 

.2, .2  2^ 


— 2 2 2 9 

€(k„,i»;u>)  |c  <kll  ~ £ ) - g(k„  ,ia;ou)  - 0 (III. 2. 56) 

L uj 


and 


where 


2 .2  / 2 / 2v 

“o  kll  “ (“»  /C  ) , 


n: 


€(k„  , ior  ;uu)  - €_  + -x s2 s s 

° lUJ-U)2  + D(k2-a2)-i(«Y 
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(III. 3. 58) 


For  given  values  of  uu  and  k||  , there  are  three  values  of  a which 
satisfy  Eq.  (III. 2. 56)  and  which  have  positive  real  parts.  Maradudin 
and  Mills  show  that  there  is  an  additional  boundary  condition  when 
spatial  dispersion  is  present.  This  means  that  solutions  corres- 
ponding to  all  three  values  of  a with  Re(a)>0  must  be  superposed 
in  order  to  satisfy  the  boundary  conditions.  When  this  is  done, 
the  dispersion  relation  for  surface  polaritons  is  found  to  be 

<*1(ir+  ax)  (k2  -cr2or3)  - a2(ir+  <kif 
+ k2 (ir+  Qfg)  (or2  ~ or^)  +«0C€1(  ir+Qfj^)  (k2 -ar2a3) 

- €2(ir+a2)(kf-a1a3)]  - 0 (III. 2. 59) 


MMM 
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where  “ €(k||  .iof^jiu)  for  i - 1,2.  The  quantities  and  «2  are 
the  roots  obtained  by  setting  the  factor  in  square  brackets  on  the 
left  hand  side  of  Eq.  (III. 2. 56)  equal  to  zero. 

The  surface  polariton  frequency  obtained  by  solving  Eq.  (III. 2. 59) 
is  found  to  have  an  imaginary  part  which  produces  a decay  of  the 
surface  polariton  and  which  arises  from  the  absence  of  a gap  in 
the  bulk  excitation  spectrum  between  ujt  and  ujl  - [u)2  + (np/6Q)]^ 
when  spatial  dispersion  is  present.  The  surface  polariton  frequency 
therefore  occurs  in  a region  where  the  excitation  energy  density  of 
states  for  bulk  excitations  is  nonzero,  and  energy  can  leak  from 
the  surface  into  the  bulk  of  the  crystal.  Another  consequence  of 
spatial  dispersion  is  that  as  k||  — » «,  the  frequency  uu  (k|| ) of  the 
surface  polariton  does  not  approach  a constant  asymptotic  value 
corresponding  to  €(cu)  ” -1,  but  instead  increases  linearly  with 
k||  when  ck||  » uu.  The  shift  in  uus  which  is  linear  in  k||  can  be 
shown  to  be 


Auj_(k| ) 

S 


D*k„ 


,2  .2s 


^6s“€o^  “T  ' 

Li  . JVMl 

. 2(1+€q)3/2  ujs(o)  J 

1*0  '[—l] 

where  €g  “ €Q  + (flp/uuT)  and  u>g(o)  is  the  solution  to  6(ou) 
For  ZnSe,  one  finds  that 


(III. 2. 60) 

- -1. 


ReAu)g(k|| ) /ckj 

tt  0.0071 

W 
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so  spatial  dispersion  effects  are  not  entirely  negligible  in  this 
material. 
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3.  Theory  of  Surface  Polaritons  in  Magnetic  Media 


We  now  consider  magnetic  media  and  relax  our  previous  assumption 
that  the  magnetic  permeability  |a(uu)  is  unity.  In  the  absence  of 
free  charges  Maxwell's  equations  are  invariant  under  the  inter- 
change of  3 and  3,  of  €(uu)  and  fi(uu),  and  the  interchange  of  uu 
and  -uj.  Consequently,  surface  polaritons  should  exist  at  the 
interface  between  two  magnetic  media  or  between  a magnetic  and 
a dielectric  medium,  provided  the  magnetic  medium  is  surface 
active  in  some  frequency  range. 

The  theoretical  development  of  surface  polaritons  propagating 
along  the  interface  between  two  magnetic  media  can  be  carried  out 
in  complete  analogy  to  the  case  of  two  dielectrics^  1 As  an 
example,  we  shall  consider  a semi-infinite  ferromagnetic  insulator 
with  vacuum  beyond  a planar  boundary  defined  by  x - 0.  We  assume 
a single  domain  magnetized  in  the  +y-direction  and  propagation  in 
the  ± z-directions . For  this  geometry  the  permeability  tensor 
takes  the  form 


(III. 3.1) 


Proceeding  as  in  the  corresponding  gyrodielectric  case,  we  find 
from  Maxwell's  equations  that  the  decay  constants  are  given  by 


(III. 3. 2a) 


(III. 3. 2b) 


i l 


where 


and  €, 


Li  + — 
KXX  |i. 
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(III. 3. 3) 


The  boundary  conditions  lead  to  the  dispersion 


relation 


+ ik||  sgn(k||  )u  /h 


(III. 3. 4) 


“a  bKv  '^xz'  Kxx 

Just  as  in  the  gyrodielectric  case,  the  dispersion  relation 
exhibits  the  nonreciprocity  associated  with  nonequivalent  pro- 
pagation in  the  +£||  and  -k(|  directions.  The  magnetic  vector  of 
the  surface  polariton  lies  in  the  sagittal  plane,  and  the  mode 
is  a TE  mode. 

To  further  illustrate  the  nature  of  the  surface  polaritons 
we  consider  the  permeability  associated  with  magnons  in  a single 
domain  ferromagnetic  insulator.  The  required  elements  of  the 
permeability  tensor  are 

/ 4mu  u)_  \ 


(III. 3. 5a) 


(III. 3. 5b) 


o * — o 7 s o o 

magnetic  field,  Mq  is  the  static  magnetization,  y is  the  gyro- 
magnetic  ratio,  and  is  the  permeability  due  to  other  magnetic 
dipole  excitations  such  as  optical  magnons.  Using  Eqs . (III. 3. 2)  - 
(III. 3. 5)  one  can  calculate  dispersion  curves  explicitly. 


XX 

1 + 2 2 J 

4ttou  uu 

xz 

V«o> 

Ho 

is  the  magnitude 
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The  results  for  the  case  u *“10.0  and  u)  /&  “1  are  shown  in 

09  S O 

Fig.  3.9.  There  is  considerable  similarity  to  the  corresponding 

gyrodielectric  case  of  Fig . 3 . 4,  except  that  the  lower  branches  of 

both  the  + k||  and  -£||  curves  are  missing.  This  is  a consequence 

of  the  different  frequency  dependences  of  the  off-diagonal  elements 

of  the  dielectric  and  permeability  tensors.  For  sgn(S|| ) - +1, 

the  dispersion  curve  approaches  an  asymptotic  limit  as  k||  - «9 

given  by  iusm  - (uuq  + )/(l  + u^)  which  corresponds  to  the 

( 2 

Damon-Eshbach  mode.  7 
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is  outside  the  medium,  the  surface  polarization  modes  are  the  only 
ones  induced,  and  in  the  long  wavelength  limit  they  produce  a 
polarization  field  equivalent  to  that  of  an  image  charge.  The 
contributions  of  the  shorter  wavelength  polarization  modes  become 
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important  only  when  the  source  charge  is  within  a few  interatomic 
spacings  of  the  surface. 

Let  a charge  q be  located  at  R1  and  let  the  dielectric  medium 
be  composed  of  ions  of  polarizability  a(u>)  located  at  sites  R^  . 

The  potential  at  a point  ft2  can  be  written  as^  ^ 

$(R2,S,)  - =3 EBCS  (HI. 4.1) 

21  R12  hJ  » 2J  * J 

where  5^  “ - ft j , the  polarization  component  P^1^ (ftj)  satisfies 

the  equation 

P^1)(V  - q»(o)EM(Bli)  - *(o)  S ^v^jjPy^Rj) 

j 

(III. 4. 2) 


Eu(R)  - R/R' 


# (ft)  - (6 

lav  ' ' nv 


v 'i  1 
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(III. 4. 4) 


Equation  (III. 4. 2)  can  be  solved  with  the  aid  of  the  Green's 
function  G^v(ftitfij)  which  obeys  the  equation 

2[Vv4ij + «<0>Vaij)]VVV  - Vjk  • 

J I ^ 


Then 


pu1)(5i)  ■ ?"(o>  s V*i’VVV 

J » v 
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§(52,5.)  = q[^= a(o)  £ S E(R2.)G  (ft  ,R  ) 

2 1 K12  i,j  4,v  ^ J 1 


x Ev(ftu)] 


(III. 4. 7) 
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The  Green's  function  can  be  constructed  from  the  eigenfrequencies 

tu  and  eigenfunctions  i|r  (R.,n)  of  the  homogeneous  equation 
n ^ 3 


S [5uv6ij  + ■ 0 


j,v 


n/Tuvv"ijJ 
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We  obtain 


ill  (R. , n)  ik*(S . , n) 

G - S M -1  v y . 

uv  1 J n [I  - or(o)  /or(tu  ) ] 
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When  this  result  is  substituted  into  Eq.  (III. 4. 7),  the  potential 
}(R2,R1>  is  found  to  be  given  by  * 

_ _ 1 A*(R,  ,n)A(iL,n) 

§(R0,R-,)  - q[^ — - a(o)E  ± 2 ] , (III. 4. 10) 


n [1  - cr(o)  /a(u)0)  ] 


where 


A (Rx » n)  - S Ev(Slj)^(aj,n) 

^ 3 


(III. 4. 11) 


The  ejjgenfunctions  obtained  by  solving  Eq.  (II  1.4.8)  can  be 
classified  in  the  long  wavelength  limit  as  longitudinal,  transverse, 
and  surface  modes.  Only  the  longitudinal  and  surface  modes  can 
contribute  to  H^,^),  since  the  polarization  induced  by  the  source 
charge  does  not  contain  any  transverse  mode  components.  Consider- 
ing the  case  where  3^  and  32  are  outside  the  medium,  we 
find  after  calculating  the  long  wavelength  eigenvalues  and  eigen- 
functions of  Eq.  (I II. 4. 8)  that  the  longitudinal  modes  contribute 
nothing  and  that  the  surface  modes  yield 


$(a)  (R^Sj) 


-q 


- 1' 
€ + 


(III. 4. 12) 


where  R^2  is  the  distance  from  the  image  charge  and  is  given  by 


III. 4. 4 


R12  “ C(xi-x2)2+(yl“y2)2+(zl  + Z2)2]i  ’ (HI- 4. 13) 

and  € is  the  dielectric  constant  of  the  medium.  The  total  potential 
is  then  given  by 


^ - <lr*  i 


“ qt&i2  '6t  * R 
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(III. 4. 14) 


vhich  is  the  standard  macroscopic  result. 
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5.  Role  of  Surface  Polaritons  in  the  Interaction  Between  Macroscopic 
Bodies . 

Let  us  consider  two  semi-infinite  dielectric  media,  each 
characterized  by  an  isotropic  dielectric  constant  €(uj)  , filling 
the  regions  x < - d/2  and  x > d/2.  They  are  separated  by  a slab 
of  thickness  d whose  dielectric  constant  is  taken  to  be  unity. 

In  the  absence  of  retardation,  the  dispersion  relation  giving  the 
frequencies  of  the  electromagnetic  modes  localized  at  frequencies 
of  the  electromagnetic  modes  localized  at  each  of  the  two  surfaces 
is  given  by^  1 ^ 

e2kd  _ i „ 0 f (in. 5.i) 

where  k is  the  magnitude  of  the  wave  vector  parallel  to  the  surface. 
Equation  (III. 5.1)  is  equivalent  to  the  pair  of  equations 


€(w)  = - coth^ 

(III. 5. 2a) 

€(<u)  * - tanh^ 

(III. 5. 2b) 
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If  we  assume  periodic  boundary  conditions  in  the  two  directions 
parallel  to  the  surfaces,  the  zero-point  energy  of  the  electro- 
magnetic field  associated  with  the  surface  excitations  can  be  written 
in  the  form 

u(d)  “ fe)  /«*  2^r  fit  d *»  *<*,k,d)  (HI. 5.3 


where  L is  the  normalization  length  associated  with  the  periodic 

boundary  conditions  and  the  contour  C encircles  the  positive  half 

of  the  real  uu~axis  in  the  counterclockwise  sense.  The  quantity  U is 

divergent  in  general,  but  its  derivative  with  respect  to  d,  which  is  the 

negative  of  the  force  between  the  two  dielectric  media,  is  finite.  If 
o 

L is  set  equal  to  unity  to  give  the  force  per  unit  area,  and  if  the 
contour  C is  deformed  into  a semicircle  of  infinite  radius  in  the  right- 
hand  half  of  the  u)-plane  together  with  the  imaginary  uu-axis,  only 
the  latter  contributes  to  the  force,  which  becomes 


F(d) 


16rr2d3 


(III. 5.4) 


where  f(?)  - €(i5)* 

The  force  specified  by  Eq.  (III. 5.4)  is  determined  entirely 
by  surface  excitations.  It  is  only  these  excitations  which  have 
electric  fields  that  extend  into  the  vacuum  outside  the  media. 
When  retardation  is  neglected,  the  bulk  transverse  excitations  in 
the  media  have  no  macroscopic  electric  field  associated  with  them. 


The  longitudinal  excitations  do  possess  a macroscopic  electric 
field,  but  this  field  is  confined  within  the  medium  just  as  the 
electric  field  in  a parallel  plate  condenser  is  confined  to  the 
volume  of  the  condenser. 

When  retardation  is  included,  the  dispersion  relation  analogous 
to  Eq.  (III. 5.1)  becomes^2  ) 


g^ou.k.d) 


( aa  + Qfb6a(u))\  2 2abd 
S\  «a“«b€a(<")  / 


1-0  , 
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where  the  subscripts  a.  and  b refer  to  the  medium  and  vacuum, 
respectively,  and  are  given  by  Eqs.  (III. 2. 4).  In  the  present 
configuration,  magnetic  waves  (TE  modes)  are  possible.  Their 
dispersion  relation  is  given  by 


g2(oj,k,d) 


2"bd 


1-0 
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The  zero-point  energy  can  be  obtained  by  a straight-forward 
generalization  of  Eq.  (III. 5. 3).  Deforming  the  contour  and  making 
the  change  of  variables  u>  - i?  and  ck  - ?(p2-l)^,  we  obtain  for 
the  force 


where 
by  Eq. 


2 


2 A 

*^(?>P)  " 8^(1? »5(P  ~l)*/c,d)  for  i - 1,2.  The  force  given 
(III. 5. 7)  is  identical  to  that  derived  by  Lifshitz. ^ 2 ^ 
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It  is  not  possible  to  observe  surface  polaritons  directly 
by  conventional  optical  absorption  measurements.  Conservation 
of  energy  requires  that  the  frequency  of  the  incident  light 
(assumed  incident  from  the  vacuum)  must  equal  the  frequency  of 


the  surface  polariton. 


c(kj  + - cu s ( k u ) 


(III. 6.1) 


On  the  other  hand,  the  requirement  that  the  electromagnetic  fields 
of  the  polariton  decay  with  increasing  distance  from  the  crystal- 


vacuum  interface  imposes  the  condition 

ck||  > u)  (k||) 


(III. 6. 2) 


These  two  conditions  are  compatible  only  if  k^  < 0,  so  the 
incident  light  must  be  attenuated  in  the  x-direction  in  the 
vacuum  above  the  crystal  surface.  One  can  achieve  such  an 
attenuated  field  by  the  method  of  attenuated  total  reflection 


(ATR)  developed  by  Otto. 


In  this  method  a prism  of  dielectric 


constant  € is  placed  above  the  crystal  and  is  separated  from  it 
by  a gap  of  thickness  d and  dielectric  constant  6g.  Light  with 
its  flectric  vector  in  the  xz-plane  is  incident  on  the  interface 
between  the  prism  and  gap  and  makes  an  angle  9 with  the  x-axis, 
where  0 > sin  1(6_/6_) . The  light  undergoes  total  internal 

o tr 

reflection  within  the  prism,  and  at  the  same  time  gives  rise  to 

an  electric  field  in  the  gap  which  varies  exponentially  with 

o 

x - i.e.,  a field  for  which  kx  < 0.  One  can  now  have  the 
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frequency  of  the  incident  light  equal  to  the  frequency  of  the 

surface  polariton  for  some  value  of  k||  , and  when  this  occurs  there 

is  a dip  in  the  reflectivity  of  the  system  as  a function  of  the 

frequency  of  the  incident  light. 

The  ATR  method  has  provided  the  most  detailed  experimental 

results  available  concerning  the  dispersion  relations  of  surface 

polaritons.  The  first  observation  of  surface  polaritons  associated 

with  surface  optical  phonons  was  reported  by  Bryksin,  Gerbstein, 

( 2 1 

and  Mirlin,  for  NaCl  films.  These  authors  subsequently  in- 

vestigated this  type  of  surface  polariton  in  films  of  KBr,  NaF, 

( 3 •) 

LiF,  CdF2,  and  CaFg.  The  ATR  method  was  used  to  determine 

the  dispersion  curves  of  surface  optical  phonon  polaritons  on 

(41  (51 

GaP  by  Marschall  and  Fischer,  ■'on  CaMo04  by  Barker',  ' and  on 

LiF  by  Fischer,  Tyler,  and  Bell. ^ By  studying  a series  of  n-type  InSb 

16  “3 

samples  with  free  carrier  concentrations  in  the  range  1.5  x 10  cm 

18  —3  (71 

to  1.1  x 10  cm  , Bryksin,  Uirlin,  and  Reshina  have  been  able 

to  observe  the  interaction  between  surface  plasmons  and  surface 

optical  phonons.  The  results  are  in  good  agreement  with  the 

theoretical  predictions  of  Section  III. 2. a),  although  the  measured 

frequencies  of  the  plasmon-like  surface  polaritons  are  somewhat 

lower  than  the  calculated  ones. 

The  first  observations  of  surface  polaritons  at  the  interface 

between  an  anisotropic  dielectric  medium  and  the  vacuum  have  been 

made  by  Bryksin,  Mirlin,  and  Reshina on  MgF2  and  TiC>2,  both  of 

which  have  the  rutile  structure.  Surface  polaritons  of  both  types 

I and  II  were  observed  and  were  found  to  obey  the  dispersion 


relation  given  by  Eq.  (III. 2. 26).  The  same  procedure  has  been 

( 9') 

used  by  Falge  and  Ottov  'on  e-quartz.  They  studied  both  the 
ordinary  surface  polaritons  which  occur  when  the  optical,  or  c, 
axis  of  the  crystal  is  parallel  to  the  surface  and  £||  is  per- 
pendicular to  c,  and  extraordinary  surface  polaritons  which 
occur  when  the  c-axis  is  perpendicular  to  the  surface  with  it|| 
in  an  arbitrary  direction  or  when  the  c-axis  is  parallel  to  the 
surface  and  to  k||  . Both  type  I and  type  II  surface  polaritons 
were  observed  and  their  dispersion  curves  determined.  , The 
agreement  between  the  experimental  and  theoretical  dispersion 
curves  is  excellent. 

Several  experimental  investigations  have  been  carried  out 

on  surface  polaritons  associated  with  surface  magnetoplasmons 

(10) 

in  n-type  InSb.  Palik  et  al  have  used  the  configuration  in 
which  Bq  is  parallel  to  both  the  surface  and  the  wave  vector  E|| 
and  have  observed  the  coupled  surface  magnetoplasmon-surf ace 
optical  phonon  modes  at  fields  up  to  80  kG.  The  configuration 
in  which  Bq  is  parallel  to  the  surface  and  perpendicular  to  k|| 
has  been  investigated  by  Hartstein  and  Burstein . They 
observed  the  nonreciprocity  of  the  dispersion  curves  and  the 
gap  in  the  dispersion  curve  predicted  by  the  theory  given  in 
Section  III. 2. 6 . 

An  alternative  to  the  ATR  method  as  a means  of  studying 
surface  polaritons  is  the  use  of  a laser  beam  as  an  energy  source 
and  prism  couplers  for  launching  and  detecting  the  surface  polaritons. 

(lO) 

This  procedure  has  been  used  by  Schoenwald,  Burstein,  and  Elsonv 


to  investigate  surface  polaritons  propagating  along  a surface  of 
copper.  Their  exciting  radiation  was  the  10.6  ^im  line  of  a C0^ 
laser.  The  attenuation  length  L defined  in  Eq.  (III. 2. 45a)  can 
be  measured  by  this  method  and  was  found  to  be  1.6  cm,  which  can 
be  compared  to  the  calculated  value  of  1.9  cm. 

Another  experimental  method  which  is  somewhat  related  to 
the  ATR  method  is  the  observation  of  the  reflectivity  from  a 
surface  upon  which  a grating  has  been  ruled.  The  presence  of 
the  grating  relaxes  the  condition  of  wave  vector  conservation 
for  the  component  parallel  to  the  surface,  £(| . The  effective 
values  of  k(|  are  given  by 

kj[n)  - | sin  9 + ^ , (III. 6. 3) 

where  uu  is  the  incident  frequency ,6  is  the  angle  of  incidence,  d 

is  the  grating  spacing,  and  n is  an  integer.  For  d sufficiently 

small,  one  can  have  ck|fn^>  uu  even  for  n a small  integer.  The 

reflectivity  exhibits  a dip  whenever  the  surface  polariton  frequency, 

uu  (k|fn^),  is  equal  to  uu  for  some  value  of  n,  corresponding  to  the 
s 

excitation  of  the  surface  polariton  by  the  incident  field.  This 
procedure  has  been  used  by  Marschall,  Fischer,  and  Queisserv  to 
obtain  the  dispersion  curve  for  surface  plasmon  polaritons  in 
n-type  InSb.  However,  the  method  has  the  drawback  that  the  surface 
is  perturbed  in  a rather  complicated  way,  and  the  effect  of  this 
perturbation  on  the  surface  polariton  is  difficult  to  determine 
precisely. 


III. 6. 5 


Another  technique  which  is  applicable  to  the  investigation 
of  surface  polaritons,  particularly  in  the  unregarded  regime, 
is  the  observation  of  energy  loss  by  electrons  transmitted  t :ough 
or  reflected  by  the  sample.  A peak  in  the  energy  loss  spectrum 
can  occur  as  a result  of  the  excitation  of  surface  polaritons. 

Surface  optical  phonons  have  been  studied  experimentally,  for 
example,  by  energy  loss  experiments  in  which  either  high  energy 

(14) 

(~50  KeV)  electrons  were  transmitted  through  a thin  film  of  LiF 
or  low  energy  ( ~10  eV)  electrons  were  specularly  reflected  from 
a ( 1100)  surface  of  ZnO^f5^  The  penetration  of  the  electric 
field  of  the  surface  optical  phonons  into  the  vacuum  outside 
the  crystal  provides  a mechanism  for  strong  coupling  of  these 
phonons  to  the  incident  electrons. 

Recently,  the  techniques  of  Raman  scattering  have  been  applied 

/ 1 g\ 

to  the  study  of  surface  polaritons.  Evans,  Ushioda,  and  McMullen v 
observed  Raman  scattering  from  surface  polaritons  in  a thin  film 
(~2500a  thick)  of  GaAs  deposited  on  a sapphire  substrate  using 
the  4880  A line  of  an  argon  ion  laser  and  near  forward  scattering 
at  normal  incidence.  The  thinness  of  the  sample  made  possible 
the  study  of  the  scattered  radiation  in  transmission.  The  surface 
polariton  dispersion  curve  has  two  branches,  the  higher  frequency 
one  corresponding  to  surface  polaritons  localized  at  the  vacuum- 
film  interface  and  the  lower  frequency  one  corresponding  to  surface 
polaritons  at  the  film-substrate  interface.  Only  the  latter  is 
observed,  presumably  because  throughout  the  range  of  k||  explored 
by  Evans  et^  a_l,  the  frequency  of  the  former  lies  within  the 


line  width  of  the  LO  phonon  line.  It  is  this  fact  which  seems 
to  be  responsible  for  the  failure  to  observe  surface  polar i tons 
in  earlier  Raman  scattering  experiments  in  which  only  a single 
interface,  between  the  vacuum  and  crystal,  existed. 
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Figure  Captions  for  Section  111 

Surface  plasmon  polariton  dispersion  curve  for  n-type 

GaAs.  The  curve  is  asymptotic  to  the  value  § “ 0.957. 

Surface  phonon  polariton  dispersion  curve  for  GaAs. 

The  curve  is  asymptotic  to  the  value  § “ 0 .994(uu^/ou,j,)  . 

Squared  frequencies  of  coupled  surface  modes  plotted  ' 

2 

against  carrier  concentration  measured  by  w («)  , for 

sp 

n-type  InSb.  * 

Surface  polariton  dispersion  curves  for  n-InSb  with 

Bq  parallel  to  the  surface  and  5|(  j.  Bq.  The  dashed 

curves  a - 0 are  bulk  polariton  dispersion  curves. 

Surface  polariton  dispersion  curve  for  n-InSb  with  Bq 

parallel  to  the  surface  and  k|(  ||  §Q.  The  dashed  curve 

a - 0 is  a bulk  polariton  dispersion  curve. 

Surface  polariton  dispersion  curves  for  p-PbTe  with 

Bq  ||  [010] ||  surface,  k||  ± B0,  and  i«ct  - uupt.  The 

dashed  lines  a - 0 are  bulk  polariton  dispersion  curves. 

Coupled  surface  mode  frequencies  (unretarded)  for 

n-InSb  plotted  against  magnetic  field  for  Bq  perpendicular 

to  the  surface  and  ou__(®)  /uu_-.(«0  “ 0.8. 

sp  qU 

Coupled  surface  polariton  dispersion  curves  for  n-InSb 
for  Bq  parallel  to  the  surface,  k|(  j.  Bq,  and  sgn(k||)  -+1. 
Dispersion  curves  for  surface  polaritons  propagating  on  ( 

a gyromagnetic  medium  with  parallel  to  the  surface  and 
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IV.  EXAMPLES 

1 . Introduction 

In  this  section,  we  illustrate  several  physical  effects  due  to 

surface  phonons  on  the  basis  of  a very  simple  and  pedagogical  model.  The 
calculations  are  analytical  and  simply  reproducible.  So  these  examples 
can  be  considered  as  problems  for  graduate  students,  as  well  as  qualitative 
and  s emi -quant i t at ive  descriptions  of  surface  phonon  effects. 

The  crystal  will  be  taken  to  be  a semi-infinite  simple-cubic  crystal 

with  a (100)  surface.  The  surface  lies  in  the  x-y  plane.  The  atoms  in 

the  bulk  have  mass  M.  The  lattice  vibrations  of  the  bulk  crystal  are 

described  by  a simple  model  introduced  by  Rosenstock  and  Newell^  ^ and 

(2  ) 

popularized  by  Montroll  and  Potts 

Let  ua(£)  denote  the  a component  (x  ■ x,  y or  z)  of  the  displacement 
from  equilibrium  of  the  atom  at  lattice  site  $(*■)  * aQ(fc  jX  ♦ 1 ^9  + ^3*)* 
where  aQ  is  the  lattice  parameter.  The  potential  energy  ♦ associated 
with  the  lattice  vibrations  has  the  simple  form 


$ - 7 Y Z Z ZZu(i)  - u (i  + 5)]2  , (IV.  1.1) 

4 I 6 a a 0 

where  j,  ranges  over  all  sites  of  the  crystal , and  6 over  the  six  nearest- 
neighbor  sites  of  the  atom  Si  . For  an  atom  in  the  surface  layer,  one 
neighbor  is  missing,  so  the  sum  over  6 is  confined  to  the  five  nearest 
neighbors  in  this  case. 

This  model  is  not  rotationally  invariant  (see  Section  II  and  Ref.  3 ). 

However,  the  model  is  quite  useful  for  estimating  the  effect  of  the  surface 
and  alterations  of  the  surface  region  on  the  thermodynamic  properties  of  the 
crystal  ^ ~ ^ and  on  the  local-mode  frequencies  associated  with  adsorbed 
atoms  ^ . We  feel  that  semi -quantitative  estimates  of  surface  effects 
on  lattice  vibrations  can  be  obtained  from  the  model,  so  long  as  one  does 
not  deal  with  the  long-wavelength  low-frequency  surface  waves  where  a 
model  with  proper  rotational  invariance  is  required . 4 

In  Section  2,  we  will  study  some  properties  of  a clean  surface: 
specific  heat,  entropy,  mean  square  displacements  of  atoms.  Section  3 
will  be  devoted  to  surface  waves  in  the  presence  of  an  adsorbed  layer. 

In  Section  4 we  derive  the  phonon  contribution  to  the  free  energy  of 
interacting  adatom  pairs,  and  in  Section  5 we  discuss  the  scattering  of 
phonons  by  a crystal  surface. 
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2.  Clean  Surfaces 

In  the  Born-Oppenheimer  approximation,  the  thermodynamic  properties  of  a solid 

are  the  sum  of  an  electronic  and  a vibrational  contribution.  Depending  on  the 
experimental  conditions,  one  or  the  other  contribution  is  often  dominant. 

The  phonon  part  may  be  dominant  in  particular  in  the  specific  heat,  the 
entropy,  the  mean  square  displacements.  Before  calculating  these  quantities, 
we  develop  the  model  used  here. 

A.  Formalism 

From  the  above  form  of  the  potential  energy  and  by  assuming  a sinusoidal 
time  dependence  for  the  displacements,  we  obtain  in  the  bulk  the  three 
uncoupled  equations  of  motion 

Mw2u  (4)  (£)  “ u ('A  + 6)1  . (IV. 2.1) 

a s a a 

In  matrix  notation,  these  equations  can  be  written  as 

Ifu  - 0 , CIV. 2. 2) 


where 

* C(M“2 ' • w-2-” 

0 

By  standard  diagonalisation  of  , one  finds  that  in  the  infinitely 
extended  crystal  there  is  one  threefold  degenerate  phonon  branch  for  each 
wave  vector  k . The  frequency  of  a phonon  of  wave  vector  $ is  given  by 

u>2(k)  - §■  (3  - cos  <t»j  - cos  *2  - cos  <f>3)  , (IV. 2. 4) 

where  d> . • k a , $„  ■ k a and  <J>-  • k_a  . A convenient  choice  of 
1 x o ' 2 yo  3 z o 

unnormalized  eigenvectors  is  the  set 


u^(4)  ■ fij  exp(i1c*x(.4))  (IV. 2. 5) 

where  8j  ■ 2,  ■ y and  * 2. 

Now,  we  create  two  adjacent  (001)  free  surfaces  by  setting  to  zero  all  atomic 

constants  that  describe  interactions  which  cross  a fictitious  plane  that 
lies  between  the  layers  with  4^  » 0 and  4^  ■ 1.  We  denote  the  dynamical 

matrix  of  the  crystal  in  the  presence  of  the  two  free  surfaces  by 

L',  and  write  L'  ■ L - {L,  where  fiL  is  the  perturbation  produced  by  the 

"bond  breaking"  procedure.  If  61^(44')  is  an  element  of  the  perturbation 

matrix  6L,  it  is  convenient  to  introduce  the  Fourier  transformed  quantity 
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6LaB^l*2;  Vp  * 0l:0ffLaB(U,)exp  iC^i . ftw.2.6) 


V2 


since  introduction  of  the  free  surfaces  does  not  destroy  the  periodicity 
of  the  crystal  in  the  x and  y directions.  For  the  model  used  here, 
one  has  the  simple  form: 


5Lae(*i+2*  VP  " 6as*Vo6*;i  ' Vi6*:o  * **,o6*'o  + Vi^ii*  <IV-2-7> 


where  6,^,  is  the  usual  Kronecker  symbol.  There  is  no  explicit  dependence  on  <J>.  and 
$2  a*  alt  the  removed  interactions  are  parallel  to  the  z axis. 

It  is  convenient  to  introduce  the  following  Green's  functions: 


and 


GEL 


**  ♦*  _| 
UHL' 


related  by 

«-*  H »>»  X » 

D » G * G5LU 
Let  us  introduce 


**■  **■■*+ 


&(<P,,<P2;  <0  ) - 1 1 - G6L | . 


(IV. 2. 8 a) 
(IV. 2. &fc) 

(IV. 2. 9) 
(IV. 2. 10) 


As  shown  in  Section  II. 3. D,  we  may  calculate  the  frequencies  of  the 
localized  modes  and  resonance  modes  that  arise  from  the  perturbation  6L 
from  the  condition 

2 

Re  w + ie)  - 0 (IV. 2.  II) 

where  e is  an  infinitesimally  small  number. 

Suppose  we  consider  a quantity  F which  is  a function  of  the  normal 

mode  frequencies  Wj (k)  of  the  perfect  crystal  (j  is  the  band  index). 

Let  F have  the  form 


F - 5 f(a)  (k))  . 
kj  7 


(IV. 2. 12) 


The  change  in  the  quantity  F that  results  from  the  perturbation  6 L is 
given  by  (1,2) 


" ■ ' ; /d“  "<">  ■ 
where  the  phase  angle  n(w)  is  given  by 

2 

n(u)  * -Arg  A(u>  + ie) 

and  is  related  to  the  variation  of  the  density  of  states  by 


(IV. 2. 13) 


(IV. 2. 14) 


IV. 2. 3 


...  i dn 

tow  “ 7 * 


(IV. 2. 15) 


The  result  in  Eq.  (IV. 2. 13)  takes  due  account  of  localized  states,  when 
Eq.  (IV. 2. 14)  is  understood  to  be  a generalized  phase  shift  ' . When  a 
localized  state  appears  below  the  bulk  band  n(w)  jumps  from  0 

to  it  at  this  frequency,  and  remains  at  this  value  till  the  bottom  of 
the  bulk  band.  When  the  bound  state  appears  above  the  bulk  band, 

n(u>)  is  equal  to  -rr  at  the  top  of  the  bulk  band,  and  jumps  back  to 
zero  at  u>^. 

Let  us  now  calculate  the  matrix  elements  of  the  bulk  Green's  function 
(T  defined  by  Eq. (IV. 2. 8) .The  virtue  of  the  model  used  here  is  that  this 
Green's  function  is  of  a rather  simple  form.  We  have,  due  to  degeneracy, 

(IV. 2. 16) 


GjgU.a'iN2)  - <5agG(ji,*';w2)  , 


and  to  translation  symmetry. 


2 2 
G(i,,fc';w  ) ■ G(j, ). 


(IV. 2. 17) 


Using  Eqs.  (IV. 2.3-5)  one  finds  easily 

♦ -► 

exp  (i6‘£) 


G(Z;w2)  - ^ l x 


(IV. 2. 18) 


<J>  Mu  -2y(3-cos  (frj-cos  $2-cos  $3) 


where  N is  the  total  number  of  atoma  in  the  periodicity  volume  of  the  infinitely 
extended  crystal. 

Due  to  translational  synsnetry  parallel  to  the  surface,  it  is 
of  interest  to  introduce  the  following  Fourier  transform: 


G(*,*'; w2)  - IT  I G($  ';(02)  exp  [ iU,-f  ;)♦,+*  , (IV.2. 19) 

N.  1 


r 

where  N is  the  number  of  atoms  in  a (001)  layer.  Using  Eqs.  (IV.2. 18-19) 
s 

one  has 
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3 - cos  - cos  $2 


(IV. 2. 22) 


JU2 

2Y 


(IV. 2. 23) 


For  an  infinite  crystal,  we  can  transform  the  discrete  summation  in  Eq.  (IV. 2. 20) 


into  an  integration: 

it  cos  ft  -<M 

G(V*2;V  - d$3  — 

cos  $3  - t. 


(IV. 2. 24) 


Let  us  note  at  this  stage  that  when  using  G in  the  above  form  to  calculate 
surface  properties,  we  assume  N » Ns.  This  is  rigorous  for  the  study  of 
semi-*infinite  crystals,  but  not  for  thin  slabs.  This  supposes  that  the 
surface  to  bulk  ratio  is  small  and  we  can  expect  the  surface  contribution  to 
the  thermodynamic  functions  to  be  proportional  to  this  ratio.  By  standard 
integration,  one  finds  that 


G(<fr,<f>2;*3) 


t - 1 


(IV. 2. 25) 


where 


- A1  - 1 


t - < e ♦ i/i  - s' 


5 ♦ A - I 


5 > I 


-1  < £ <1 


(IV. 2. 26) 


5 <-l  . 


These  three  cases  correspond  to  ui2  below  (£  > 1),  inside,  and  above  (£  <-l) 

. **  2 ' 
the  bulk  band.  Inside  the  band,  we  calculated  G(u  -fie). 

We  can  now  calculate, from  Eqs.  (IV. 2. 7)  and  (IV. 2. 25)  , 


+ ie)  • , 

12  1 + t 


(IV. 2. 27) 


Using  the  value  of  t below  and  above  the  bulk  band,  one  sees  from  Eq. 
(IV. 2. 11)  chat  this  model  has  no  localized  phonons  on  a clean  surface.  For 
a more  sophisticated  model  in  which  the  force  constants  satisfy  the  condi- 
tions imposed  by  rotational  invariance,  one  would  necessarily  find  a 
Rayleigh  wave  mode^4  \ However,  we  will  see  that  our  model  gives  a good 
order  of  magnitude  for  the  surface  thermodynamic  functions. 


i 


IV. 2. 5 


B-  Surface  Thermodynamic  Functiona  from  the  Phase-Shift  Method 

The  variation  due  to  the  surface  of  the  thermodynamic  functions  can  be 
calculated  from  Eqs.  (IV. 2. 13  - 14).  inside  the  bulk  band  (-1  < £ < 1), 

Eq.  (IV. 2. 27)  gives  for  a given 


A(<|>,<t>2;u)  +ie)  - - i | j 2 . 

The  total  phase  shift  is  then 

n(E)  . 3ir  r [q(e-x+d  - e(E-x-i)] 


where  6(E)  is  the  Heaviside  unit  step  function 

8(E)  - 1 v > O 
- 0 E < 0 . 

The  factor  3 in  Eq.  (IV. 2. 29)  is  iue  to  degeneracy. 
On  defining 

hu».  (k) 


the  quantity  f introduced  in  Eq.  (IV. 2. 1 2)  is  given  by 


fp  - kpTC  | + Ln(l  - e~a)D 

f - k a2ei>  - 

Cv  B (ea  - l)2 

fs  » kBC-Ln(1  e”a)  + 


(IV. 2. 28) 


(IV. 2. 29) 


(IV. 2.30) 


(IV. 2. 31) 


ea  - 1 


vCf'TTT 


(IV. 2.32) 


(IV. 2. 33) 


(IV. 2. 34) 


(IV. 2. 35) 


for  the  free  energy  F,  the  specific  heat  Cy,  the  entropy  S,  the  energy  E, 
respectively. 

Due  to  the  simple  form  of  the  phase  shift  (IV. 2. 29),  we  obtain  from  Eq.  (IV. 2. 13) 

N 2 « 

AF  " “ C dE  “3e^"  t d<fr2[e(E-X+1)  ' 6(E-X_,>]  (IV. 2. 36) 

IT 

or, by  interchanging  the  orders  of  integration, 


AF j-  f d*  d^j  Cf(X-l)  - f(X+l): 

2v 


(IV. 2. 37) 


V 


(i)  Low  Temperature  Results.  At  low  temperatures,  the  functions 

flfrd/k.T)  have  non  negligible  values  only  for  small  frequencies.  We  can 
o 

then  use  the  long  wavelength  approximation  (see  also  Section  II. 6)  in  which 

Eq.  (IV. 2. 37)  can  be  replaced  by 

00 

AF  - /^f|(Y/M)'/2-R<|>/kBT|  (IV. 2. 38) 

“ IT  O 

After  integration  one  easily  finds: 


with 


ACV  - 

2 

KT 

AS  ■ 

K 2 

i1 

AF  - 

-!*3 

9S 

k_3 

V m 

o 

E(3)  ^ 

47^2 

W W/  A 

IT 

(IV. 2.39) 
(IV. 2.40) 
(IV. 2. 41) 


(IV. 2.42) 


where  S is  the  surface  area,  5(3)  is  the  Riemann  zeta  function,  and 
° v i /2 

■ c£  ■ (-i-)  aQ  is  the  velocity  of  sound  in  this  model.  In  an  isotropic 

model  satisfying  the  conditions  required  by  rotation  invariance,  the 
coefficient  K.  was  found^3  ^ to  be  bigger  by  a factor  (10/9)  than  the  one 
derived  here  . Inasmuch  as  the  Montroll-Fotts  model  does  not  give  rise  to 
surface  vibration  inodes,  the  surface  contribution  to  the  thermodynamic  functions 
given  by  Eqs.  (IV. 2. 39  - 42)  arises  only  from  the  perturbation  of  the  bulk  modes 
by  the  introduction  of  a crystal  surface.  This  illustrates  the  point  that  the 
existence  of  surface  waves  is  not  necessary  for  the  existence  of  a surface 
contribution  to  thermodynamic  functions. 


(11)  High  Temperature  Results.  Due  to  the  simple  form  of  Eq.  (IV. 2.37)  one 
can  also  find  analytically  the  surface  specific  heat  at  temperatures  T of  the 
order  of  and  higher  than  the  Debye  temperature  TD . W!ien  substituting  into 

Eq.  (IV. 2.37)  the  expression  for  f _ (Eq.  (IV. 2. 33))  and  expanding  in  powers  of 

ftui/kgT  for  ftuu/kgT  « 1,  we  obtain 


iCv  - -3V,  (-)"  B2„  iigf  ( A )2"  K2n  , 


(IV. 2. 43) 


where  I$2n  are  the  Bernoulli  numbers  and: 


*2n 


d 4>  / d$,  ( 2L  )nC  (X+I)n  - (X-l )**□  . 

8ir  -IT  1 -TT  L " 


(IV. 2.44) 


Let  us  define  the  Debye  temperature  by 


IV. 2. 7 


I I 


t 


where  is  the  maximum  frequency  of  the  bulk  phonons 


w2  - 12Y/M  . 


(IV. 2.46) 


Then,  we  find  that  the  surface  contribution  to  the  specific  heat  is  given  for 
by 


AC 


3 kBSo  r 1 , "D  .2  I , 'D  .4  -i 

2 — 2 “7 2(t")  ' TOo  ( “ } + •,,;I  ‘ 

a 


D ,4 


(IV. 2. 47) 


This  quantity  is  negligible  compared  to  the  bulk  specific  heat 
(Cy  - 3NkB)  , and  goes  to  zero  as  T increases.  This  is  obvious  since 
at  high  temperatures  the  total  specific  heat  is  proportional  to  the  number 
of  degrees  of  freedom,  which  was  not  changed  by  the  "bond  breaking"  procedure. 


(iii)  Variation  with  Temperature.  By  a simple  numerical  integration  of  Eq. 
(IV. 2. 36)  we  obtain  the  variation  with  temperature  of  the  surface  thermo- 
dynamic functions.  In  Figs . 4.1  and 4.2 we  give  these  curves  for  the  specific 
heat  and  the  entropy. 


C.  Surface  Thermodynamic  Functions  from  the  Moment  Method 

The  phase  shift  method  used  above  for  calculating  the  change  in  the 
thermodynamic  functions  is  an  exact  one.  However,  for  a more  realistic 
model  where  one  would  have  to  calculate  the  Green's  functions  numerically  for 

this  method  is  long.  One  can  chose,  as  did  Allen 


each  set  (<t>j,<t>2^ 

et  al^  to  perform  a direct  slab  calculation.  This  method  is  straight- 


forward and  limited  only  by  the  dimensions  of  the  matrices  to  diagonalize 
on  the  computer.  Another  approach  is  to  consider  the  present  precision  of 
the  experimental  values  and  to  use  an  approximative  method  fielding  the 
same  order  of  precision. 


Let  us  write  L in  the  general  form 

**  «*1  /9  ')**■  «-*•  **1/9 


(IV. 2. 48) 


Since  we  are  dealing  with  a Bravais  lattice  and  are  not  perturbing  the  mass 

matrix  M,  we  can  treat  M as  a scalar, here,  instead  of  as  a matrix. 

It  is  well  knownlC7,8  )that  the  knowledge  of  the  first  moments  of  the 

density  of  states 


*2n 


■ ff  Tt  »>' 


(IV. 2.49) 


enables  one  to  obtain  good  approximate  values  of  the  thermodynamic  ^ ^ ^ 
functions  for  temperatures  T £ Tp/(2ir).  This  method  may  be  simplified 
by  writing  the  dynamical  matrix  D as  the  sum  of  its  diagonal 


part  d and  its  nondiagonal  part  R 


In  the  Einstein  approximation,  one  neglects  it  in  comparison  with  d. 
in  a monoatomic  crystal  have  one  and  the  same  Einstein  frequency  mm 
d is  the  preponderant  part  of  D,  one  develops  k ’ 'the  thermodynami 
Schafroth  expansion  around  d (generalization  of  the  Taylor  expa 
case  where  d and  R do  not  commute.  The  first  term  in  this  expansion 
given  by  Einstein's  approximation. 


A thermodynamic  function  Eq.(IV.2.12)  can  be  written  in  the  two  following 


where  n (u)  is  the  density  of  states,  and 


Before  using  the  second  of  these  expressions,  let  us  discuss  the  Einstein 
approximation  to  the  first  one. 


This  approximation  replaces  the  exact  density  of  states  n(ou)  by  a delta  function 

situated  at  the  Einstein  frequency  id-, . To  see  how  this  affects  the  integral  in 

**  (14) 

Eq.  (IV. 2. 51),  it  is  instructive  to  look  at  the  curves  of  f„  , f„  and  f„ 


Eqs.  (IV. 2. 32)  - (IV. 2. 34)  (Figs.  4.3  - 4.5)  plotted  as  functions  of  ui/iUjj  at 
temperatures  low  and  high  compared  to  Tp,  Eq.  (IV. 2. 45).  From  these  figures  it 
becomes  obvious  that  the  Einstein  approximation  will  be  good  at  high  temperatures 
for  the  specific  heat  and  the  entropy  and  better  at  low  than  at  high  temperatures 
for  free  energy. 

(1).  High  Temperature  Surface  Entropy.  Let  us  illustrate  the  method 
described  above  for  the  calculation  of  the  high  temperature  surface  entropy. 

In  the  limit  lW(k  T)  < 1,  Eqs.  (IV. 2. 52)  and  (IV. 2. 34)  can  be  expanded  in  the 

O 

following  form: 


where  B 


are  the  Bernoulli  numbers  and 


/w  I x / .n-1  2n-l  _ . jtt  . 2ti 

(T2n)  (_)  2n(2n) ! B2n  ( kgT  } W2n 


IV. 2.9 
UV.2.54) 


Siting  D in  the  form  (IV. 2. 50),  we  obtain 
**  —■ 

Ln  (d  + R)  « Ln  d + E (d"'R)n 

• n 
n-I 


(IV. 2.55) 


When  d and  R commute,  this  is  a straightforward  Taylor  expansion;  when 
they  do  not  commute,  one  obtains  (IV. 2. 55)  from  Schafroth^^  expansion  or  by 
noting  that 


Tr  Ln  (A  B)  ■ Tr  Ln  A + Tr  Ln  B 


(IV. 2. 56) 


This  is  easily  deduced  from  the  general  property  of  a diagonalisable  matrix 
D: 


det  D ■ exp  (Tr  Ln  D) 
Finally,  we  find  that 


(IV. 2.57) 


■'-*1  / 2 

^ hd  ® / \ n- 1 ++  .++  . 

S/k_  - Tr  C I - Ln  ( ■—=—  )]  + E — Tr  (d_IR)n  + 0 ( -±r-  )3-(IV.2.58) 

“ V n-I  2n  T2n 


The  change  in  entropy  AS  due  to  the  free  surface  is  obtained  by  the 
difference  between  Eq. (IV. 2. 58)  evaluated  for  a semi-infinite  crystal  and  an 
infinite  one.  Salter^1 ^ remarked  that  this  expansion  was  rapidly  convergent. 
Let  us,  however,  specify  the  rapidity  of  the  convergence  by  calculating  the 
high  temperature  bulk  entropy  for  the  Montroll-Potts  model.  The  calculation  of 

/ T)  r \ 

Tr(d  R)  can  be  made  in  real  space  ' ' by  counting  the  number  of  closed 

circuits  of  interatomic  jumps  between  successive  nearest  neighbours: 


Tr(d''R)n  - Z <r‘R).  . ...(d_1R).  . 

• ; lilo  11,  . 


♦*—1 

/ J 1 \ 


■1 


1 12 


VI 


(IV. 2. 59) 


From  this  expression  one  sees  easily  that  in  the  simple-cubic  Montroll-Potts 
model 


Tr(d",R)2n+1  - 0 


(IV. 2. 60) 


3S  Tr(d_1R)2n 


,2n  P2n 


(IV. 2. 61) 


where  ?2n  is  the  number  of  closed  circuits  of  nearest  neighbor  interatomic  jumps 
starting  from  one  atom  and  coming  back  to  the  same  atom  after  passing  through 
(2n-l)  atoms.  P£n  is  calculated  easily  in  the 


IV. 2.  10 


case  of  a simple  cubic  lattice.  On  a one  dimensional  chain,  the  number  of 

closed  circuits  of  2n  interatomic  jumps  on  first  nearest  neighbors  (starting 

from  a given  atom)  is  the  same  as  in  a random  walk  C2n«  In  a simple  cubic 

lattice,  the  calculation  of  ?2n  can  be  separated  into  three  random  walks  along 

the  three  directions  2,  y,  2.  Let  2n  ■ 22.  + 2®  + 2p  . One  will  do  2g, 

jumps  along  2,  2m  jumps  along  y and  2p  jumps  along  2.  Their  total  number 
£ m d 

will  be  C„„Ct  C!,  . But  one  has  to  count  the  number  of  ways  one  can  choose  the 
L & zra  Zp 

2*-  jumps  along  x,  the  2m  jumps  along  the  2p  jumps  along  i among  the  total 
2n  jumps.  Finally, 


» m T C2*  r2ln  Cm 

2n  „ C2n  C2(n-1)  °2 l L2m  °2p 

l,m,p 

l Hn+p«n 


p . E (2n)l 

2tl  l ,m,p  a !)2(m!)2(p!)2 
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(IV. 2. 63) 


£ +m+p-n 


Thibaudier  et  al^^’^ compared  this  expansion  with  chose  of  the  Bessel  function 


Jol2x) 


J «»)  - I -U22L. 

r-0  (r!)2 


(IV. 2. 64) 


Then  they  obtained  the  characteristic  function 


f(x)  - Z 


Z — Y2n  p m J 3(2yx) 

n-0  (2n) ! 2n  ° 


(IV. 2. 65) 


and  the  bulk  density  of  states 

i 2 ft"?  23 

/.  2.  1 f ixu)  v,  \ r ixu  t (2yx)dx 

> * 2?  e f(x)dx  "2?  L e Jo 


(IV. 2. 66) 


providing  a proof  of  the  rapid  convergence  of  this  expansion. 

Finally  putting  Eqs.  (IV. 2. 45),  (IV. 2. 46),  (IV. 2. 61),  and  (IV. 2. 63) 
into  Eq.  (IV. 2. 58)  one  has 


2 1 / 2 j eo 

W [v2n 


where  we  have  defined 


E.  hn  ♦ 0<  rk  >1  • 


(IV. 2. 67) 


_ (2n-l ) ! r 

■ “ I ^ t 


2(62n]  l.m.p  (i!)2(m!)2(p!)2 
V ' S.+m+p»n 


(IV. 2. 68) 


IV. 2.11 


In  order  to  specify  the  rapidity  of  the  convergence  of  this  expansion 


we  present  the  partial  sums 


v 
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2 

Z v 
n-1 
5 

Z v 
n«l 


2n 


2n 


24 

1.20 

24 

1.35 

24 


(IV. 2. 69) 


In  the  case  of  Ag,  where  T^  i 226*K,  we  obtain  at  the  lowest  temperature 
for  which  the  surface  entropy  was  measured  (T  - 350°) 


1 + Ln  2 


1/2  T_ 
T„ 


5 

Z 

n»l 


2n 


1.783 

-0.056 


(IV. 2. 70) 


When  calculating  now  the  surface  excess  of  entropy  As  one  has  to  keep  ini  -1 
mind  that  d and  R do  not  commute.  One  can  nevertheless  calculate  easily  the 
first  corrections  to  the  Einstein  value  of  AS  using  Eq.  (IV. 2. 59).  Per  atom 
of  a (001)  surface,  one  obtains 


AS/k_  - (0.273  + 0.024  + 0.012  +,...) 

D 

-Co.  010  ( ^|  )2  + 0.  0002  ( )4  ♦ 0 ( )1 

The  phase-shift  method  gave  the  exact  result  (Fig.4.2): 

AS/kR  5-0,329 


(IV. 2. 70) 


(IV. 2. 71) 


One  sees  then  that  the  Einstein  approximation  (AS/kg  ■ 0,273)  gives  an 
error  of  17%.  With  the  first  and  second  correction  terms,  the  error 
is  10%  and  6%  respectively. 


(9,10,17,18) 


These  calculations  are  easily  done  for  realistic  models 
and  the  comparison  of  the  theoretical  and  experimental  order  of  magnitude 


I HHfl  HMI 
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is  satisfactory.  The  expansion  (IV. 2. 58)  can  also  be  used  for  other  cases 
as,  for  example,  the  calculation  of  the  entropy  of  lattice  vacancies or 
the  study  of  the  stability  of  the  bcc  phase  at  high  temperatures  in  metals^2^ 


(jl)  Surface  Mean  Square  Displacements.  When  interpreting  the  low 

" (21) 

energy  electron  diffraction  (LEED)  data  in  a kinematic  theory  one 

obtains  a measure  of  the  surface  mean  square  displacements.  This  measure 

(22  23) 

is  of  some  imprecision  ’ due  to  experimental  difficulties  and  to 
the  multiple  diffraction  aspect  of  LEED.  Here  also  the  expansion  around 
the  Einstein  approximation  will  give  results  of  a precision  comparable  to 
the  experimental  one. 

Let  us  write  the  mean  square  displacement  of  atom  l in  the  direction 
a in  the  form  (see  Section  II.  7) : 


B la, la 


**■1/2 

hDl'z 


(IV. 2. 72) 


At  high  temperatures,  this  expression  reduces  to: 


<u*  (*)>*!£  cr1 2 


la,  i a 


(IV. 2. 73) 


(24  ion 

One  can  do  a Schafroth  expansion  v ’ of  these  expressions  around  d . 

This  was  done  for  surface  and  bulk  atoms  of  several  systems 

and  at  all  temperatures.  Let  us  just  give  an  example  here  on  the  basis  of  the 
Montroll-Potts  model  for  a (001)  surface  atom.  The  high  temperature  expansion 
of  Eq.  (IV. 2. 72)  may  be  used  in  the  following  form: 


2 k_T  ® ■*♦•**.  - 

<«  „<»>>  * tt  ],c>10  t <d  V”,lo  . 


(IV. 2. 74) 


It  is  easy  to  calculate  the  first  terms  of  this  development  by  the  method 
described  above  for  AS.  For  an  atom  of  a (001)  surface,  one  obtains: 


k T k T 

<u2a(*)>  - -1-  (l  + 0.193  + 0.088  + ...)  * 0.256  ~ 

a ■ x,  y or  z 


(IV. 2. 75) 


In  order  to  find  the  exact  value  of  this  surface  mean  square  displace- 
ment, we  can  note  from  Eq.  (IV. 2. 48)  that 


1 
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-1  1 ? *+  2 
(MD)  - -L  (co  -O)  - - G(cj  -O) 
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Using  Eqs.  (IV. 2. 7)  and  (IV. 2. 9),  it  is  straightforward^32'  to  find  a relation 
between  the  Green's  functions  of  the  infinite  crystal  and  those  of  the  semi- 
infinite one  bounded  by  a (001)  surface: 


UU.*'  ;u>2)  - G(£j-£|,  ^2^2’ 

+ G(Aj-£j,  co2)  f 


(IV. 2. 77) 


for  l j and  ^ >•  The  surface  plane  is  at  - 1.  Using  this  relation, 
the  tabulated  values  of  the  bulk  Green's  functions^)  and  an  expansion  of 
the  bulk  Green's  functions  for  J.  ■ (lj  ) » 1 

G(ti-«tV>  ‘ (IV. 2. 78) 


One  obtains  ^ u' 

<u2oa3)>  - -kgT  C G(0,0,0;0)  G(0,0, 24^-1  ;0)] 

k T 

<u2  (*)>  - 0.338 

o y 

k T 

<u2a(bulk)>  - 0.252  -5- 


<u2 - <u2(bulk)>  1_ 

, - 2-rrfi. . 

<uz(bulk)> 


for  2- j >>  ' 


(IV. 2. 79) 


(IV. 2.80) 


(IV.?. 81) 


We  now  see  by  comparing  the  exact  result  (IV. 2. 79)  with  the  expansion  (IV. 2. 75)  that 
the  error  introduced  by  the  Einstein  approximation  is  <\,  40 Z,  and  drops  to  30Z 

and  24Z  when  taking  into  account  the  first  and  second  corrections  respectively. 

At  low  temperatures,  the  mean  square  displacements  (IV. 2. 72)  can  be  calcu- 
lated from: 


* 2 i * rtM/2  1 

u 2M  -'jtu.ia 


(IV. 2.82) 


When  doing  the  expansion  around  d of  this  expression,  we  expect  a 

better  precision  than  for  the  high  temperature  expression  (IV.2.73)as  *5 ” l/<2 

, (24) 

converges  faster  than  D . That  is  indeed  what  one  finds  from  a comparison 

with  an  exact  calculation.  For  T/Tp  - 0.2,  where  Tp  is  the  Debye  tempera- 
ture, the  error  is  ^271  and  reaches  18  and  147  when  the  first  and  second 
corrections  are  included. 

As  a general  remark  about  the  precision  of  these  expansions  around  the 
Einstein  contribution,  one  can  say  that  the  precision  wi’l  be  even  better 
when  the  ratio  between  the  diagonal  elements  and  the  off-diagonal  ores  of 
the  dynamical  matrix  is  bigger.  In  the  case  of  an  atom  of  a (Of'*)  free 


surface,  this  ratio  is  equal  to  5 in  the  Montroll-Potts  model. 


The  precision  of  this  expansion  can  be  even  improved  by  taking  into 
account  the  translational  syinnetry  parallel  to  the  surface  (cf  Eq.  IV. 2. 6). 

One  defines  as  above  d(<^  , R(<^  » > to  be  the 

diagonal  and  non  diagonal  part  of  D(  4*  + R(  ^ » 4^  2^resPective^y* 

The  expansions  (IV.2.58)and  (IV. 2. 74)  are  carried  out  as  before  but  around 
d(^l’^2^*  We  are  then  left  with  a one  dimensional  problem  for  the  evaluation  of  the 

r*  • l ft 

(d  ” R)  and  a summation  on  4^  , ^ which  can  be  easily  done  numerically. 

This  has  the  advantage  of  taking  into  account  all  the  interactions  parallel 
to  the  surface  and  to  simplify  the  calculation  of  the  correcting  terms 
(d~  R).  For  more  details,  see  Ref.  35 . However  the  expansion  described 

here  has  the  advantage  of  enabling  to  obtain  very  easily  the  order  of  magni- 
tude of  the  entropy  or  the  mean  square  displacements,  to  be  obtained  very  easily, 
by  a simple  count  of  the  number  of  nearest  neighbor  interactions. 

As  we  noticed  before,  there  are  no  localized  phonons  in  the  Montroll- 
Potts  model.  To  obtain  them,  one  must  use  central  potentials  between 
first  and  second  nearest  neighbors  for  the  simple  cubic  lattice.  In  such 
a model,  one  can  still  do  analytical  calculations^’®’^  ^ but  they  are 
more  cumbersome  and  we  will  not  give  them  in  this  section  devoted  to  simple 
examples.  When  taking  into  account  the  first  derivatives  of  the  potentials 
(37)  or  more  sophisticated  effects  like  a surface  dipole  layer it  is 
possible  to  obtain  "soft  surface  phonons"  on  this  simple  cubic  model  and  to 
get  some  insight  into  why  real  surfaces  present  superstructures.  We  do  not 
detail  here  these  important  problems  as  we  feel  that  more  work  has  to  be 
done  in  this  area  before  any  conclusion  for  real  surfaces  can  be  drawn. 

Let  us  continue  with  the  Montroll-Potts  model,  and  present  simple  investi- 
gations of  the  properties  of  adsorbed  monolayers. 
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3.  Adsorbed  Monolayers 

We  will  examine  here  Che  influence  of  an  adsorbed  layer  of  atoms  on  the 
dynamical  properties  of  the  semi-infinite  crystal  described  in  the  preceding 
section.  The  atomic  force  constants  within  the  adsorbed  layer  differ  in  general 
from  their  values  in  the  bulk  crystal,  while  the  force  constants  that  couple 
the  adsorbed  layer  to  the  remainder  of  the  crystal  will  also  be  different. 

It  is  straightforward  to  include  these  effects  in  the  formalism  and  we  will 
take  them  into  account  when  studying  the  mean  square  displacements  of  adsorbed 
atoms.  But  for  a qualitative  study  of  the  other  physical  properties,  we  shall 
only  examine  in  detail  the  case  where  the  mass  of  the  atoms  in  the  layer  on  the 
surface  differs  from  the  mass  of  the  atoms  in  the  bulk.  Since  it  is  well  known  that 
a stiffening  of  force  constants  will  increase  vibrational  frequencies,  while 
the  converse  is  true  if  they  are  decreased,  the  effect  of  force  constant  soften- 
ing near  the  surface  may  be  expected  to  be  qualitatively  similar  to  an  increase 
in  mass  in  this  region.  The  converse  will  hold  if  the  force  constants  are 
stiffened. 

We  will  first  study  the  modifications  of  the  phonon  dispersion  curves  due 
to  this  change.  Then  we  will  study  how  the  optical  phonons  are  modified  when  a 
superstructure  appears  at  the  surface.  Finally  we  will  take  into  account  the 
changes  in  surface  force  constants  to  study  the  mean  square  displacements  of 
adsorbed  atoms. 

. (1  ) 

A.  Surface  phonons  at  an  adsorbed  monolayer 

We  introduce  an  adsorbed  layer  in  our  model  by  changing  the  masses 

of  the  atoms  in  the  surface  layer  from  M to  Mg.  Let  us  define 


M - M 
s 


The  modification  due  to* this  change  of  the  dynamical  matrix  is  (see 
Eq.  IV. 2. 3) 

Ke  <SV  * 8aB  ‘“-“X  S»SS° 


(IV. 3.1) 


(IV. 3. 2) 


All  the  information  we  require  is  contained  in  the  quantity  Mu)  ♦ ie). 

From  the  preceding  results,  Eqs.  (IV. 2. 25)  and  (IV. 2. 77),  it  is  straightforward  to 


show  that 


A(<fr,,<|>2;u>2+  ie)  - 1 ♦ 2o  -§£.  # 


(IV. 3. 3) 


I 


where  t and  E are  defined  by  Eqs.  (IV. 2. 26)  and  (IV. 2. 2 1-23)- (IV. 2. 32) . We 
can  use  this  result  to  study  the  occurrence  of  surface  modes  and  in  band 
resonance  modes  on  the  basis  of  Eq.  (IV. 2. 11). 


IV. 3. 2 


% 


f 


(!■)•  Localized  surface  modes  outside  the  bulk  band. 

(1)  Exact  results.  For  a given  value  of  $ j and  <J>2»  one  obtains 
the  frequency  of  the  localized  modes  by  examining  the  frequency  at  which  the 
determinant  in  Eq.  (IV. 3. 3)  vanishes.  By  rearranging  this  equation,  and 
employing  the  definition  of  the  variable  t,  one  finds  the  condition  for  the 
occurrence  of  a localized  mode  to  be 


(1  ♦ 2aE)  [X  - E X /((X-E)2  ~ 1)  ] - 1 


(IV. 3. 4) 


where  the  upper  sign  is  employed  for  frequencies  above  the  band,  and  the  lower 
sign  for  frequencies  below  the  band.  For  a surface  layer  of  light  masses 
(a  < 0),  we  find  a band  of  localized  states  with  frequency  given  by 


m2 
" 7y 


2ctX  - 1 - 2ot 


- /(4a2  (X2 
4a(a  + 1) 


- 1)  + 4a(X  - 1)  » 1) 
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MW  1 

These  localized  surface  modes  exist  only  for  — > - — . When  a > 0 
(a  heavy  adsorbed  layer),  one  obtains  a localized  mode  below  the  bulk  band, 
with  a frequency  given  by 


Mw2 

Ty 


2aX  - 1 - 2a  + 


- 1)  ♦ 4a(X  - 1)  ♦ 1) 


4a(a  + i) 


(IV. 3. 6) 


In  Fig .4.6  we  show  the  position  of  the  localized  bands  and  their  widths  as  a 
function  of  the  mass  change  parameter  a.  Figure 4.7  illustrates  the  dispersion 
curves  for  special  directions  for  the  case  M ■ M/2.  Figure  4.8gives  the 
directions  of  propagation  employed  in  Fig.  4.7. 


(2)  Simple  approximate  derivations.  The  results  given  above  are 
exact  within  the  model  used.  The  Green's  solutions  become  cumbersome  when 
dealing  with  a more  sophisticated  model  where  analytical  answers  cannot  be 
obtained.  It  is  then  interesting  to  note  that  when  one  is  interested  in  well 
localized  surface  phonons,  molecular  type  approaches  will  yield  good  approxi- 
mative values  for  the  frequencies  of  these  modes.  One  can  simply  use  a 

(2  1 

"frozen  substrate  model"  allowing  only  a few  planes  to  vibrate  or  a 

(3  ) 

little  more  elaborate  method  based  on  expansions  of  the  Green's  functions 

(45) 

or  on  the  moments  of  the  density  of  states v ’ . The  first  methods  are 

straightforward.  We  will  therefore  describe  only  the  third  one  here.  As  a 
general  remark  about  these  approximations  we  can  say  that  they  will  give  good 
results  when  the  modes  will  be  closely  localized  near  the  surface:  short 
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exponential  penetration  into  the  bulk,  localized  frequency  not  too  close  to  the 
bulk  bands.  Of  course  these  methods  cannot  be  applied  for  long  wavelength 
acoustic  surface  phonons  which  penetrate  too  far  into  the  bulk. 

We  introduced  the  moments  of  the  density  of  states  by  Eq.  (IV.  2.49). 

Let  us  introduce  the  change  in  these  moments  due  to  the  Introduction  of  a pertur- 
bation as,  for  example,  the  adsorbed  layer  described  in  this  section: 


6p2n“  Tr(DA)n  - Tr(D')n 


(IV. 3. 7) 


where  and  D'  introduced  by  Eq.  (IV. 2. 48)  describe  respectively  the 

crystal  with  the  adsorbed  layer  and  the  one  with  the  free  surface.  Changing 

M to  M.  introduces  a perturbation  only  on  the  first  two  layers: 

A 


Y(  M ” M ) 
8 


-l 

o 
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* 


and  the  changes  in  the  first  two  moments  are  easily  found  to  be 

^ • - i vs  <“  - » <w-:,-9> 

\ • (iv-3-io) 

One  can  imagine^  ^ a great  number  of  models  where  this  partial  information 
about  the  variation  in  the  density  of  states  can  be  used  for  calculating  the 
position  of  a localized  state.  Let  us  just  give  one  here  where  one  approximates 
the  change  in  the  bulk  density  of  states  by  two  delta  functions  of  equal 
weight  (-  i ) situated  at  frequencies  u>j  and  The  localized  state  whose 

position  we  want  to  calculate  is  .assumed  to  have  the  frequency  In 

this  model 

6W2  “ “l  " 1 (“l  + “2  ) (IV. 3. 1 1)  * 


^ * “V 


(IV. 3. 12) 


and  from  these  relations: 


<$y 

0)^  ■ — 6y  + i + --i— 

L 2 Sy^  5yy 


2 1 2 
( 2 > 


(IV. 3. 13) 


In  this  model  w*  ” w2  can  be  determined  by  using  for  example  the  exact  value 

of  a),  easily  obtained  at  the  high  symmetry  point  <J>.  ■ <t>~  m 0.  In  the  case 

L . . ( 5 ) 

of  light  adsorbed  atoms  (Mg  < M) , one  easily  obtains 


IV. 3. 4 


(^)2 

V 


12 


where 


175  (2X  " 0 ' a itr 


- 12(y/H) 


(IV. 3. 14) 


(IV. 3. 15) 


This  simple  result  approximates  the  exact  one  (Eq.  IV. 3. 5)  with  a pre- 
cision of  better  than  1Z.  This  approach  may  also  give^  ^ ^ good  results 
for  the  branch  of  acoustic  surface  phonons  outside  the  long  wavelength  limit. 

For  a more  detailed  discussion  of  surface  phonons  due  to  adsorption  in  a 
model  displaying  Rayleigh  waves  and  still  remaining  analytical,  the  reader 
may  study  reference^  ^ * . 

2 

(ii)  The  occurrence  of  in-band  resonance  modes.  For  values  of  E « Mo  /(2y) 
inside  the  bulk  spectrum,  one  finds  from  Eq.  (IV. 3. 3) 

1/2 


AOfrj.^ju^+ie)  » 1 + aE  - iaE  ( ■■  + ^ + -|  ) 


(IV. 3. 16) 


Recall  that  in  terms  of  the  variable  E,  the  bulk  spectrum  lies  in  the  range 

X - 1 < E < X ♦ 1 . (IV. 3. 17) 

X is  a function  of  and  $£  and  ranges  from  1 to  5.  The  corresponding 

phase  shif t , Eq. (IV. 2. 14) ,is 


n-(E)  . -as  ( ' »s.-F)l/2) 

1+oE  1 - X + E 


At  the  bottom  of  the  band,  where  E ■ X - 1 

n'(E)  - — sgn  (a) 

2 

At  the  top  of  the  band,  where  E ■ X ♦ 1 

0 for  a > (-1/E) 


(IV. 3. 18) 


(IV. 3. 19) 


n’(E)  - 


-JT  for  -1  < a < (-1/E) 


(IV. 3. 20) 


When  the  real  part  of  Eq.  (IV. 3. 16)  vanishes,  an  in-band  resonance  occurs* 

The  corresponding  value  of  E is  given  by 

E-Er--<1/o)  (IV. 3. 21) 


The  conditions  under  which  this  resonance  level  is  a sharp,  well-defined  feature 
in  the  density  of  states  may  be  explored  by  noting  that  the  change  in  density 
of  phonon  modes  associated  with  the  presence  of  the  adsorbed  level  is 


u 


, i 


An(E) 


3 dn'  3 3 -1  , J(E)  . 

"7  dT  73e  tan  ( — 5 ’ 


where 


R(E)  - Re  A(<|>j,<f>2;E+ie) 


J (E)  - Im  A(<f>j,<J>2;E+ie) 
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(IV. 3. 22) 


(IV. 3. 23) 


(IV. 3. 24) 


For  energies  near  the  resonance  energy  ER,  An(E)  is  given  by  the  well-known  { 
relation 


An(E)  * i L- 7 

* (E-ER)Z  + rz 


r - J(E)/(3R/3e) 


(IV. 3. 25) 


(IV. 3. 26) 


The  resonance  is  well-defined  when  (r/ER)  « 1.  After  some  algebra,  one  finds 


1/2 


(IV. 3. 27) 


The  resonance  level  is  sharp  and  well-defined  if  ER  ■ -(1/a)  is  near  Che 
top  of  the  band  (ER  * 1 + X) . 

(iii).  Change  fn  the  low  temperature  specific  heat.  From  the  knowledge 
of  the  localized  states  and  of  the  phase  shift  it  is  possible  to  obtain  the 
change  of  the  thermodynamic  functions  due  to  the  adsorbed  layer ^ . We 
will  just  derive  here  the  change  in  the  low  temperature  specific  heat,  since 
this  can  be  done  analytically  and  exactly  and  provides  an  instructive  exercise. 
This  property  is  dominated  by  the  long  wavelength  vibrations.  One  may  expand 
the  various  quantities  in  a power  series  of 


2 2 
♦ , + v 


(IV. 3. 28) 


For  Ma  > M,  we  found  a localized  surface  mode  below  the  bulk  band.  The 


frequency  of  this  mode  is  given  by  Eq.  (IV. 3. 6)  as 

F _ ML>2  ^ 1 $2  1 0*4 

2y  2 2 


(IV. 3. 29) 


The  adsorbed  layer  does  not  modify  the  speed  of  the  long  wavelength  vibrations. 
This  is  quite  general  and  remains  true  also  for  Rayleigh  waves^  ^ . It  is 
easily  understood  when  one  notices  that  the  penetration  of  the  acoustic  surface 
phonon  is  large  compared  to  the  width  of  one  adsorbed  layer. 


Then  for  > M this  localized  mode  gives  a contribution  to  the 
change  In  the  density  of  states  of 


As  we  mentioned  above  (Eq.  IV. 3. 19),  because  of  the  jump  in  n 
bottom  of  the  bulk,  one  has  another  contribution  to  the  change  in  t 
states  of  , , - 


In  the  bulk  region  E > X - I , another  contribution  comes  from  Eq.  (IV. 3. 18) 


TfLe  change  in  the  low  temperature  specific  heat  is  easily  obtained  when 
these  three  contributions  to  An  (E)  are  substituted  into  Eq.  (IV. 2. 13) 
rewritten  in  the  form 


The  total  change  in  that  occurs  because  the  surface  layer  has  mass  MA 

rather  than  M is  . „ 


This  result  is  to  be  compared  with  the  surface  specific  heat  given  by  Eqs.  (IV. 2. 39) 

2 

and  (IV. 2. 42).  An  adsorbed  monolayer  does  not  change  the  T behavior  of  the 
surface  specific  heat. 


Influence  of  a surface  superstructure  on  optical  phonons 
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superstructure,  and  examine  the  vibrational  spectrum  of  the  semi-infinite 
crystal,  for  modes  with  wave  vector  k directed  along  the  y direction. 

For  kx  ■ 0,  the  vibrational  spectrum  is  sketched  in  Fig.  4.9a.  For  each  value 
of  ky  one  has  a range  of  frequencies  associated  with  bulk  vibrations 
(shaded  area),  and  ve  suppose  that  a surface  optical  mode  branch  exists,  as 
shown  in  Fig.  4.9a. 

Now  suppose  the  surface  has  a superstructure,  in  such  a manner  that  the 

new  repeat  distance  parallel  to  the  y axis  assumes  a value  twice  that  appropriate 

to  the  bulk  atomic  plane.  We  can  plot  the  normal  mode  spectrum  of  this  surface 

as  indicated  in  Fig. 4.9b  which  could  be  called  the  extended  zone  scheme  for  this  ( 

crystal.  The  effect  of  the  superstructure  is  to  introduce  new  zone  boundaries 

at  ky  • ±1 r/2aQ  respectively.  The  region  -rr/2a£ky<ir/ 2aQ  is  now  the  first 

Brillouin  zone  and  the  two  regions  -ir/2a  <k  <ir/a  , and  -it/a  <k  <-ir2a  are  the 

o y o’  oyo  t 

second  zone.  A gap  in  the  surface  optical  mode  dispersion  relation  opens  up  at 
the  zone  boundary,  as  indicated  ir.  Fig. 4. 9b.  if  the  surface  optical  phonon 
dispersion  relation  is  plotted  in  the  reduced  zone,  there  are  now  two  distinct 
branches,  and  two  surface  optical  modes  at  k ■ 0.  In  Fig.4.9b  the  two  k ■ 0 
modes  are  labeled  0 and  P. 

There  is  one  other  effect  chat  is  quite  striking.  Consider  the  surface 

optical  mode  at  point  A in  Fig .4. 9b.  This  mode  has  a frequency  u lower  than 

8 -*■ 

the  maximum  vibrational  frequency  associated  with  bulk  vibrations  with  k 

directed  along  the  y axis.  When  the  surface  has  a superstructure,  the 

resulting  perturbation  term  in  the  Hamiltonian  mixes  the  surface  optical  phonon 

A with  the  bulk  phonon  B displaced  in  k from  A by  the  reciprocal  lattice 

vector  G » '■yff/a^  As  a result  of  this  admixture,  the  mode  A is  no  longer 

a true  surface  mode,  but  becomes  a virtual  surface  state,  since  the  displacement 

field  is  no  longer  localized  at  the  surface.  For  the  crystal  with  a frequency 

spectrum  similar  to  that  sketched  in  Fig.4.9b  all  surface  optical  modes  (with 

k directed  along  y)  having  a frequency  lower  than  the  bulk  maximum  frequency 

may  become  virtual  states  when  the  superstructure  appears.  In  general,  for 

a surface  optical  phonon  to  be  converted  to  a virtual  state  by  this  process, 

its  frequency  must  be  lower  than  and  also  the  frequency  of  the  surface 

optical  mode  must  be  below  the  maximum  frequency  of  bulk  vibrations  with  the 

wave  vector  k - iry/a  . 

y o 

For  a surface  layer  of  light  masses  (a  < 0) , we  found  a threefold  degenerate 
band  of  surface  phonons  given  by  Eq.  (IV. 3. 5). 

Now  suppose  that  in  the  surface  layer  the  new  repeat  distance  parallel  to 
the  y axis  assumes  a value  twice  that  appropriate  to  the  bulk  atomic  plane. 

Let  us  now  denote  the  coordinates  of  a site  by  (ljl^iQ  where  K - 1 
or  2 is  a site  index  in  the  new  unit  cell  containing  two  atoms,  with  the  length 
of  the  new  unit  cell  being  2a<j  in  the  f direction. 


wp 
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In  the  bulk  crystal,  the  unit  cell  will  now  contain  two  atoms,  and  the 

corresponding  reduced  Brillouin  zone  extends  over  the  region  -ir<k  a <+ir, 

TT  IX  **  ^ 

-ir<k  a <+ir  and  - r < k a <+  t . In  this  reduced  Brillouin  zone  the  dynamical 
z o 2 y o 2 J 


matrix  is 


+ -ik(i-A")ao 

D(kjKK')  - E I e D(i,K,fl,"K") 

k"  l " 


(IV. 3. 32) 


where  D(fx,i"ic")  is  the  dynamical  matrix  written  in  real  space.  In  the 


Montroll-Potts  model 


D (k; 1 1 ) - D(k;22)  - (3-cosk  a - cosk  a ) 

M x o z o 

D(k; 12)  - D(k;21)*  - - | (1  + e2ikyao)  . 


(IV. 3. 33) 


The  bulk  Green's  functions  are  now  given  in  the  reciprocal  space  by 


r 

; 11)  - G(k;22)  - ‘ , 1 

(uZV(kx,k  ,k2)  U)2-U2(kx,k  ♦ JL,kz) 


G(k; 12)  - G(k;21)*  - i 


r ik  a i(k  a +>r ) 

1 J e + e 7 

^)o)^“t»)2(k  ,k  ,k  ) U)2-Ti)2(k  ,k +— ,k  ) 

v ' x*  y*  z x*  y ao*  z 


(IV. 3. 34a) 


(IV. 3. 34b) 


These  Green's  functions  are  clearly  equivalent  to  bulk  ones  used  before. 

It  is  evident  therefore  that  the  Green's  function  of  the  semi-infinite  crystal 
we  are  studying  here  can  be  obtained  by  relation  (IV. 2. 77)  in  the  new  Brillouin 
zone  scheme  just  as  in  the  old  cubic  one.  Their  form  in  real  space  will  be 
obtained  from  the  following  relation: 


. _ ik.  (i,— «.  ')^)  + 

G(l<,*V)  - jp  I e G(k;KK') 

c k 


(IV. 3. 35) 


where  t«c  is  the  number  of  unit  cells  in  the  crystal. 

Suppose  now  that  the  mass  of  the  surface  layer  “ 1 changed  to  Mg 
and  let  us  assume  that  this  adsorbed  layer  exhibits  a (2  x I)  superstructure. 

We  assume  the  force  constants  are  alternatively  softened  and  stiffened  by  the 
same  amount  A along  the  y direction.  We  also  assume  for  simplicity  that 
the  force  constants  remain  equal  to  V along  the  x and  z directions 
(Fig.  4.10). 

After  taking  advantage  of  the  translational  symmetries  in  the  x and 
y direction,  it  is  a straightforward  matter  to  show  that  the  total  perturbation 
described  above  on  the  semi-infinite  crystal,  may  be  represented  by  the  matrix 


I 


(M-Ma)u 


V - 


, 2iAe 


-i4>. 


sin  <f>. 


i«J>2 

-2iAe  sin 

4 

(M-M.)u)2 

A 
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(IV. 3. 36) 


The  elements  of  the  matrix  V are  taken  between  (£,  - 1;  < - 1,2)  and 

4*  J 

(Jl^  • 1;  k'  • 1,2)  and  V was  defined  as  being  the  difference  between  the 
dynamical  matrix  of  the  perturbed  crystal  and  that  of  the  unperturbed  semi- 
infinite one.  The  corresponding  Green's  function  matrix  is 


/ ii( 1 1; 1 1) 


u - 


UC1  1 ; 12) 
U (12; 12) 


(IV. 3. 37) 

. I 

V U<1 2;  1 ) 

2 

In  the  matrix  elements  the  dependence  on  <J>j,  <j>2  and  u)  is  not  explicitly 
written  for  simplicity,  and  the  indices  are  for  (i^<; 

Using  the  preceding  results  (Eqs.  IV. 2. 25)  ( IV. 2. 77) and( IV. 3. 34) ) , one 
easily  sees  that  .. 

a + b e ^(a-b) 

U - 1 _k  I , (IV. 3. 38) 

a + b 


-k  a 

, *°(a-b) 


where 


and 


1 t 

a " 2y  t-1 
. I t' 

b “ 17~ 


(IV. 3. 39a) 
(IV. 3. 39b) 


t and  t'  are  given  by  relations  (IV. 2. 26)  and  (IV.2.21~23)r(IV.2.23) . For 
t one  has 


X - 3 - cos  $ j -cos  <t>2  * 

and  for  t',  X is  replaced  by: 

X'  ■ 3 - cos  - cos  (<J>2  ♦ it) 


(IV. 3. 40a) 


(IV. 3. 40b) 


All  the  physical  information  we  need  is  contained  in  the  determinant  A 
I - V U| , which  is  readily  found  to  be: 


where 


A(E)  - Aj(E)A2(E)  - T(E)  . 


*,<»  - i * 


(IV. 3. 41) 


r (e)  - 4(  £ )2 


tt' 


S (t-D(t'-l) 


sin2kyao 
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ft 
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Let  us  now  consider  only  the  case  of  a light  adsorbed  layer  < M. 

Since  the  light  masses  vibrate  with  high  frequency,  for  calculating  the 
frequency  of  the  localized  optical  modes  we  note  that  |c|  » 1 

(Eq.  IV. 2. 21)  and 

T ■ -2<E  - x>  * 2TW  * -• 

The  same  property  holds  for  t'.  This  enables  us  to  obtain  from  Eqs. (IV.3.41) 
(IV. 2. 11)  and  (IV. 2. 21),  in  first  approximation  the  following  expression  for 
the  localized  optical  mode  dispersion  relation 


0) 


M. 


2 A 2 2.  1/2 

5-2  cosk  a ± 2(cos  k a +(  — ) sinTc 
x o y ® i 


yao) 


+ ...  (IV. 3. 42) 


Since  MA  is  the  only  mass  that  appears  in  this  first  approximation 
expression,  this  result  describes  the  light  mass  adsorbate  beating  against  the 
underlying  lattice  ctructure.  All  the  distinct  roots  are  found  by  restricting 

— 7T  7T  9 

<J>2  to  the  interval  — j < < j and  4>  j to  the  interval  — tt  < 4> j < tv . 

One  sees  clearly  in  expression  (IV. 3. 42)  that  without  superstructure 

(A  ■ 0)  at  <f>2  * it/2,  there  is  one  two-fold  degenerate  surface  mode  frequency 

and  that  with  a superstructure  there  are  two.  This  is  the  first  effect  described 

in  the  introduction.  A gap  in  the  surface  optical  mode  dispersion  relation 

opens  up  at  the  new  zone  boundary  <f>2  ■ ir/2. 

The  second  effect  described  in  the  introduction:  the  possible  transformation 

of  a localized  mode  into  a resonant  one  is  also  rather  obvious  when  one  looks 

( 8 3 

at  Figs. 4. 9.  However,  one  needs  to  make  a careful  study  of  these  resonances 

using  the  method  described  above  to  find  that  these  resonances  remain  well- 

defined  features  in  the  density  of  states. 

The  case  of  a (2  x 2)  superstructure  due  to  adsorption  of  a monolayer  of 

(9  ) 

atoms  on  the  (001)  surface  of  Ni  was  studied  in  detail  by  Armand  and  Theeten 
who  found  the  same  qualitative  effects  described  above.  But  as  they  studied 
a realistic  case  where  measurements  should  be  made,  their  results  stand  for 
direct  quantitative  comparison  with  experiment. 

Analogous  effects  will  also  appear  for  other  surface  excitations  (electrons, 
aagnons,  ...).  It  was  possible  to  show^*^  that  there  may  be  an  appreciable 
gala  ia  the  electronic  energy  when  one  allows  a surface  to  have  a superstructure. 
T’  is  may  be  one  possible  driving  mechanism  for  superstructures  to  happen. 

Let  us  now  give  another  illustration  of  a possible  change  in  the  stability 
♦ • > m adsorbed  layer. 


IV. 3. 11 

C.  Stability  of  a physisorbed  layer  from  a study  of  the  atomic  mean  square 
displacements  ^ ^ 

It  is  well  known  that  a two  dimensional  solid  is  unstable  against  long 

wavelength  acoustic  vibrations:  the  mean  square  displacements  of  its  atoms  are 
. . (12 ) 

infinite  . We  will  therefore  study  the  physisorbed  monolayer  especially  for 
these  long  wavelength  phonons.  Other  experimental  and  theoretical  studies  of 
the  MSD  of  adsorbed  atoms  have  been  carried  out,  but  the’ stability  of  the 
■physisorbed  monolayer  has  not  been  discussed.  ^"^) 

Let  us  call  (Fig. 4.11)  y,  y' , y"  the  force  constants  bonding  respectively 
the  bulk  atoms  between  themselves,  the  physisorbed  atoms  to  the  substrate  atoms 
and  the  physisorbed  atoms  between  themselves.  When  y'  tends  to  zero,  the 
mean  square  displacements  of  the  physisorbed  atoms  are  found  to  diverge  as 
Ln(Y"/Y').  After  taking  due  account  of  the  translational  symmetry  in  the 
direction  x and  y parallel  to  the  surface,  the  perturbation  to  the  equation 
of  motion  of  the  free  surface  crystal  may  be  written  as: 


SLfe-jJlI)  ■ [(M.-M)oj2  + y-y'  + 2(y~Y")  (2-cos* .-cos*,)] 


(IV. 3. 43) 


X %15^>+  (Y’"Y)  <6*3,6*'2  + *1^1  ' \2Sl'32}  • 

(2  ) 

Let  us  now  use  a "frozen  substrate"  model v . The  adsorbed  monolayer  is 
allowed  to  vibrate  and  the  substrate  atoms  are  frozen.  The  frequencies  of 
vibration  of  the  adsorbed  atoms  are 


MAU  a 2tY'  + 2y"(2  - cos*,  - cos*,)  a m x,y,z  . (IV. 3. 44) 


At  high  temperatures,  the  mean  square  displacements  of  these  atoms  in  the 
direction  a (Eq.  IV. 2. 73)  are 


<u2a)>  ^ k_T  j — U- 

*1*2  MAU  a 


(IV. 3. 45) 


The  elastic  limit  contribution  is 
2 


<u 


V 0 Y'+Y"*2 


(IV. 3. 46) 


where 


.2  x 2 .2 

* ■ *.  + *, 
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We  obtain  finally  that 

2 /tw  . V 


<u  <1)>  2t  — Ln(l  + X-  <t>.  2) 
° 4tty"  y L 


(IV. 3. 47) 


where  is  the  limit  value  of  $ for  which  the  elastic  approximation 

remains  valid.  For  y1  « y"  we  have  then  a very  simple  derivation  of  the 
logarithmic  divergence  of  the  MSD  of  physisorbed  atoms.  When  a two-dimensional 
solid  is  physisorbed  on  a crystal  surface,  the  substrate  tends  to  stabilize 
it  even  for  a weak  coupling  y'  between  adsorbate  and  substrate,  since  the 
divergence  in  the  mean  square  displacement  for  y’  going  to  zero  is  of  a 
logarithmic  type. 
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IV.  4.1 


4.  The  Interaction  of  Point  Defects  with  Crystal  Surfaces 


We  will  illustrate  here  by  simple  examples  the  physical  effects  discussed 
in  Sections  II. 8 and  II. 9.  Using  the  general  theories  described  there,  we 
will  use  them  in  the  frame  of  the  Montroll-Potts  model  in  order  to  derive  as 
simply  as  possible  the  expressions  whose  physical  meaning  was  discussed  in 
Sections  II. 8 and  II. 9.  We  will  therefore  not  discuss  these  results  here. 

Let  us  first  calculate  the  energy  of  interaction  of  a point  defect  with  a 
crystal  surface.  Then  we  will  come  to  the  interaction  of  two  adatoms  on  a 
surface.  Finally  we  will  give  the  frequencies  of  a localized  mode  due  to  a 
substitutional  isotopic  defect  as  a function  of  its  distance  :from  a free  surface. 

A*  The  Energy  of  Interaction  of  a Defect  with  a Crystal  Surface 

As  in  Section  II. 8,  we  confine  this  study  to  the  zero-point  energy  of 
interaction.  As  in  Section  II. 9 (Eq.  II. 9. 41)  we  can  calculate  the  change  in 
the  zero-point  energy  when  the  point  defect  is  near  a free  surface  or  in 
an  infinite  crystal,  from  the  following  expression: 


where 


2n 

-3fe  % 
2 n 


f Q (f)  df 
f In  D(-uj2l  f2) 


"|  - j"  In  D(-u2  f2)df  j 


D(u)2)  - lT-?(co2m  (ai2)l 

|T-  G(u>2)Tl  (to2)  \ 


Q (f)  - ~ In  D (-u>2  f2) 


(IV. 4. I) 


(IV. 4. 2) 


(IV. 4. 3) 


(IV. 4. 4) 


As  a simple  example,  we  calculate  the  energy  of  interaction  of  an  isotopic 
impurity  at  the  £ lattice  site  of  our  simple  cubic  lattice  with  a free  surface 
at  ■ 1.  The  matrix  6L(n,m)  due  to  the  substitution  of  an  isotopic  impurity 
is  given  by 


S L (nm  ; u>2)  * £Ma>2  C ^ 


(IV. 4. 5) 


where 


£ - 1 - (M'/M) 


(IV. 4. 6) 


IV. 4. 2 


and  M'  is  Che  mass  of  Che  impuricy. 

Using  Che  simple  resulc  (IV. 2. 77)  for  U,  we  obCain: 

2 1-  €Mo2  [g(0,0,0  ; u)2)  + G(0,0,2f  - 1 ; 0)2)J 

» ) u— H 2 


D (w 


"2 r 

1 - CMu  G(0,0,0  ; « ) 


(IV. 4. 7) 


In  Che  weak  defecC  limit,  we  can  replace  chis  expression  by: 
D (a>2)  -1-  €tt)Z  G(0,0,  U - 1 ; u2) 


(IV. 4. 8) 


For  » 1»  let  us  use  Che  expansion  (IV. 2. 78)  of  Che  bulk  Green's  funcCion. 
Finally  in  Chis  weak  defecC  limic: 
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AE  - 
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- 34ra>L  CMu  L 


2*  4rt^(2l  -1) 


j df  f2  exp  [-  ( 12)1/2(2ir,-l)  f](IV.4.9) 


AfCer  a simple  inCegraCion>and  recalling  chac  * 12y  , one  has 


AE  3 1/2  € 

°~  8n2  (2£  -l)4 


(IV. 4. 10) 


B.  Phonon  Medlaced  Indirect  InteracCion  of  AdaComs  on  a Surface ^ 

We  will  derive  here,wich  Che  use  of  Che  Moncroll-PoCCs  model,  Che  simple 
expressions  discussed  in  SecCion  II. 9 for  Che  energy  of  inceraccion  of  Cwo 
adatoms  through  Che  crystal  phonon  field. 

(i).  Equations  of  Motion.  The  model  geometry  showing  two  adatoms  of  mass 
M'  bound  in  the  "on-site"  configuration  to  a (001)  surface  atom  of  mass  M 
by  a force  constant  y'  Is  described  in  Fig.  4.12.  Let  £ (mjn^o)  denote 
the  a component  of  the  displacement  from  equilibrium  of  the  adatom  adsorbed 
at  the  surface  site  (m^o).  Its  equation  of  motion  is 


M'  (0 


$a(”l 


An 


0) 


r'  [5« 


(m. 


1 m2 


0)  - u 
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(m^  m^  l)j 


This  can  be  rearranged  Into  the  form 
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(ml  m2  0) 


u^  (m^  m2  1) 


(IV. 4. 12) 


where 


The  equation  of  motion  for  the  system  which  consists  of  the  semi-infinite 
crystal  with  two  adsorbed  atoms  located  at  the  lattice  sites  (001)  and  (ntjQ^l) 
is  in  matrix  form: 


where  L'  is  the  dynamical  matrix  of  the  semi-infinite  crystal .and 


where  0 (S.^)  is  the  Heaviside  step  function  defined  by  Eq.  (IV. 2. 30). 

By  substituting  the  adatom  displacements  of  Eq.  (IV. 4. 12)  into  the  above 
equation  we  obtain 


For  the  case  of  a single  adatom  on  the  surface  at  site  (001)  the  perturbation 
matrix  6L'  becomes 


For  the  case  where  the  perturbation  is  a single  adsorbed  atom  at  site  a or  site  b 
using  the  above  equation  with  Eq.  (IV. 2. 10),  we  have 


For  the  case  of  two  adsorbed  atoms  located  at  (001)  and  (m^m^l),  we  have 
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where 


X (w2)  - ^ U (001,  m^l  ; ou2) 


(IV. 4. 20) 


To  obtain  the  interaction  free  energy  of  the  adatom  pair,  we  need 


*,  U <■*) 

D(u>  ) * x — - 


Aa(»  ) ) 


2 2 0 2v 

(y'u)  ) U (001  ; m^n^  1 w ) 
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[.*-  0)2q-  ^?to2  U (001;  001;  u>2)J 


where  the  Green's  function  U of  the  semi-infinite  solid  can  be  calculated 
with  the  help  of  Eq.  (IV.2.77)as  a function  of  the  bulk  Green's  function  G. 


(ii)  Zero-Point  Energy  of  Interaction.  The  interaction  free  energy  at  0#K 
can  be  found  from  the  expression  (IV. 4. 2)  with 


2 

2 2 (y'f2)  U2(001,  m1m2l  ; - a)2  f2) 

D(-  <oT  f ) * 1 - y—* 3-= y 


L ff°  + ^ U (001’  °01,  " L 1 


» (IV. 4.  2^ 


where  we  have  introduced 


<o2-  -f  • T& 


(IV. 4. 23) 


In  the  limit  of  weak  binding  and  large  separation  distance: 


jy'  U (001,  001  ; - u)2  f2)^l 


(IV. 4. 24) 


and  D(-w^O  can  be  written 


,2  2 „2 


D(-  (o2l  f2)  - 1 - 


(*'f  ) U (001,  m1m2l  ; - «Lf  ) 


(r  + ry 
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The  magnitude  of  the  Green's  function  in  the  condition  (IV. 4. 24)  is 
maximum  when  f ■ 0 and  is  very  nearly  equal  to  ~(3y)  . Thus,  this 

condition  translates  to 


3 


(IV.  4. 26) 


2 2 1/2 

In  the  region  of  large  separation  distances  where  m - (mj  + m2  ) » 1, 

using  Eqs.  (IV. 2. 77  y and  (IV. 2-7)  one  obtains  the  leading  term  for  the  surface 
Green's  function: 


U (001,  m1m2l  ; a>2L  f2) 


(-  121/2  m f) 


(IV. 4. 27) 


By  substituting  this  result  into  Eq.  (IV. 4. 25),  we  obtain: 


D(-  o)2  f2)  ■ 1 - — (■£■) 
L 4«  * 


(-  481/2 if) 


(r  + f ) 

O 


(IV. 4. 28) 


The  second  term  in  this  expression  is  small  compared  to  the  first  in  the  limits 
we  are  considering.  Therefore  Che  logarithm  in  Eq.  (IV. 4. 2)  can  be  expanded, 
and  we  obtain 


-rr51  (f)2  ( 

8jlm  * Jo 


(-  481/2  mfj 


(f  + ry 

o 
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If  we  confine  our  attention  to  the  region  where  m is  large  such  that 

(48)1/2  m fQ  1 (IV. 4. 30) 

then  the  important  contribution  to  the  integral  in  Eq.  (IV. 4. 29)  comes  from 
values  of  f less  than  fQ.  Hence,  the  denominator  of  the  integral  can  be 
expanded  about  f and  the  lowest-order  term  in  the  zero-point  energy 
expression  becomes: 

34ro),  2/®°.  ... 

Eq  - - y ( X—)  | f exp  (-48  mf)  df  _ (IV. 4. 

8it  m f Jo 
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(IV. 4.31) 
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Evaluating  the  integral  and  substituting  for  fQ  gives,  finally* 


AE 


- (27) 


1/2 
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fro) 
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u 64  it  m 

The  condition  in  Eq.  (IV. 4. 30)  can  be  rewritten  as 


m>>  (M'a'/Ma'J172 


(IV. 4.33) 


AEq  is  only  good  if  the  two  adatoms 


In  practice,  the  result  derived  above  for 
are  separated  by  more  than  about  eight  lattice  sites  (i.e.,  m i.  8) . For 
separation  distances  smaller  than  this,  numerical  methods  were  used^  ^ in 
evaluating  Eqs.  (IV. 4. 21)  and  (IV.4.1).  AEQ  was  studied  like  that  as  a 
function  of  the  separation  distance  between  the  adatoms,  and  the  ratios 
Y*/y  and  M'/M.  The  results  are  given  in  Ref.  1 


(iii)  Temperature  Dependence  of  Free  Energy.  In  order  to  find  the  leading 

temperature-dependent  term  in  both  the  high-  and  low-temperature  limits,  we 

2 2 

need  the  Green's  function  GOnjn^mjj-oi^  f ) in  the  limit  as  f 0 and 
£-*■<*>.  It  can  be  easily  shown  from  previous  results  2 that 


lim  G(m  ; -to2  f2) 

f-*>  L 


and 


lim  G(m;-<fl^f2) 


^AQ(m)  + A^(m)  |f|  + ...  J 


(m^  + 1112  + 1112)  ! ^ m^  + m2+m3+l 

^ m^  ! 1 m^!  12  f ^ 


(IV.4.34) 


(IV. 4. 35) 


In  Eq.  (IV.4.34),  AQ(m)  and  A|(m)  are  numerical  constants  whose  values  depend 
upon  the  separation  distance  of  the  bulk  atoms.  It  is  due  to  the  fact  that  the  * 
Green's  function  has  a finite  value  at  f ■ 0 and  decays  rapidly  for  large  values 
of  f that  the  first  term  in  Eq.  (IV.4.1)  vanishes. 

a 

(1)  Low-temperature  limit.  To  evaluate  the  lowest  order  temperature- 
dependent  term  in  the  interaction  free  energy  at  low  temperatures,  Eq.  (II. 9. 39), 
we  must  determine  up  to  the  fifth  derivative  of  the  natural  logarithm  of  Eq.  (IV. 4. 18) 
In  the  region  where  f<<fo>  we  may  write  this  logarithm  as: 


In  D (-  u>^  f2)  = - ( 


»’f2)  2 


tff2 
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]• 
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where  ve  have  written  the  surface  Green's  function  as 


U(001,  m1m2  1 ; - (o^  f2)  a B^syi^)  + B^Crn^)  ) f|  + ....  J > 

(IV. 4. 37) 

and  where 

* 

Bq  (m^)  - Aq  (m^n^  0 )+  Aq  (m^  1 ) 

(IV. 4. 38) 

and 

B^  (m^n^)  ■ A^  (m^n^  0 ) + (m^n^  1 ) 

(IV. 4. 39) 

The  derivatives  of  Eq.  (IV. 4. 36)  are  easily  found  to  be 

Q (0)  - 0 

(IV. 4. 40) 

Q(lI\o)  « 0 

(IV. 4. 41) 

a(IV)(0)  « - (240)  (^'/yf^j)  B^Gn^mj) 

(IV. 4. 42) 

Hence,  from  Eq.  (II. 9.39)  the  free  energy  in  the  low-temperature 

becomes 

region 

F(T)  „ A£o+  -g—  (X.)  — BQ(m1m2)  T ~"".5  * ' ' ' 

L (4r  a)  ) 

o 

(IV. 4. 43) 

( o \ 

For  the  bulk  Green's  function  ' 

( 

A (m)  < 0 
o 

and 

(IV. 4. 44) 

A^  (m)  > 0 

(IV. 4. 45) 

r 

for  all  values  of  ifi.  Thus,  we  have  that 

03 

o 

M3 

■J3 

w 

A 

o 

(IV. 4. 46) 

and 


B^  (m^)  > 0 


(IV. 4. 47) 


IV. 4. 8 


<o2  f2  a2  T2 
l n 


(IV.  4. 48) 

and  by  using  Eqs.  (IV. 2. 77)  and  (IV. 4. 35)  we  obtain  for  the  leading  term 


i.  i.  2 2 

\48rt  k0T  n 


2_2* 


Using  this  Green’s  function,  the  logarithm  of  D(-an  T ) can  be  easily  found 


by  using  Eq.  (IV. 4. 18)  and  the  identification  (IV. 4. 48).  We  obtain 

, , 2/  ,.2  \p 

In  D (-  a2  T2)  = -(•£-) 


l(  (m^  tn^)  1 


m^  1 1 


.2  2 
* “l 
~ ? 2 TT 

48rt  T n 


(IV. 4. 50) 


where  we  have  set 


p = 2(m^  + m2  + D • 

Substituting  Eq.  (IV. 4. 50)  into  Eq.  (II.9A3)  gives 


(IV. 4. 51) 


£F(T)  - - 3 kg 


(m^  + m2) 


tJ-  2 


* “L  ] 1 

^ 4kg  T2  / 3p(2*)2p  n-1 


2p 


(IV. 4. 52) 


* ■‘l  ! m2  1 

To  evaluate  this  sum,  we  use  the  definition  of  the  Bernoulli  number 

\2p 

7 fi 

n= 


00 


B .«!  ^_/l 

p (2*>2p 


iftr  • 


(IV. 4. 53) 


Thus,  we  finally  obtain  for  the  interaction  free  energy  in  the  high-temperature 
limit 


A F(T) 


3B 


y(m1^m2)l  /»«L\ 


2P 


2(2p)  !3P  yn^ln^l  (2kgTy 


k T 

V 


(IV. 4. 54) 


(2)  High-temperature  limit.  For  large  values  of  the  temperature,  the 
argument  of  D in  Eq.  (II. 9.42)  becomes  ‘.large  and  the  large  f expansion  of  the 
surface  Green's  function  is  needed.  By  making  the  identification 
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I 


C.  Frequencies  of  a Localized  Mode  for  a Defect  Near  a Surface 

In  the  two  cases  studied  above,  viz.  one  isotopic  substitutional  defect 
close  to  the  free  surface  and  one  adatom,  there  may  occur  localized  modes 
above  the  band  of  bulk  frequencies.  Let  us  now  calculate  the  possible 
localized  frequencies  as  a function  of  M'/M. 

(i)  Isotopic  Substitutional  defect.  The  localized  frequencies  of  the 
isotopic  defect  of  mass  M'  defined  above  (Eq.  IV. 4. 5)  are  the  solution  of 

£(<d2)  * 1 - €Mw2  U ft  , l ; <d2)  , (IV. 4. 55) 

2 

where  U(H,£;u)  ) is  given  by  Eq.  (IV. 2. 77). 

Due  to  the  fact  that  there  is  no  coupling  between  x,y,z  in  the  Montroll- 
Potts  model,  we  will  have  a triply  degenerate  localized  mode  even  near  a 
crystal  surface.  In  a more  sophisticated  model  this  degeneracy  may  be  split 
when  the  impurity  interacts  with  the  surface,  as  discussed  in  Section  II. 8. 
Nevertheless,  the  Montroll-Potts  model  enables  us  to  study  the  depression 
of  the  localized  mode  frequencies  with  increasing  distance  of  the  impurity 
from  the  free  surface.  For  M'  « M,  the  localized  mode  frequency  can  be 
obtained  easily  by  an  expansion  of  the  Green's  function.  Let  us  write  using 
Eq.  (IV. 2.53)  for  a semi-infinite  Bravais  lattice 

Mcu2  U (4,  l ; u>2)  = £(I  - uT2  M'1^ ) j l,  l ■ (IV. 4. 56) 

It  is  easy  to  transform  this  expression  into 

(IV. 4. 57) 


(IV. 4. 58) 


a1  00  = M’1  t (IV. 4. 59) 

a,  U)  * M-2  ^ 

V+  l 


with 


Mco2  U U,  J4  ; to2)  = ^1  - S (O 


S (Jl)  - YL  a (t)  a>'2p 
P-1  P 


l'1  • 


The  first  coefficients  of  this  expansion  are 


D D 

l l'  i ' t 


(IV. 4. 60) 


IV. 4. 10 


The  next  terms  are  defined  in  a similar  way.  By  substituting  in  Eq.  (IV. 4. 5 5) 
the  result  (IV. 4. 57),  one  easily  obtains  the  frequency  of  the  localized  mode: 


2 a-  (£ ) a2  ) 

U)  s ■ " + ■ — ” + o ( , 


(IV. 4. 61) 


where 


> = M'/M 


(IV. 4. 62) 


This  expansion  is  valid  for  (w/u^)  » 1 and  was  first  used  to  study  the 
frequencies  of  a substitutional  defect  near  a surface  by  Ashkin^  ^ . He  studied  ^ 
this  problem  for  a (001)  surface  of  a simple  cubic  crystal  with  nearest  and 
next-nearest  neighbor,  central  force  interactions.  We  give  here  for  simplicity 
only  the  results  for  the  Montroll-Potts  model 


For  I- 


T = 12T  + IT  + 


(IV. 4. 63) 


For  *3  >2  V a I2X  + 12  + (A) 


(IV. 4.64) 


These  results  are  given  in  dotted  lines  in  Fig.  (4.12).  They  are  valid  only 

for  u)2  » u>  2.  It  is  then  interesting  to  compare  them  to  the  exact  values. 

L (2) 

The  bulk  Green's  functions  have  been  calculated  in  the  forms 


*l+*2  + l3 


G (A)  = 


I U ; p) 


(IV. 4. 65) 


p =.  2f  - 1 


0)  > 0) 


(*)  - - Tg  1 (*•  ; P) 


(IV. 4. 66) 


6 * 2f  + 1 , 

and  the  functions  I(«.;g)  are  tabulated^  . With  the  help  of  Eqs.  (IV. 2. 77) 
and  (IV. 4. 65),  Eq.  (IV. 4. 55)  takes  the  form: 


6f2e[~i  (0,0,0;  f2)  - I (0,0,  2'JLj-l  ; f2)J  - 1 


(IV. 4. 67) 


IV. 4. 11 


( 2 ) *2 

Using  the  tabulated  values  of  I(f  },  it  is  then  straightforward  to  plot 
the  ratio  of  the  localized  frequency  u and  the  maximum  bulk  frequency 
as  a function  of  X ■ M'/M.  In  Fig.  (4.12)  the  full  lines  represent  the 
results  for  the  impurity  in  the  surface  plane  t ^ * I,  in  the  plane 

« 2 and  in  the  bulk.  Uhen  comparing  these  exact  results  with  the  approximate 

ones  (dotted  lines),  one  sees  that  the  simple  results  (IV. 4. 63)  hold  with  a 

2 7 

precision  for  f of  better  than  lOZ.for  t > j.j. 


(il)  Adatom.  The  localized  frequencies  due  to  one  adatom  are  solution  of 
Eq.  (IV. 4. 18) : 

A (w2)  » 1 - \ U (001,  001  ; to2)  . 0 (IV. 4.  68) 

(I)  «u> 

o 

With  the  help  of  Eqs.  (IV. 2. 77)  and  (IV. 4. 65),  this  equation  takes  the  form: 

M/M'  - 6f2[ “jt  " 1 (°»°»°  J f2)  + I (0,0,1;  f2)  i • (IV.4.69) 

In  the  same  manner  as  above,  we  can  solve  it  numerically.  The  ratio  f of 
the  localized  frequency  to  the  bulk  maximum  frequency  was  plotted  for 

y m y'  as  a function  of  e in  Fig.  (4.12). 

The  large  difference  for  a given  M'/M  between  the  localized  frequency  of 
the  same  isotopic  atom  when  it  is  adsorbed  (curve  0)  or  substituted  (curve  1) 
in  the  surface  layer  is  due  here  to  the  fact  that  for  simplicity  we  assumed  the 
adatom  was  interacting  only  with  one  (rather  than  probably  four)  surface  atom  . 
The  substituted  surface  atom  interacts  with  five  neighbours. 

In  general  one  expects  an  adsorbed  atom  to  have  a weaker  Interaction  y'  than 
a substituted  surface  atom.  Adatom  interactions  are  in  general  weaker 

than  those  of  a surface  substituted  atom.  Then  one  may  expect  higher  localized 
frequencies  for  an  adatom  than  for  the  same  atom  substituted  in  the  surface 
layer. 

Let  us  also  note  that  when  the  coverage  of  adsorbed  atoms  increases  towards 

one  monolayer,  one  expects  the  localized  level  to  broaden  into  a band  of 

(4) 

localized  modes  centered  about  the  localized  level  of  one  adatom  7 . These 
localized  modes  are  easily  observable  in  the  infrared  spectrum,  especially  when 
they  are  well  above  the  bulk  bands.  In  this  case,  it  is  easy  to  calculate 
their  frequency  by  the  approximative  methods  described  here  and  in  Section  IV. 3. la, 
once  the  adsorption  site  and  the  force  constants  are  known.  The  determination 
of  these  force  constants  for  an  adsorbed  atom  is  in  general  not  yet  solved. 


IV. 4. 12 


References  for  Section  IV. 4 

1.  S.  L.  Cunningham,  L.  Dobrzynskl  and  A.  A.  Mar ad ud in , Phys.  Rev.  B 4643  (1973). 

2.  A.  A.  Maradudin,  E.  W.  Montrol,  G.  H.  Weiss,  R.  Herman,  and  H.  W.  Mllnes,  Mem. 
Soc.  R.  Sci.  Liege  14,  1709  (1960).  See  also  p.  428  of  A.  A.  Maradudin,  E.  W. 
Montroll,  G.  H.  Weiss,  and  I.  P.  Ipatova,  Theory  of  Lattice  Dynamics  in  the 
Harmonic  Approximation  (Academic  Press,  New  York,  1971);  J.  Oitmaa,  Solid  State 
Comm.  9,  745  (1971);  and  T.  Horiguchi,  J.  Phys.  Soc.  Japan  30,  1261  (1971). 

3.  M.  Ashkin,  Phys.  Rev.  136,  A821  (1964). 

4.  L.  Dobrzynskl,  Surface  Science  20,  99  (1970). 


IV. 5.1 


5.  Scattering  of  Phonons  by  a Crystal  Surface 

In  calculations  of  lattice  thermal  conductivities  at  low  temperatures, 
one  needs  to  know,  as  discussed  in  Section  II. 10,  the  inverse  relaxation  time 
1 for  the  scattering  of  phonons  in  the  mode  (kj)  from  crystal  surfaces. 
The  general  theory  was  given  in  Section  II. 10;  we  will  just  apply  it  here, as  a 
simple  example^to  a (001)  surface  of  the  Montroll-Potts  model.  In  this  case, 
as  we  have  a three  fold  degenerate  phonon  branch,  Eq.  (11.10.15)  takes  the 
following  form: 


^k'1  “77^7  p —ft  N ; -k>; + i£|  S(«(k)-u.(i?)(Iv.5.l) 


as  ^function  of  the  coefficients  t(k',k;u  ) of  a double  Fourier  series  expansion 

**■ 

of  the  scattering  matrix  T (Eq.  II.5..30).  These  coefficients  can  be  calculated 
once  the  perturbation  matrix  6L  due  to  the  creation  of  the  two  free  surfaces 
is  known  (Eq.  IV. 2. 7).  The  corresponding  expressions  are  given  in  Section  II. 10: 
Eqs.  (II.  10.16);  let  us  calculate  them  here  for  our  triply  degenerate 
phonon  branch 

2 — V(k*;  - "kt  ; cu2)  . , 

t(k  ; k'  ; u>  ) . V(k  ; k*  ; vT ) + >_  -j t(k.  ; k*  ; «T ) f (IV. 5.2) 

u -u  (k.) 

where 

V(k*;  IT*  ; u2)  e"lk*X  " lk'  x (£,)  • (IV.5.3) 

For  the  model  used  here,  4L  was  given  by  Eq.  (IV. 2. 7).  As  all  the  removed 
interactions  are  along  £,  the  expression  given  by  this  equation  is  formally 
the  same  before  or  after  the  Fourier  transformation  (IV. 2. 6)  parallel  to  the 
surface.  Then  one  easily  obtains 

V(k  ; k*  ; (o2)  - ^ £(k  +k’  ) ^ (k  +k'  ) u(k  ) u(k'  ) (IV. 5. 4) 

“xx  yy  z z* 

where 


u(kz)  - 2^  e_i  8in(k^/2'j 


(IV. 5. 5) 
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and  L is  Che  number  of  planes  parallel  Co  Che  surface. 

In  order  Co  solve  Eq.  (IV. 5. 2),  leC  us  Cry  a solucion  of  Che  fora: 


t(lT;  k*  ; u>^)  » 7-  u(k  ) A(k  , k ; u>^)  u(k*  ) ? (k  + k * ) x (IV«5*6) 
L z x y z xx 


X £<fcy  + k'y)  . 


By  simple  subscicucion  of  Chis  solucion  inCo  Eq.  (IV. 5. 2),  one  finds  ChaC 

(IV. 5. 7) 


<*->  <f->  _ I 

A - (I  - M) 


wiCh 


M(k  , k ; u>  ) - 

x y 


"<kl«>  ku> 

~J — 5 

, u - u (k  , k , k, 
lz  ^ x ’ y ’ “ 2 


(IV. 5. 8)  t 


Using  Che  expression  (IV. 5. 5)  M reads: 


M(k 


2,  4*  ^T“  Bin 

x » ky ; “ > - t r 4-  i — ? 


% It 

. 2 *lz 

sin  — j— 


k-  u - u (k  , k , k.  ) 
lz  x ’ y ’ lz 


(IV. 5. 9) 


In  order  Co  obCain  » Eq.  (IV. 5.1),  using  Che  expression  (IV. 2. 4)  for 

2 ■*  K 
u)  (k),  we  can  calculace: 


M(kx  , ky  ; u»2(kO  + i©  - 

4 

(*'*.  dk 

■in  <-r>  *iz 

I dkl‘ 

ki.+ 1 «• 

1 , 

2a  « a 

o .2  o 

(*lBo  dkU 

* - X 4* 

rt  1 

K | 

z )o  cos  a k.,  - cos  a k + iC 

/ o lz  o z 

- -l - 

i Can  (a  /2)  k 
o z 

(IV. 5. 10) 

ConsequenCly,  from  Eqs.  (IV. 5.5-7),  we  obCain  Che  resulC  ChaC 


t(k'  ; -k  ; w^(k)  + i€) 


2 . <*s.>2  ?o>r-k-T)  . 

x cos^  (a  /2)k  sin^(a  /2)k* 
o z o z 


X 

(IV. 5.  II) 


InCroducing  Chis  expression  inCo  Eq.  (IV. 5.1)  gives  for  Che  inverse  relaxacion 
Cime 
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i a uT  , 

1 o L Z,  /0v  . 
r—  =*  q7-  — — cos  (a  /2)  k 
rT?  VL  ../r?\  o z 


2 /**/  *o  2 

co«  (.0/2)  kt  | dkli  .in  UJ2)  klz 

x?^(»2(kx  ky  kz)  - »2(kx  ky  ku)^ 
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, (D  l sin(a  / 2)k  cos(a  /2)k 

1 c L J o z o zi 


T7* 


(IV.5.13) 


where  c • aQuj^/ (2/5)  is  the  speed  of  sound  for  this  crystal  model.  If  we 


note  that 


u.  2 sln(a  /2)k  coa(a  /2)k 

L O Z O Z 


>>“.  ■*«'n  „<a 

we  can  express  T^~*  equivalently  as: 


1 1 

’ Lao  ^kz 


(IV.5.14) 


(IV. 5. 15) 


Thus  the  inverse  relaxation  time  for  the  scattering  of  phonons  in  the  mode  (k) 
from  crystal  surfaces  has,  as  discussed  in  Section  II. 10,  the  form 

tg1  • # . 

o 

where  c(k)  is  just  the  z-component  of  the  phonon  group  velocity  and  LaQ 
the  thickness  of  the  slab. 


iBwftfiirdttli 


IV.F.l 


Figure  Captions  for  Section  IV 


Fig.  4.1  Variation  of  specific  heat  per  surface  atom  in  function  of 
T/Td,  where  TD  is  the  bulk  Debye  temperature.  In  dotted 
lines  are  given  the  low  and  high  temperature  expansions. 

Fig.  4.2  Variation  of  entropy  per  surface  atom  in  function  of  T/TD, 
where  TD  is  the  bulk  Debye  temperature.  In  dotted  lines 
are  given  the  low  and  high  temperature  expansions. 

Fig.  4.3  Bose-Einstein  factor  for  the  specific  heat  as  a function  of 
u/ug,  where  iity  is  the  bulk  maximum  frequency,  at  low  and 
high  temperatures  as  compared  to  the  Debye  temperature 
Tnefri>y  • kjjTp) . 

Fig.  4.4  Bose-Einstein  factor  for  the  entropy  as  a function  of 

u/um,  where  is  the  bulk  maximum  frequency,  at  low  and 

high  temperatures  as  compared  to  the  Debye  temperature 
TdO**  - kBTD). 

Fig.  4.5  Bose-Einstein  factoi  for  the  free  energy  as  a function  of 
u/uj#,  where  Ofy  is  the  bulk  maximum  frequency,  at  low  and 
high  temperatures  as  compared  to  the  Debye  temperature 

tD^  “ kBTD)  * 

Fig.  4.6  Frequencies  of  localized  states  associated  with  an  adsorbed 
layer  of  mass  defect  atoms.  The  modes  in  the  region  ABCD 
lie  above  the  bulk  band,  while  those  in  the  region  FOOT 
lie  below.  The  dashed  line  represents  the  resonant  states 
at  E ■ -(1/a). 

Fig.  4.7  Excitation  spectrum  for  a (100)  adsorbed  layer  of  atoms  of 

mass  Ms  ■ (l/2)M  on  the  crystal  surface.  Figure  8 gives  the 
directions  of  propagation  employed  in  this  figure. 

Fig.  4.8  Brillouin  zone  for  surface  problems  associated  with  a (100) 
face  of  a simple  cubic  crystal. 

Fig.  4.9a  Optical  surface  modes  on  an  unreconstructed  (001)  surface 

Fig.  4.9b  Optical  surface  modes  on  a (2  x I)  reconstructed  (001) 

surface.  Note  the  opening  of  gaps  at  the  new  zone  boundaries 
and  the  mixing  of  the  surface  phonon  A with  the  bulk  one  B, 
transforming  the  localized  mode  A in  a vertual  state. 

Fig.  4.10  Model  for  a (2  x I)  superstructure  on  a (001)  surface  of  a 

simple  cubic  lattice.  The  quantity  y is  the  force  constant 
between  first  neighbors. 

Fig.  4. 1 1 Force  constants  at  an  adsorbed  monolayer. 

Fig.  4.12  Model  geometry  showing  two  adatoms  of  mass  M'  bound  in  the  "on  site" 
configuration  to  a surface  atom  of  mass  M by  a force  constant  y ' . 
The  force  constant  in  the  simple  cubic  monatomic  crystal  is  y. 

Fig.  4.13  Localized  frequencies  u plotted  to  the  maximum  bulk  frequency 

for  a substitutional  isotopic  defect  of  mass  M’  in  a simple  cubic 
monoatomic  crystal  with  a (001)  free  surface.  M is  the  mass  of 
the  bulk  atoms.  The  full  lines  give  the  exact  results  for  the 
defect  respectively  adsorbed  (0),  in  the  surface  layer  (1),  in  the 
plane  13«(2),  in  the  bulk  (B).  The  dotted  lines  give  the  high 
frequency  expansions  (IV. 4. 63-64)  for  lj"!  and  lj>.2  respectively. 
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Variation  of  specific  heat  per  surface  atom  in  function  of 
T/Tjj,  where  TD  is  the  bulk  Debye  temperature.  In  dotted 
lines  are  given  the  low  and  high  temperature  expansions. 

Variation  of  entropy  per  surface  atom  in  function  of  T/TD, 
where  TD  is  the  bulk  Debye  temperature.  In  dotted  lines 
are  given  the  low  and  high  temperature  expansions. 

Bose-Einstein  factor  for  the  specific  heat  as  a function  of 
w/oty,  where  is  the  bulk  maximum  frequency,  at  low  and 
high  temperatures  as  compared  to  the  Debye  temperature 
* kBTD>  • 

Bose-Einstein  factor  for  the  entropy  as  a function  of 
u/0)H,  where  is  the  bulk  maximum  frequency,  at  low  and 
high  temperatures  as  compared  to  the  Debye  teaiperature 

TdCBWh  - kBTjj) . 

Bose-Einstein  factor  for  the  free  energy  as  a function  of 
(o/b)g,  where  cu^  is  the  bulk  maximum  frequency,  at  low  and 
high  temperatures  as  compared  to  the  Debye  temperature 

V1**  - Vd5  • 

Frequencies  of  localized  states  associated  with  an  adsorbed 
layer  of  mass  defect  atoms.  The  modes  in  the  region  ABCD 
lie  above  the  bulk  band,  while  those  in  the  region  FOGH 
lie  below.  The  dashed  line  represents  the  resonant  states 
at  E - -(1/a). 

Excitation  spectrum  for  a (100)  adsorbed  layer  of  atoms  of 
mass  M.  ■ (1/2)M  on  the  crystal  surface.  Figure  8 gives  the 
directions  of  propagation  employed  in  this  figure. 

Brillouin  zone  for  surface  problems  associated  with  a (100) 
face  of  a simple  cubic  crystal. 

Optical  surface  modes  on  an  unreconstructed  (001)  surface 

Optical  surface  modes  on  a (2  x I)  reconstructed  (001) 
surface.  Note  the  opening  of  gaps  at  the  new  zone  boundaries 
and  the  mixing  of  the  surface  phonon  A with  the  bulk  one  B, 
transforming  the  localized  mode  A in  a vertual  state. 

Model  for  a (2  x 1)  superstructure  on  a (001)  surface  of  a 
simple  cubic  lattice.  The  quantity  y is  the  force  constant 
between  first  neighbors. 

Force  constants  at  an  adsorbed  monolayer. 


Fig.  4.12  Model  geometry  showing  two  adatoms  of  mass  M*  bound  In  the  "on  site" 
configuration  to  a surface  atom  of  mass  M by  a force  constant  y ' , 
The  force  constant  In  the  simple  cubic  monatomic  crystal  is  y. 


Fig.  4.13  Localized  frequencies  u plotted  to  the  maximum  bulk  frequency  <o^ 
for  a substitutional  isotopic  defect  of  mass  M'  in  a simple  cubic 
monoatomic  crystal  with  a (001)  free  surface.  M is  the  mass  of 
the  bulk  atoms.  The  full  lines  give  the  exact  results  for  the 
defect  respectively  adsorbed  (0),  in  the  surface  layer  (1),  in  the 
plane  lj-(2),  in  the  bulk  (B).  The  dotted  lines  give  the  high 
frequency  expansions  (IV.4. 63-64)  for  l^-l  and  1^2  respectively. 
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FIG  4.9b 


T-A 

Y+A 
Y 

Y-A 


Y+A 


